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oxplanatio!! in notu^HHary in ootuuH’iitm wit It t h»* \mvi 
tiow ihsiukL First, in ortior U) ombrnci* all f ho tujiioH 
which it was thought dosimhlt* iu tlisouss it has boon 
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than had boon anticipatcah nuti it is liojani iliat this 
may not toct mndonsly dotraot from tlm it.Hofuliuw t»f 
tlio book. 
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The work has betni (‘ompontnl in the sliuii intervals 
of Inaivy ioacdung and other oollc^gi^ dtiiioH, and printed 
off in iustalinentH as progress was matte. I'lit* subjeei 
also has made* inuneriHe strides in tin* interval during 
which the secimd vtdume has been in the press, sti thiit 
large aildititms to the Hulyet^t^maitm* liavt* etnne into 
existence, while various parts of miigneiie and eleet„.r«e 
magnetic tlieory have been imprtivtol anti atti^nal in 
relative importimee. Thus if the* work wort! to Im.? 
rewritten some changes would bavr^ to iiitnle^ 
espeemliy in tlie earlier chapters. Also, liiid ii better 
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estimate of the ground to be covered, and more rapid 
progress been possible, a larger page would no doubt 
have been chosen, and the book improved in homo- 
geneity and general balance* 

Still, it is hoped that it may prove useful to the 
student of electrical science, and to the increasing 
number of electrical engineers who, to the great 
advantage of science, endeavour to solve the problems 
which their daily experience brings before them. 

Accordingly I have given accounts of experimental 
investigations, in which I have tried to place before the 
reader not merely a skeleton of the method followed 
and the result arrived at, but such a statement in each 
case as may serve to show the procedure adopted, the 
difficulties met with, the mode in which they were 
overcome, the corrections made, and the reduction 
of the observations to the final result. Thus I 
have described the researches of Lord Rayleigh, 
Rowland, J. J. Thomson, and others, on the absolute 
measurement of currents, the determination of the 
ohm and of v, the practical methods of testing and 
measurement devised by Hopkinson, Ayrton, Perry, 
and other engineers, the magnetic researches of 
Hopkinson and Ewing, and the discoveries of Hertz 
in electrical radiation. In all cases it has been my 
aim, avoiding really unimportant detail, to describe the 
events of the investigation, and especially the manner 
in which practical difficulties were met as they arose ; 
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for in this way only is it possible 1 tliink to learn fully 
the true lessons of physical experimental science. This 
plan of proceeding has however rendered the matter, 
though compressed as far as possible, almost too exten- 
sive for a single volume. 

Peculiar difficulties attend the discussion of many 
parts of tlic subject of the present volume, especially 
points of electroTnagncti<t theory. Generally I have 
tried to elucidate or avoid difficulties 1 had mys(‘lf felt, 
and to give some idea of the later developnnmts of 
electromagnetism. 

In Chapter VI. is given a fairly full discussion of the 
calculation of constants of coils, &c., in whicdi I liave 
anxiously endeavoured to avoid error in the stat.(‘ment 
of results. As however the proofs were not read or the 
work verified by any one but myself, I fear there may 
be some slips left undetected. In this Chapter I have 
included some results of my own as to special arrang(‘.- 
rnents, principally of single-layer coils, which I hope 
may prove useful. The (/ha})ter concludea with an 
account of Lord Kaylcigh's and Lord Kolvin\s treat- 
ment of the effi.Httive resistance and iudiujtaiico of 
conductors carrying alternating currents, togetluvr with 
a sketcli of Lord Kayloigh's dyuamittal tluiory of this 
subject. I regret that by an oversight thi‘ valuable 
experiments of Prof. Hughes liave not biHUi mentioned 
in this connection. 

In the notation adopted for electric and magnetic 
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quantities I have followed the proposal of Heaviside to 
use Clarendon type for directed quantities, but have done 
so in general without regard to whether the scalar 
magnitude merely or the complete notion was con- 
cerned in the statement or result. As however I have 
not ventured as yet to employ the vector analysis, this 
cannot, I think, in the present work lead to confusion. 
Clarendon type seems much to be preferred to the 
German capitals which have been so much used in this 
connection, and to be better also than the plain block 
type with which some writers have endeavoured to 
carry out Heaviside's suggestion. Block letters have 
however been here used for scalar quantities such as 
energy, total magnetic induction through a coil, &c., 
which continually occur. Thus for example I have 
adopted B for magnetic induction itself, and B 
total magnetic induction, which in practical work has 
so much more frequently to be considered. Some 
inconsistencies in notation may be met with ; these are 
in the main due to the peculiar circumstances of com- 
position, and the large demands made by the great 
number of sets of quantities to be symbolized. 

In the correction of the proofs of the first five chapters 
I received valuable assistance from my friend George 
A. Gibson, Esq,, M.A.,but in some of the more extensive 
later chapters I have had no help whatever. Hence 
although the most anxious care has been taken, there 
are no doubt many errors and misprints left uncorrected. 
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Page 28, line 5 from foot, /or “erery substitute 

the words at each point, in every medium, depending on the 
state of the medium at the point considered.” 
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right of tlie four equations giving values of E. 
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Page. 52, line 2 from top, /or ‘^resultant” read “total com- 
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ABSOLUTE MEASUEEMENTS 


ii: 

ELECTEICITY AND MAGNETISM 

VOLUME II 

CHAPTEE I 
MAGNETIC THEORY 

Section I 

MAGNETS MAGNETIC POTENTIAL POTENTIAL 
ENERGY OF A MAGNET 

In dealing with magnetism we shall again suppose 
the reader to be acquainted with the elementary facts, 
and shall therefore not devote space to the description 
of the ordinary phenomena of attraction and repulsion 
between permanently or inductively magnetized bodies. 

We here propose to give such an outline of theory as 
may suffice to render intelligible the various methods of 
magnetic measurement, and clearly define the quantities 
which are determined by these methods. 

It can be shown that magnetic phenomena are cap- ' 

able of being accounted for by supposing the magnetized Ima^^inui 
body or system to be the seat of a distribution of what 
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Sir William Thomson has called imaginary magnetic 
matter. This matter is of two kinds, each of which 
repels matter of its own kind, and attracts matter of 
the other kind. If two portions of this matter he sup- 
posed concentrated at points in a uniform medium, the 
force between them is directly as the product of the 
quantities, and inversely as the square of the distance 
between them. Both kinds of matter are always 
present in the distribution in equal amounts, but the 
distributions may be different in the two cases. It is 
to be carefully observed, however, that so far as our 
knowledge goes, no such matter exists. The hypothesis 
of its existence serves merely to fix the ideas, and afford 
to them a convenient, but only provisional, mode of 
expressing the polarity of a magnetized particle. 

We shall, following the ordinary convention, call the 
magnetism of the same kind as that of the extremity 
of a magnet which points north positive, and the 
opposite kind negative. The positive direction of 
magnetic force will then be that in which a positive 
magnetic pole tends to move. 

Unit quantity of this magnetic matter (or magnetism 
as we shall call it) is defined as that quantity which 
concentrated at a point, at unit distance from an equal 
quantity of the same kind, also concentrated at a point, 
is repelled with unit force, when the medium in which 
both quantities are placed is air. This definition of 
unit quantity of magnetism, or WjCognetic joole as it 
is sometimes called, is that on which the electro- 
magnetic system of units is founded, and corresponds 
exactly to the definition of unit quantity of electricity 
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given in page 4 of Vol. I., which forms the basis of the 
electrostatic system. When the distance between the 
points is 1 centimetre, and the quantities are such that 
the force between them is 1 dyne, each quantity is 
1 C.G.S. unit of magnetism, or, as it is sometimes put, 
is unit magnetic ;pole in the C.G.S. system of units. 

If m denote a quantity of magnetism, which, placed 
at a point distant L units from an equal quantity of the 
same kind, is repelled with a force of F units, we have 
== and therefore the dimensional formula ^ [?5i] 
of quantity of magnetism is [F^^F], or 
This is the same dimensional formula as that of quantity 
of .electricity in the electrostatic system. This dimen- 
sional formula, and others which follow, are to be taken 
as provisional. We shall find reason hereafter to in- 
troduce the dimensions of magnetic inductive capacity 
into the formula. 

The poles referred to in this definition are purely 
ideal, for we cannot isolate a quantity of either kind 
of magnetism from the opposite kind ; but we can by 
proper arrangements obtain an approximate realization 
of the definition. Suppose we have two long, very thin, 
straight steel bars, which are uniformly and longitudin- 
ally magnetized ; they may be taken as having poles at 
their extremities ; in fact, the distribution of magnetism 
in them is such that the magnetic effect of either bar, at 
all points external to its own substance, would be per- 
fectly represented by a certain quantity of one kind of 
magnetism placed at one extremity of the bar, and an 

* Yol. I. p. 191. 
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kind in a magnetic distribution as of the other kind, 
a magnetized body, placed in a uniform field, will, if 
not in equilibrium, experience only a couple, and will, 
if not resisted, turn round until a certain determinate 
direction in the magnet is parallel to the direction of 
the magnetic force in the field. This direction in the 
body is called the magnetic axis. 

For example, if a magnet be suspended so as to be 
free from the action of all except the magnetic force of 
the earth, it is found to experience no sensible force 
of translation as a whole, but takes up a position of 
directional equilibrium; that is, there is a direction 
round which if the magnet be turned through any 
angle it remains in equilibrium in the new position. 
This direction is that of the magnetic axis of the 
magnet. 

The magnet is also in equilibrium if turned through 
180° round an axis at right angles to the magnetic axis. 
Any angular displacement of the magnet not com- 
pounded of the two which have just been specified will 
leave it under the influence of a couple the moment of 
which depends on (1) the magnet itself, (2) the angle 
which the new direction of the magnetic axis makes with 
its direction of stable equilibrium, (3) the intensity of 
the magnetic field. 

In general, for a magnet placed in a uniform magnetic 
field of intensity H so that its axis makes an angle 9 
with its position of stable equilibrium, that is with 
the direction of the force, the moment of the couple 
is MH sin 9 where M is a quantity depending on the 
magnet, and called its magnetic moment. 
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If we assume that the magnet has zero potential energy .>vheii 
its axis is at right angles to the lines of force, its potential energy 
A in the given position is plainly given by the equation 

r ULR sin ecW = - WB. cos 6 . . . . (1) 

j7r/2 

We shall see below (p. 22) that this is the value of the work 
done in bringing any magnet into a uniform^ field, and placing it 
with its axis inclined at an angle S to its position of stable equili- 
brium. For certain simple cases such as symmetrical bar-magnets, 
&C .5 it is clear that this is the physical meaning of the potential 
energy defined with reference to the position of zero potential 
energy above chosen. 

If the components of the magnetic force H referred to three 
rectangular axes, one, say that of ar, drawn in the true north di- 
rection, another, that of drawn east, and the third, that of z, 
drawn downwards, be a, /3, y respectively, and the direction co- 
sines of the magnetic axis referred to the same axes be 
the equation for E becomes 

B = - ULila + m^ + ny) (2) 

For the moment K of the couple tending to bring the magnetic 
axis into coincidence with the direction of the resultant force 
we have 

K = M:{(ray - fSY + (raa - lyf + {!& - ma)>f . . (3) 

The component N of this couple round the axis of z is 
given by 

iY = M — ma) . (4) 

If the angle which the magnetic force makes with a horizontal 
plane, or its dip^ be f, and the angle between a north and south 
vertical plane, and a vertical plane through the direction of tlie 
magnetic force, or the azimuth of the latter plane, be and the 
corresponding angles for the magnetic axis be rj and we have 
plainly 

a = H cos C cos <^), ^ = H cos f sin (^, y = H sin f, 

I = cos rj cos m = cos rj sin = sin rj. 

The preceding equations become 

B — — MH|cos f cos rf cos (<^> *- ‘v//') -f sin f sin ?;} . . ’ (5) 
iV = MH cos f cos 7] sin ((j) - f) . , . . (6) 



UN-JPORM MAGNETIZATION 


Uniform magnetization has been referred to in p. 3 
above, and we shall now consider it a little more fully. 
A uniformly magnetized magnetic filament is an infi- 
nitely thin bar (not necessarily straight nor of uniform 
crosS“Section), so magnetized that its action at any ex- 
ternal point can be represented by a certain quantity of 
one kind of magnetism concentrated at one extremity 
of the bar, and an equal quantity of the opposite mag- 
netism concentrated at the other extremity. Such a 
filament, if divided across, would be converted into 
two uniformly magnetized filaments, and each of these 
in turn into two such filaments if divided, and so on. 
In short, each small element of the filament is to be 
supposed magnetized in the same way as the whole bar, 
so that, when the elements are united, the action of the 
polarity of any end of an internal element is annulled 
by the equal and opposite action of that end of the next 
element which is in contact with it. Thus tlie equal 
and opposite polarities of the ends of the complete 
filament are left unbalanced. 

We may suppose, to make this clearer, that eacli 
small element of the filament has equal and opposite 
distributions of magnetic matter over its two ends, so 
that the total quantity on two end faces in contact is 
zero. Of course this is only a way of figuring the 
distribution to the mind ; what we really have is lio 
doubt something very different from an actual distribu- 
tion of matter. 

Any uniformly magnetized bar may bo supposed 
made up of uniformly magnetized filaments put to- 
gether with their ends in the surface of the bar. We 
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have in this case a surface distribution of magnetism 
only. 

A non-imiformly magnetized bar may be regarded as 
one in which the polarities of the elements in contact 
do not counteract one another ; in this case we have, 
besides the end distributions (which are generally oppo- 
site but not necessarily equal), a diffused distribution of 
magnetism throughout the substance of the bar. 

This subject becomes much more intelligible when considered 
mathematically. We shall investigate first the potential and 
force due to an infinitely short and uniformly magnetized fila- 
ment, and then consider the general case of a magnet made xip 
of such elements. The magnetic filament is its own magnetic 
axis, and its magnetic action may he supposed due to equal and 
opposite quantities of magnetism placed at its two extremities. 
For brevity we shall call this elementary magnet in what follows 
a magnetic douhlet Its magnetic moment we define as the 
product of either of these quantities of magnetism into the 
distance between the extremities, and for our present purpose 
we shall suppose this product finite. Denoting by the length 
of the filament, which we take in the plane of the paper and 
parallel to the axis of with its centre at the origin of co- 
ordinates, we have for the coordinates of its extremities 
— The potential at a point in the plane of the paper 

the coordinates of wliich are 77, due to unit quantity of positive 
magnetism at the origin, is (^2 _|_ Hence if m be the 

moment of the short magnet, and the positive magnetism 
correspond to the point JS.r, the potential F of the two equiva- 
lent point distributions is given by 

7 - ^ / . _ 1 ) 

l{(| - i ax)2 + 772}^ J ^ 

_ 

~ 

This may he written in either of two other equivalent 
forms, viz. : — 
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wliero 6 is tlio angle between the axis of the ningnot and tlio lino 
drawn from the centre to the point (^, rj) and r is the length of 
tlnit line. 

The components 2”, Z, of magnetic force at the point rj, ar(‘ 
given by differentiation of (7), and are 

dF__ 

- - (1-^ 

dr _ 




It is easy to verify that these values of 2', F satisfy tlu^ 
differential equation 

<’»> 


which is the well-known form which Laplace's equation [(11) 
Vol. I. p. 10] takes in the case of a force system Hyimnotrical 
round an axis. It is to be noted that in (10) the coordimito rj is 
the distance of the point considered from the axis of symmetry 
taken as axis of and that therefore T in (10) above roprcsonts 
wlicre Y, Z, are taken as the component forces along 
two other axes at right angles to one another and to that 
of X, 

To find the equation of the linos of force we have [(.^ hin) 
Vol. I. p. 7] for any one line X/d^ = Yjdrj. Hence by (9) the 
differential etpiation in its simplost form is 

3 ^-;. ( 11 ) 

This equation imiy bo integrated either by the ordinary 
method of separation of the variables, or by restoring t.lu\ 
omitted common factor 1M>, and remembering that by (10), rj is 
an integrating factor of the equation thus modified. The 
integral is 

_ 1 0 '>) 



in which c is a parameter constant for any one lino, but variable? 
from one line to another. 

This equation may obviously bo -written in the form 

. (13) 

which is very convenient for the graphical description of the 
curves. For lot 0, Fig. 1, be the position of the small magnet, 


]<kniatimi 
of Linen of 
Force due 
to a sin all 
Magrud, 


(Iraphicnl 
l)eHrri|>» 
tion of 
Linen of 
Force. 



li) 


MAtiXirn*' TIIK*'»IIV 


iJrapliinil 
I)i‘.sc,rip“ 
iiou t>t‘ 
LitinH (ff 


OX tin* dirriiiMii i.f iis t iH iti |»iasi»' •■f IIm.' t 

il,l ri^ht sm,L!;’ifH it* FiMnt fi nisli*' 4tj4 wilh (• .i?4 ■ 

n Miuiriri'lr ii|him iltf H%i’^ uf . 4 ',, Hirii nt^y I 

ifji* in J, Fimui J I»^! fill <1 

nil (O’ if in />\ Jiinl fi'Miu /} ■& |iii'|^*ifnls»'iil4r **,l in!*"- 

it ill l\ J*i^ n pnintttu iIjm ius*’ mI' F ui-fi wli^-nr^ j 

is tin* valut' l»f r fljMHrll, TIim MV. l| rut VjMII 1 * 4 *, I r«'|»J r «rf> ! H 
(Milllplvfti lilH' of fMfrr Mlt‘rrf*si\r pui|}l*t |.»i iMtilrl s* 






Fin. I. 


(lUH way, If Will hr Mr-rii |||;if flsr ftii in aAsi* iiV' 5 ill’ll t fr***-’-. ■ 

itH Mjnatinii, jw Myrninriiim! hh fnii’iiiiiiiin rniiiii# 

0(7, wliifli livK itioiiK' O I'j ill (fi*|i|iil III |« r, 

om IImi I'Urvn nmr ratinMi hii fs«iiiil wiiii iirMtiraiiy l%f* lit* 

ntfitiuni ju^Hi dt'HvfihwF thin part Mftlp’riirvr riiii !■» ii|lr.:4 m 
with nri'iirar'>\ l*y tlr^uitsf n rimitjir ^rr tftmn IIm- 

eniitra fif cnirvHttir»» fi>r tlip point (0 Tl«’ riwliiii* t»f f'-t 

luiy point in cnwly f.iiinii froto (la) ati«l m 

t Hin 0 {nln^ 4 - 4 roh”#jf.:i {mn^i 4 . *i 

For tlio point G t!il« ii r/ 3 , atni iliti rptitf# |i ms (HJ, 

* Thia nirthfwl ctf ih^irrihiiig mtfWn h 4 «|p I» Iff. Sr.hn 

lUichiimn, Knfurt^, vitl %%u p, an. 



EQUIPOTENTIAL LINES FOR SMALL MAGNET 


n 


Fig. 2 shows lines of force for different values of the piiraineter 
e. The points Fj, Fg &c. are the points of maxiinum radius of 
curvature for the several curves. 

The direction of the magnetic force at any point may easily he 
obtained in the following manner. If cj) be the angle between the 
radius vector and the tangent to the curve at P (Fig. 1) we have 
tan (jf> = rdB/Sr = J tan 6, by (13). Jlence the following con- 
struction. Draw from the point of trisection of OP nearest 0 a 
perpendicular to OP; then if M be the point in which this 
perpendicular cuts the axis of the magnet FM is the direction of 
the line of force at P. 



This construction gives also the magnitude of tho forco at P, 
for by (9) we get + and this is 

easily proved to be m^. F3PI{0M. OF^)K Hence tho magnitude 
of the force is m . FMI{OM, OF^). 

The equipotential curves in the plane of the paper aro obtained Dcscrip- 
by putting V =* const, in (7) or (8). It is easy to verify by (9) and tiou of 
(12) that these curves cut tlio lines of force, as they ought;, at ri^ht Equipoten- 
angles. They may be constructed graphically in tho following tial Lines 
manner. Draw with V mf V as radius, from a centre on tho axis of small 
37, a circle (Fig. 3) passing through the position, 0, of tlie centre 
of the magnet. Then draw any line from 0 to meet this oircl© in 
A. The length of this line is 6\i 6 be the angle 

whicli OA makes with OX, Lay ofE a distance OP, along the 
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The lines of force and equipotential surfaces due to a small 
magnet coincide for all external points with those of a uniformly 
magnetized sphere, a case approximately realized when a ball of 
iron is placed in a uniform magnetic field, and also with those of 
a conducting or dielectric sphere placed without charge in a 
uniform field of electric force. [See Vol. L p. 123.] They 
further correspond exactly to the lines of flow and equipotential 



surfaces within a large mass of a frictionless incompressible fluid, ^ 
kept flowing continuously in steady motion through an infinitely 
short, straight, narrow tube. We have discussed them with so 
great fulness, on account of their theoretical importance. We 
shall consider them again later in connection with inductive 
magnetism, and with the investigations of Hertz on the radiation 
of electric and magnetic energy. 

Let us now consider a magnetic filament regarded as made up 
of an infinite number of infinitely short magnets placed end to 
end. Let 5 :, y, z be the coordinates of the centre of one of these 
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LINES OF FOECE OF A MAGNETIC FILAMENT i; 

The equation of the lines of force due to a uniformly Biuatioi, 
magnetized filament is of interest, and may be easily Force”of°" 
found in a variety of ways. The most elegant is perhaps ilagnetio 
the following. It is evident that the system of lines is 
symmetrical about the straight line joining the ends 
A, B, of the filament. Describe circles from A, B 
(Fig. 6), as centres with any radii the sum of which is 



greater than the distance A, B. They will intersect in 
■two points which will be points on two lines of force 
liaving the same parameter, but on opposite sides of the 
axis. The circles may be regarded as the intersection 
•with the plane of the paper of two spheres having 
B, as centres, and intersecting in a circle through 
which pass all lines having a certain parameter. Now 
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considering the total flux of magnetic force (that is, 
the surface integral of normal magnetic force) in the 
same direction through any surface having this circle as 
boundary, and the two centres on the same side of it, 
it is clear that it may be taken as that due to the 
quantity of magnetism — J at outwards through the 
segment PBQ. of the sphere described from A, and 
bounded by the circle of intersection, together with that 
due to + / at ^ taken outwards through the correspond- 
ing segment PSQ of the other sphere. If the angles 
PBQ, PSQ be respectively 26^ "±6^, these fluxes are 
respectively — 27rJ (1 — cos and 27rJ (1 — cos 9^, 
Hence the total flux is hrl (cos 9-^ — cos 6^. Now let 
two other spheres be described in the same way ; then 
if the flux through a corresponding surface bounded by 
the circle of intersection is the same as that just founds 
the two circles of intersection may be supposed joined 
by a surface generated by the revolution of a line of 
force round AB as an axis. Hence the equation of a 
hne of force is 

cos 9^ — cos 9^ = c (18) 

where c is a parameter varying from one curve to 
another.^ 

Eescrip- To construct the lines of force in this case we may 
of L^es of follows : — Describe a circle on AB (Fig. 6 f) 

HmTorm Ai^nieter, and lay off a distance AM such that 
Filament. AM — c . AB. Then draw any line from A to cut the 

* See also Chap. III. below. 

t This Fig. is taken by permission from Constructive' Geometry of 
Tlaue Curves, by T. H. Eagles, M'.A. (London, Macmillan & Co.). The 
method of construction here adopted is that given in the same work. 



DESCEIPTION OF MAGNETIC CUEVES 

circle in (?, and lay off along AB equal to AQ, 
From B as centre ■with radius Mg describe a circle 
cutting the former circle in JS. Hence since cos BAB 
+ cos ABE = AQjAB + BEIAB = {Ag i- gM)lAB = c, 



the point in which AQ and BE intersect is a point on 
the curve. The curve in the vicinity of A or B must 
be drawn from a knowledge of its inclination 0 to the 
axis of This is given by the equation cos ^ = c - 1. 

VOL. ir. ^ 
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The cut shows curves numbered 1, 2, 3, 4, 5, drawn 
for the corresponding values of f, 1, I, When 

c = 2, AB (the axis) is the curve, when c = 0, the pro- 
ductions of the axis to the right of B and the left of 
A are the curves. 

Descrip- The dotted curves intersecting at right angles the 
Equlpoteii- force in Fig. 6^ are the equipotential curves, 
tial Curves which are given by the equation 

Uniform -t -i 

Eilanieiit. - _ _ = ^ 


where c is a parameter (the potential per unit of mag- 
netic matter at A or B) varying from one curve to 
another. 

That the dotted curves are intersected at right angles 
by the lines of force is easily verified by considering 
that if/(r, -r') = 0 be the equation of a curve, and 
lengths dfjdr, dfidr' be laid off along r and r', the 
resultant of these lines is in the direction of the 
normal. We have from (19) dfjdo^ — — 1/r^, dfjdr' = l/r'l 
Hence laying off from a point on the curve along r 
towards -4, and from the same point along r' in the 
direction from B, we find that the normal to the eqiii- 
potential curve is in the direction of the resultant force 
due to the equal quantities of opposite kinds of magnetic 
matter at A and B respectively. 


Magnetic We shall now find the potential at any point in a magnetic 
Potential, field produced by a body magnetized in any given manner. As 
we shall see later, we are led by magnetic phenomena to suppose 
a magnetized body made up of an infinitely large number of in- 
finitely small magnetized molecules, each of which may be con- 
sidered a magnetic doublet, as defined above. We shall also 
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suppose that the magnetic axes of these molecules have in each 
small element of the body a common direction,^ of which the 
cosines for a given element are X, v, and which varies from 
point to point continuously in the body. This is called the 
direction of magnetization at the element. 

We consider an element of the body, in shape a rectangular 
parallelepiped with its edges parallel to the axes, large enough to 
contain a very great number of molecules,^ but not so large that 
the direction of magnetization varies in it to a sensible extetit. 
Let 71 be the number of molecules in the element, m their average 
magnetic moment, then the magnetic moment of the element is 
nm, and it may be regarded as a small magnet of this moment, 
with its centre at the point .r, y, and its axis in the direction 
X, fjL, V. For nm we shall write Id.vdi/clz, where I is the magnetic 
moment of the element per unit of volume, or, as it is usually 
called, the intensity of magnetization at the element, and d.vd'j/dz 
is the volume of the element. 

By (14) above we have for the magnetic potential produced by 
the element at the point ($, rj, () the expression Id.rdydz - .r)X 
+ (v - + (C - where + (?; - + 

(t - Writing IX, I/i, Ip = J, C, so tliat A, B, C, are 
what are called the components of magnetization at the point 
X, ;/, 5 ^, and integrating throughout the body we get for the total 
potential V vet rj the equation : 


^ Bin - ^) + dxdpk. . (20) 

This may be written in the form : 

r. j **+//?«, 


in which the first three integrals are confined to tlio surface and 
are reckoned in the following manner. Taking the lirsfc of the 
three, conceive a prism of cross-section and longtli parallel 
to the axis of .r, drawn in the body. The area dj/dz is the pro- 
jection at right angles to the axis of !c of the element dS of t he 
surface intercepted at either end by the prism ; and tlio elenumt 
of the integral corresponding to the negetivo or loft-haiKl end 
of the prism is to be taken negative, the element for tln^ 
other end positive. Now if /j, /g, be tho a- diroc^tidn cosinos of 
tlie normals drawn outwards from the surface elemonts at tlieso 
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MAUKKTH* TIIKHUV 


oiuIh rs'H|U'H‘ti\'<’ly* tIS,, tin’ firi’ii** Wf** isnvi- 

di/il: ^ - ii’iSi't Hn that fisn I’lriiM'tifM *4' tli” 

aV(5 JJ.JiS,jrn, lltin'** sw imty %vrili’ ilit^ lit^'f 

integral in the ff»rm j j Jf r. dS\ in ^vliirh flu* uitf'^graiirifi in ti* 

exteiuled nvrr tin' whnle f4iirfat‘e, *V\i*^ «»flirr il*»tihip iiitr|:tal'- 
may be Mimilarly tranHluriiieih atai ue grt 

/' I / ^ 




Interpre- 
tation of 
Expn^ssion 
for 

Magnetio 
Potential . 


Solenoid al 
Distrilni- 
tioTi of 
Magnot- 
iara du" 
lined. 


in whi(‘h /, n are 11 h’ 4irrrlii»ti %*vmtivn of i||i* l«> »as 

element ^/*S*nf the Htmfarn nf tlm bmiy. 

C’learly we nmy interpret the iprantiify ,// 4 - ® 

fiU’e deuHity or of nnignetif di«{ril»iilii*n, rt*|niil iit eurli Piirfari’ 
element tn the nnnnn! emiipnnent ef inton^ity pf 
Tlie exprewinn «” {(IJidx •j- dH jif 4('*/4 i» iiiterfireiahle in 
th(% name way an the vuhnne tleiwty |i «»f 11 di*tribiitit»ii iif 
iietiHin thrnuglumt the Hiilmtaiire <»f the Ih^I v , 

PVum expreHaiuim we get l»y <ii»eet iiilegratiwri» m %%r 
clearly otight, the tetal iimgneti?iin <4 the hiwly e»|iial In «erii, 

1(. in nlmuHt needh'HM to nay that tlie»e n^wnliji me r©fiiiei|«iefirr# 
nf nur mi|»p(wili(mH iiH tu the atfticliire nf the iinigfielkwi 
and that the intcrpretfitienH jnt«t atateil are l*» he legafiieil 
HH convenient miHiea of expreiimng the oiilriim«'» of llie 
If, however, an neenm emuitt, the iiinKneiiwI li«ly Im iiimle it|* 
of polarized moleeulcH of Hcnne kind* the i^nrftire riwI ImmIji' 4Mtt 
hulioiiH will correHpond to tinhahinred ^iirfiire ftfiil liratly 

polaritioH rt*Hpeetively. 

If the pote-ntial at 1 ?, f) due to tlm heify i» e*pr«^«e«| by il.r 
snrfneeinicgral alone, then 


dj dH 
dx dy 


+ 



m} 


A (liHtributiun of nmgnetiam ftdillling tliia r«iMl||.iiiii I* iii4 iti l»e 
udvmmluL 

Potential ^ We have now to c?on«id©r the paieniinl energy of n 
'Energy of nltnated in a mngnetie held. By tlii« we iiiwtiii tli« w«rk whirls 
a Magnet, has been done ng«in«t liift|gnttie forrew^ i« iifiiigiiig lli** 
into the fieltl and piaoliig it in th^ givun pmhum. Tli«^ 
energy of unit quantity of negative magiietiftiii it b i\ 
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which the potential iB V\ ih of ooiirso simply — V\ and heucci 
that of a unit of positive tuagnetisin at a i)oint at distance (k 
from tins point is V dVjds . ds. The potential energy of a 
magnetic doublet with its extremities at these points is thorcvfore 
mdFIds, whore m is the luonient of the doublet. If tlio direction 
cosines of the axis of the doublet bo X, ft, Vj wo liavo of course 



Now, as above (p. 18), wo may regard this simill inagTU‘.t as a 
magnetic molecule of a body of linito size, and take a parallele- 
piped of the body, large enough to contain a great number of 
such molecules, but not so largo that the direction of magiudiza- 
tion, that is the common direction of tho axes of the molc^cules, 
varies to a sensible extent. Tlie potential energy of the ekummt 
will be proportional to the nimiher of such molc‘.culeH containcHl 
in tho element. Hence by tho expression above, tho potential 
energy dU of an element of volume dxdydz^ is given by 

= I X , - <— + V — ylxdydz^ 

\ dx d^ dz J 

where I denotes the intensity of magnetization as dclinod above. 
Writing as before A, li, C » XI, g.1, vl, and integrating through- 
out tho magnet wo gtd 


A’ 





. . Ca5 


Integrated by parts this becomes 


- Ijr {Adydz + Bdzdx + Cdxdy) 


( 20 ) 


The triple integration is taken throughout tlio space occupied 
by tlio magnet j the double integrations give, when arc 

put for tho direction cosines of the normal to an element dS of 
tho surface, an integration over tho whole surface of tho magnet, 
so that 


A ^ 


■ j j r{U + m}i + nC)dS 


dn , dc 

+ + 


'^dxdydz 


( 27 ) 
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By the interpretations, stated on p. 20 above, of the quantities 
in brackets, this may be written 




JJr.^+JfJ 


Fp dxdydz 


(28) 


which is the energy equation (31) given on p. 32 of VoL I., 
except that the factor ^ in that equation does not appear, since 
the held in the present case is independent of the distribution 
brought into it. 

It is to be noted that V is the potential due to the magnetic 
system producing the field, and that therefore — clVjdx^ &c , are 
the components a, /3, y, parallel to the axes of the magnetic field 
intensity due to this system. Hence we may write (25) in the 
form 

I!= - j j j{Ja + B^+0y) dxiyclz (29) 


In the case of a uniform field intensity for every part of the 


magnet this becomes 

-(aMi+^Ms + yMa) (30) 

where Mi, M^, Mg, denote the integrals f f fjdxdydz, &c. Now 


we can find three quantities jt?, y, r, fulfilling the equation 

+ + 1 , 

such that 

Ml =i?M, M2 = qM, Mg = rM, 

so that we have 

-M{pa + qp + ry) (31) 

M is what has been defined above (p. 5) as the magnetic 
moment of the magnet and p, q, r, are the direction cosines of 
its axis. If H be the resultant magnetic intensity of the field, 
its direction cosines are a/H, and (31) may be written 

^'= + + = _ MHoos^. . (32) 


the equation already obtained (p. 6 above). 
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It is instructive and useful to consider as a particular case the Potential 
potential energy of a magnet in the field due to a single magnetic En^’gy oi 
pole, as this gives the potential of the magnet at the point at 
which the pole is situated, and supplies conditions by which the 
centre and axes of the magnet may be determined. The following 
treatment of the problem is due to Sir William Thomson.* In 
this case if FP' be the distance of the point P, ($, rj, 0? 9*^ which 
the pole is situated, from the point P', z), of the magnet, we 

have for the potential F at P', due to the unit pole atP the value 
1/PP'. 




■ • (33) 


where / {r' < r) are the distances (9P, OF' from the origin of Expansion 
coordinates to the points P, P', and^ &o. are zonal in Sphen- 

surface harmonics f of the orders specified by their suffixes, and cai nar- 
having their pole at P. If /x be the cosine of the angle PGP', • 

then 

= 1, JSr, i (V - 1). ^3 = i (V - V), ^ 

Substituting these values of Zq, Z^, &c. in (33), then putting 
for fx its value (f-r + rj^j + C^)lrr', and differentiating we evaluate 
(IFIdv, dF/cfy, dVjdz. Using these in (25) and putting 

= JJ jjxdxd^dz, Pa = jj jBi/dxd^dz, P 3 = jjj Ozdxdydz 
= j I J(^^+ Oi)dxdydz, <23 = jjj {Cx + Az)dxdjdz, 


<2;, =’ j j j + Bx)dxdi/dz, we get 

E = M(p$ + '?’7 + ’’Cj ^ 

+ iem-A--PB) + n\^Pz-Pz-Pi) + i\^Pz-Pi-P<2 
+ + (34) 


* See Reprint of Papers on Electrostatics and Magnctmn, 2nd Ed., 

t ^For the theory of Spherical Harmonics which we shall frequently 
have to employ in what follows, the student may consult Thomson and 
Tait’s Nat Phil. Yol. I. Part L, or Ferrers’s Splmcal Barmomcs. 
A clear and brief account of the subject is given in Minchin 8 StaUcs, 
Vol. II. 3rd Edition. A short explanation, covering the tlieoreins 
used in this work, is given in an Appendix to the present volume. 
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Simplifica- The quantities Pj, JP 2 , &c. are functions of the coordinates 
tion by and of A, JB, C; hence we may change the origin to another 

Change of pohyt and take the direction of the axis of the magnet 

Origin, gQ = 1, S' == ^3 r = 0. This makes 


/// 


Adxd^dz = M, 


= 0, 


'ydz = 0. 


We have then new values F, &c. given by the equations 


P'l = Pi - P'2 = = A: 

~ ^3 ^ 2 ~ ^2 ■“ 5 Qz ~ Qb ~~ * 

Hence, if the new origin be taken so that 

2 M ’ ^ M’ M' 
we get F\ = i (P2 + P3), Q'i = 0, = 0, 

and (34) takes the simplified form (accents omitted) 

F-nL^, -I- 1 (-P2 - PzW- e) + ^ 


in which 77, ^ have of course the proper values for the new 
origin. 

Centre and The origin thus found is called the centre of the magnet, and 
Principal the definition enables us to specify the position of the magnetic 
Axis of axis, as well as its direction. The magnetic axis is sometimes 
Magnet, called the principal axis of the magnet. 

Secondary jf ^xes of y and z round that of through the 

MagLf itan-i §1/(^3 - P3). (3°) takes the form 

P = M 1+ I + &c (36) 


where P is the quantity which replaces Pg -^3* These direc- 
tions of the axes of y and z are called the secondary axes of the 
magnet. 

In the case of symmetry round the axis of the second term 
of the expression on the right of (36) is zero, since then whatever 
magnetization at right angles to the axis there he throughout 
the body, it must be such that the coefficient R vanishes 
identically. To a close approximation therefore for a unit 
pole placed at a point (|, rj, f), the distance r of which from 
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the origin is considerably greater than that of any part of the 
magnet from the same point, the mutual potential energy is 

Since the potential energy is mutual, the equations (34), 
&c. found for A', give the potential energy of the unit pole in 
the field due to the magnet, that is the potential due to the mag- 
net at the point (^, f). 


Section II. 

MAGNETIC INDUCTION VECTOR POTENTIAL. 

MAGNETIC ENERGY. 

When a substance capable of being magnetized is 
placed in a magnetic field, it becomes magnetic, and a 
definite relation in general exists between the magnet- 
ization produced at each part and the field intensity. 
The determination of this relation has been, especially 
in late years, the subject of much careful investigation, 
and we shall return to it later. Here we deal mainly 
with the theory of certain given cases of magnetization. 
In general, in the substances with which we have to 
deal in practice, the magnetization is in the direction of 
the magnetic force, and we shall first consider this 
case. 

We have first to define what we mean by the force in 
the interior of a magnet. Here, as in all other cases, 
the magnetic force is that which would be exerted on a 
unit magnetic pole if placed at the point, and, since we 
could make no experiment as to the internal state of the 
body, except within a cavity hollowed out within it, we 
imagine a small portion of the magnetized body excavated 
so as to give a space in which the force might be measured. 
The formation of this cavity leaves unbalanced the 


Potential 
at External 
Point due 
to Magnet. 


Induced 

Magnet- 

ization. 


Force in 
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magnetism on the extremities of the molecules which 
abut against its surface. We shall suppose it formed 
without disturbing the magnetization of the rest of the 
Surface body, and since we cannot divide a magnetic molecule 
signs of the surface distributions will be perfectly 
Interior of definite. Thus for a crevasse ^ cut at right angles to the 
a Cavity, of magnetization there is positive magnetism 

on the face next the negative end of the magnet, and 
negative magnetism on the opposite face. On a surface 
the normal to which, drawn into the cavity, is inclined 
at an angle e to the direction of the intensity of mag- 
netization I, taken as positive when drawn in the 
magnet from the negative pole to the positive, the 
density of distribution is I cos e, and is positive there- 
fore when e is acute, and negative when e is obtuse. 

The force within the cavity depends upon the shape and 
Force dimensions of the cavity, and upon the position of the pole 
within within it. In the first place we shall consider a cylindrical 

Cavities of cavity of finite length and diameter, cut with its axis in any 

Different given direction, in a uniformly magnetized body. If the intensity 
Shapes, of magnetization of the body be I, and B be the angle which the 
■f" cylinder makes with the direction of I, we have for 

density of the distribution on the curved surface of the cavity 
clined tT ^ points in a plane through the axis parallel to 

Direction direction of magnetization. In another plane through this 

of Mag- making an angle (p with the direction of magnetization the 

netization. density is IsmBcos (p. Now the force which this distribution 
exerts at right angles to the axis on a pole placed at the centre 

of the axis, is, if 21 be the length of the cylinder, and 2r its 

diameter, 

TT 

2 I sin d I* [ cos2 (p —dpdx — 27r I sin B ^ ^ 


* A narrow cavity with parallel plane faces, every dimension of 
which is great in comparison with the width of the cavity. 
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The ends of the cylinder giro a resultant force along the Partienlar 
axis of amount 47rl cos ^{1 — lj(r^ -j- total force Cases : 

within the cylinder at the centre of the axis is the resultant of As^ of 
these two components. Hence if I be great in comparison with Cylmder 
Ty the force is at right angles to the axis and of amount 27rl sin B. 

Hence if <9 = 7r/2, the force is 27*1. If I be small in comparison 
with r, the force is 47rl cos B. ization. 

If ^ = 0, so that the axis of the cylinder is parallel to I, the 
force becomes 47rl{l ^ 7/(r‘^ + P)i}^ and is therefore 43rl or zero, 
according as I is small or great in comparison with r. Also* the 
force is 47rl in any narrow crevasse bounded by planes at right Crevasse, 
angles to I, and is plainly zero in any elongated narrow cavity 
ydth its length parallel to t. 

In the important case of a spherical hollow the surface distri- 2. Spheh- 
bution follows the law of variation from point to point of a cal Cavity, 
material distribution formed by placing two spheres of eq^ual 
uniform densities + p and — p in coincidence, and displacing 
the positive sphere in the direction of I through a small distance 
bx. We may suppose p very great, and very small, so that 
pbx = I. The potential due to the inner nucleus of the positive 
sphere at a point distant r from the centre is The 

potential due to the outer shell is 27Tl(i22_ Hence the whole 

potential is 27rl(i^2 — /S.r. The potential at the same point due 

to the negative sphere is plainly - 2TrI(^ - 
Hence the total potential is fTrLr. The force within the spherical 
hollow produced by the surface magnetization is therefore in the 
direction of magnetization, and equal to IttI. 

In the case of a non-uniformly but continuously magnetized 
body these cavities have only to be taken small enough to enable 
the average value of I over each to be used in the values of the 
force. 

The cases most important for otir present purpose 
are (1) the comparatively long narrow cylinder, (2) the and * 
short comparatively wide cylinder, both with axes 
parallel to I. In each case the force within the hollow, (B). 
due to the surface distribution upon it, must be increased 
by the resultant force at the point due to the distribu- 
tion producing the magnetic field and to the rest of the 


See YoL I. p. 58. 
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Magnetic magnetic distribution of the magnet. If we call this 
Force^^H), within the cavity is in case (1) simply 

Magnetic H, in case (2) it is H 4- 47rl. H is thus the magnetic 
force within the magnet, apart from any action of un- 
balanced polarity produced by cutting a hollow in the 
substance. The other quantity H -h is called the 
magnetic induction within the magnet. We shall denote 
it by B. 

In the more general case in which H and I are not 
in the same direction the equation 

B=:H-i-47rI (37) 

is true in the vector sense, that is B is the resultant of 
the vectors H and 47rl. 

In the case in which the magnetization is induced by 
the magnetizing force H, and has the same direction, 
if we put I = kH,, we get 

B = (l+47r/c)H (38) 


Magnetic 

Inductive 

Capacity 

and 

Magnetic 

Permea- 

bility. 


The multiplier 1 4-477/^ is generally denoted by //.,and 
called the magnetic inductive capacity, or the magnetic 
jpermeabiliiy. The factor k is called the magnetic sioscep-' 
ability. In general, as we shall see below, it is a 
function of li- 


lt is clear that as here defined /c is a mere number. 


The quantity is also a mere number when defined by 
the equation 1 4- 4'7r/c, Now /-t has a definite value for 
every medium, and it is possible that that property of 
the medium (say some form of motion), which makes 
the magnetic inductive capacity vary from medium to ' 
medium, may give to it certain dimensions at present 
unknown. We may use fi as the absolute magnetic 



VAUIA.'I’I()N OP B AND H AT SURFACE OF BODY 

in.lucitivc ca,])acity depending on this property, that is 
t,lu' magnetic inductive capacity with reference to an 
absolutely nnmagnetizable medium as standard, and 
ri'gard its diinonsions as unlcnown; but we sbalj the 
neeomit of magnetic measurements which follows, in 
gem 'ml eini)loy it to denote 1 + ^ ttk . 


iShieo B, H, nTKl I aro vectors in the general case we mav 
replace <'ii<'li by tliroo componentB along the axes. We have then 
mHtead of (,i7) tlio oipiation 

h 4- 4rn-B * /39\ 


Compon- 
enta of 
Magnetic 
Induction. 


wlu^ra 4, r, a, (3, 7, J, B, (7, aro the components of B, H, and 
I ftir tho point (loiiHidcred. 

It m oaHy to prove that the magnetic induction fulfils the 
8(»U.‘ru)i(lal condition. Wo have from (39) 


4. 4. * „ 

t/.r ^ 


da dy 

dx d’^^ dz 



(40) 


Solenoi(ial 
Condition 
fulfilled by 
Magnetic 
Induction. 


Kow rcinoniboring that the quantity within the brackets may 
ho rogardtul as a volume density ( - p) of magnetism, and that 
hy the definition of H wo must have by the characteristic equa- 
ti(»n * of eloctric and magnetic potential 


and theroforo 




= 0 . 

dx dy dz 


• . (41) 


In the space surrounding the magnetized body, B coincides Variation 
with H in all respects. The transition in value from one side of of B and 
tlm nurfac© to the other, takes place differently in the two cases. H at 
llifi normal component of B varies continuously from one side Surface, 
of the surface to the other, the tangential component discon- 
thiuouHly ; and tlie reverse is the case with the value of H. To 


* Poisson's Theorem, Yol. I. p. 13, Eq. (16). 
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Variation prove thin wo huvo tuily t'* in*! i--*' i i i’ # : ■ ^ 

of B mkI iH'tweeii |1 h‘ normal !•» ? tni>t r u? .v. o ■ ' *1. ? 

H connuon (lireotion t>l B* H. 

Surface, ponont of B in tlo’ inioiitn- 

(H r l.'tl -nr? . , I 

and that if H' l»o tho ni'ieii.-tio f.-m- ju'.? i 
the Killin' itn«i it'* inohiKUo n to n '’Oi , U <■ * m » 

terintie <M|uation of tin* potonlid | ^ >’■: i* !■< i, mui 4i 

density of nia.^meti’-un 

HN-osd‘ - Hoos/1 I j.i.u.d . . . ^ II 


Since B and H coinrido ont*4,}«' fh.- jh o oro p-, . ,: • 
tlie left 1 h the normal romponi’isf o! ti^' fs-.j; 

The (‘XprcHHion on tin* rkfin, thn'riMi,-, n!!!.-.*, ■. fh- o ■.?.!■., .d »■■■ 
tinuity of B, ami at tin' Hamo limo Ifjr O'nod. .irs*-. >!■,! in'i;! ^ 

of H. 

Tho tan^^ential compoinitt of B I -k-I ^ ri = n 

anrlnee, and Hsin^ outnidt* tin* Huif.-o-**, i * o-i !*■-■ \ uj 

of tho tangmitisd cnnip(»ncitt of tin' 

Hides. 

Integinl of Since the mngnetit' induction foHih* iho fj-.h o nl J r r oss..* , 
Bovernny it follows that the Hinf icit inlc|,»risl of u, fr,. !• u i i,; . n 

closed^ over any ehmed nurfice u or, uhrihn- .-i 

surface ia wholly without, or parily within and pniily fh.^ lu 

xoro. noticed body, in i'.ero. This is «dt“;ir fiom tin* rju 4 !i.<.is |.„ ih;, 

Vol. T. whieli may lie written for tho « .o* . 
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wnce tlu^ ({untdily on tin* li^dd is .o-im id -nio dh , 

The truth of equation (4 t ’ nmy I *r fm -.-n fj»«}0 ?t.»* 
cotmiderattotiH. Tin* cxprcHhiun ■f.r f ft i ,/■ |V, f; 

roimwmlH llu' huih, for n Hniall nr t.'Os^rnlo d .,f 

auhHtanee havhif^ ilH ed|.rcH p-intllfl to fh«- ih.. uu..Uu-h^ 

of the avenigt^ value of ih** ro!ii|.i.nrnl td .,i r 

Hurfafr of the elenimit into the urea *dihe *fqr lot. I ,. 5 i 

the ri|;’ht ot (44) Hiinply exprewHen iln* fi.r-r.- 

HinuH for Kueh^ ('h'mentH inukiiiK" up the p.is!i.,.n . f t?,,.-. 
eouHuh'red. Now (dearly if we imu^dne iLr 
KTuall elcmentH, then eiu’h face of ihtme will hr- i,, ivi.* 

©loinoutHj except thoHt* fuccH Nvhtrli iiluil mj ihe I 3 <i" 
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every common face tlie products of induction into area for the 
two elements are equal and opposite, and cancel one another. 

We are left then with the aggregate of the products for the faces 
at the surface, and it is clear by projection that the sum of the 
products of induction for these faces is 

J + nc)dS. 

Hence the theorem. 

AVe may of course imagine a magnetic field divided up into 
unit tubes of induction, that is, tubular surfaces bounded by lines, 
and such that the magnetic induction over the cross section of 
each is everywhere unity. The magnetic induction over any 
surface is then measured by the number of unit tubes (or, as it is 
frequently put, by the number of ‘‘lines”) of induction which 
pass through it. 

It is clear from the result that the magnetic induction over any Integral of 
closed surface is zero, that the surface integral of magnetic B 
induction over an unclosed surface depends only on the bounding 
curve. For consider the surface closed by a cap fitted to the suriace-a 
boundary and not enclosing any part of the magnetic distribution, 
and let the integration be extended to the whole surface. The the 

total integral is then zero, and therefore the integral taken over ] 3 oiindino‘ 
the cap is equal and opposite to that over the original surface, curve. ^ 
This holds if the cap close the surface, whatever be its form and 
position otherwise ; hence the integral taken over the surface 
depends only on the form and position of the boundary. 

It follows that we can express the surface integral of magnetic Vector 
induction over an unclosed surface by the integral of a certain Potential 
quantity taken round the bounding curve. This quantity must of 
be directed, since its sign must change with that of the magnetic ^lagiietic 
induction. The sign of the integral will therefore depend on the Induction, 
direction of integration round the curve. Thus let F, (r, Ef be 
functions of the co-ordinates of a point (a:, y, z) on the curve, 
dz^ the projections on the axes of an element ds of the 
curve we have 

y* + mb “h nc)dB = J {Fdx -f Gdy + Hdz) .... (45) 

JF, G, have been called by Clerk Maxwell the components 
of the vector potential of magnetic induction. AVe shall now 
find the values of b, c, in terms of these quantities. 

It is evidently possible to draw on the surface a series of curves 
cutting at right angles, so as to divide the surface into a series 
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of rectangular areas (so small that each may be taken as plane) 
with incomplete rectangles round the bounding curve. The area 
of these incomplete elements is evidently vanishingly small in 
comparison with the sum of the areas of the complete elements, 
and therefore the induction over that portion of the area may be 
neglected. Now we can find the line integral of the vector 
potential round any element traced on the surface by calculating 
its average component along each side of the element, multi- 
plying by the length of the side, and adding the results. Thus 
let d% dv be two adjacent sides of an elementary rectangle, and 
let TI, V be the mean values of the components of vector 
potential along du and dv respectively, then for the integral round 
the element we have 


Udu + Vdv + dtdv -(udu+ ~ dvdu )- Vdv 
du \ dv J 



Now writing ^;Yfor the area dudv of the element and equating 
the magnetic induction over the element to the value just found, 
we get 

if /, w, be the direction cosines of the normal to dS. Taking 
the line integral as above, and in the same direction, round all 
the elements of area into which the surface is divided, and 
adding the results together, we have plainly only the integral 
round the bounding curve, since each side which is common to 
two elements of surface contributes two equal and opposite 
elements to the sum, and it is easy to see that for each triangle 
left round the edge the line integral along the two rectangular 
sides can, in the limit, he replaced by the integral along the 
third side formed by the boundary, so that a complete series 
of elementary integrals, having the same direction round the 
boundary, is obtained. Hence integrating round the curve, and 
over the surface, we have finally 

J A cos (pds = J j + + fic)dS (48) 

where A is the vector potential, and <p the angle between its 
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direction and the element Sa of the curve. Substituting the 
components of A parallel to the axes, we have 

/( 4 ' +'’1 + ^ 5 )'" ■ <«) 

If now our circuit be a small rectangle of sides dyck at right 
angles to the axis of .-r, we get at once from (47) 


dy dz 

and in the same way 

I 

dz dr. 
dx dy / 


(50) 


It is clear, ns 'we have seen, that F, G-, E, are directed quan- 
tities, and their signs must be reversed by reversing the signs 
of d, 0 . In what follows we shall take the positive direc- 
tion of integration round any circuit as the direction in which a 
person must be imagined to go round the circuit so as to have 
tlie area always o.n his left, and the positive direction of the 
magnetic induction as across the element from the personas feet 
to his head. 

The vector potential A may be specified as follows. Consider 
an element, volume du, of the magnetized substance, at which 
the intensity of magnetization is I. The magnetic moment of the 
element is I5u. Then (as will be seen bdow) the vector potential 
produced by this element at a point distant r from it is numerically 
. sin 6lr^, where 6 is the angle between the positive direction 
of magnetization, and the radius vector r. The direction of the 
vector potential is at right angles to the plane passing through 
the directions of I and r ; and by the convention stated above 
appears to an eye looking in the negative direction of I to be 
drawn in the counter-clockwise direction. 

To verify this specification let X, ft, y, be the direction cosines 
of I, X, y, Zy the co-ordinates of the magnetic element, 77 , 
those of tlie point considered, then we have 


[{^(f v{r, - + &o ]i . (51) 


from which the values of dF, dQ, dE can be inferred by 
inspection. 
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Vector Writing in (51) % for 1 /r, and for IX, I/a, Iv, their values 
Potential and integrating throughout the whole magnetized body, we 
( 2 ) Finite get for a finite magnet 
Magnet. 

, . . . . (52) 

Verifica- From the equation a = dHjdrj — we get by (52), remem- 

tiou. bering that du/d^ = - du/d:p, &c. 

J J \J‘^udxd^dz (53) 


The first terra of this expression is simply the force a at the 
point (I, C)} since the first integral is the potential at the point 

(i, rj, f). The second term of the expression is zero unless the point 
(?> Vi Of within the limits of integration. In the latter case 
it is — 4ttA' if A' be the value of A at the point (^, 77 , Oj 
evidently we may regard u as the potential at (.r, y, z), due to a 
pole of strength A' at (^, rj^ f) and we know by Poisson’s theorem 
that then the integral has the value stated. Hence in 
general we have by (52) + ^ttA', where J.' is the component 

of magnetization, and a the magnetic force, where a is taken. 
Similarly we could find from (52) h — ^ c — y + ^^0\ 

where y, JB', C', are the corresponding components of force and 
magnetization. Thus the general expressions (52) for the com- 
ponents of the vector potential are completely verified. 

Energy of ^ Returning now to the determination of the energy of a magnet 
a Magnet, in a magnetic field, we have proved (p. 22 above) that 


E 


///(■ 


Aa -P J3^ + Cy)dxd^dz 


■ • (54) 


From the manner in which this expression has been found it 
is plain that it measures the increase of potential energy which 
takes place when the magnet is caused to take up the given 
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position against the action of magnetic forces, that is, it is equal 
to the work which must be done by external forces in bringing 
the magnet into the field. We shall now apply this result to the 
determination of the whole work which must be done to build 
up any two distributions {A) and (5) of magnetism. Plainly 
this may be regarded as consisting of three parts, Eii fhe work 
done if {A) be supposed given in an infinite number of small 
parts at an infinite distance from one another, which are then 
put together to form the distribution, that is the work done in 
bringing these elements into the field simultaneously created by 
their aggregation to form the magnet ; * £ 2 ^ work done in 
similarly building up the other distribution ; and £ 3 , the work 
done in carrying one magnetic distribution into the field of the 
other. Calling the components of force due to the distribution 
(M), a^, jSi, 7 i 5 those due to- the distribution {B), To? 

denoting by ^ 1 , j^i, 61 , A^, B^t the correspondirig magnetiza- 


tion components, we have 

E, = - 4 /// (^la, + + C^y^)dxchjdz (65) 

£ 2 = -i///(-^2“2+-®A+ 

Also we have 

Ea = - /// + -Sjft + C0,)dxdydz (57) 


in which the integration is extended throughout the volume of 
the magnet B. We have of course also by Green’s theorem, 
or by the principle that the energy of {/£) in the field of {B) must 
be equal to the energy of {B) in the field of 

E3= -/ / /(^ 1«2 + -Si/32 + C\y^dxdydz (58) 


* The manner in which this is done is of importance. From the 
fact that similar magnets magnetized with equal intensity have similar 
magnetic fields, so that equal forces are produced at points similarly 
situated at distances proportional to the linear dimensions of the 
magnets, it follows that no work is done in breaking a magnet up into 
a number of parts all similar, and removing them to an infinite distance 
from one another. If on the other hand the magnet be broken up into 
an infinite number of infinitely thin filaments (each very long in com- 
parison with its thickness) taken along the lines of magnetization, and 
these be then separated to infinite distance from one another, the work 
done has the value given in the text. See Sir W. Thomson’s Electro- 
statics arid Magnetism, p. 441. 
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The coefficient in the two first expressions arises frorn the fact 
that with the annulment of the distribution its field disappears. 
Hence the total energy may be written 

E = El 4- E2 + E3 = i/ + ^2) (% + ^2) + 

or E = — y* J* J 4* 4" Cy)dxdydz 

if jS, 6*5 a, /3j 7, be put for 4-^2) ‘^^•5 ^*1 + °2- 

The integral rnay evidently be taken throughoiit all space, 
since at any point not within either of the distributions of mag- 
netism, each of the quantities A, -5, is identically zero. 

We may put this expression into another form, thus: sub- 
stituting for A, B, C, their values (a — a)/47r, {b - ^)/47r, 
(e — 7)/47r, we find 

+ 00 

£= LJ JJ 


- 4 - CO 


1 _ 

Stt 


///‘ 4_ 4. cy)dxdydz 


(60) 


Now remembering that a= — dVjdx^ — dVjdy^ y = 
- dVIdz, and integrating the second integral by parts _we see 
that it vanishes, since Va, Vb^ VCj are each zero at an infinite 
distance, and h, c, fulfil the solenoidal condition (41) above. 
Hence we have 


E = 



(61) 


where H denotes the resultant magnetic force at the point 
X, y, z. 

If Hi, H2, denote the resultant forces produced at the point 
X, y, 2, by the distributions {A) and (B) respectively, and 6 the 
angle between Hi and H2, we have by elementary trigonometry. 


H2 = Hi2-fH22 4-2HiH2 cos 6 , 
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Hence substituting in (61) we find by interpretation 

+ 00 

Ei=^J/ jKi^dxd^iz 
— 00 
+ 00 

E2^^JljRi‘cl.Taydz , . . 

— 00 
+ 00 

Ea /// ^ dxdydz 


(62) 


which can he verified by (55), (56), (57), (58), it being remembered 
that by the definition of Tl., we must take a, = a, 4- 47 r^,, &c., 
^2 = a 2 4-W2, &c. 

These expressions are obviously capable of generalization for 
any number of magnetic distributions, or a single distribution 
regarded as coipposed of any number of parts. They may be 
taken as expressing the fact that the energy may be regarded as 
residing in the medium in which the magnetized bodies are 
placed.* 

We shall see later that magnetic force exists at every point in 
the space surrounding a conductor carrying an electric current, 
that in fact the molecular magnets composing any magnetized 
body are most probably produced by electric currents flowing 
in molecular circuits, which are devoid of resistance, so that the 
current continues to flow without diminution of strength from 
generation of heat. We shall then find that if b, c, be 
the components of magnetic induction B, and a, y, those of 
magnetic intensity H, at any point in the field, the total mag- 
netic energy E is given by the equation 


+ CX3 


L y* y y (<3!a + <53 + cy)dxdydz 


Stt 


+ CX3 




BH 


cos 6 


(63) 


Assuming this we see that by drawing successive equipotenfial 
surfaces so that the difference of potential between each pair of 
consecutive surfaces is unity, and supposing these cut by unit 
tubes, we can divide the whole field up into cells, each of which 
may be regarded as containing I/Stt of a unit of magnetic energy. 
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See VoL 1. p. 34. 
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Si'UrrioN III. 

AlTLIOATlOm^ OF GENERAL TJ^EOllY, 
MAGNETIC EIIELLE, LAMELLAR DISTMEUTION. 

UN/FOIlMLr MA(7NETIZED ELLIFSOIL, 

A most, important form of magnetic distribution for 
considm'atiou is that in which we have a thin sheet of 
maftcir magnetized normally to its surface. Such a 
sheet is called a '^nagnetia shell Its importance arises 
from the hict proved by Ampere that every linear 
circuit carrying a current is equivalent in magnetic 
action to a magnetic shell of a certain uniform intensity 
of magnetization, and having its bounding edge coinci- 
dent with tlio circuit. A magnetic shell, it may be here 
stated, may be altered in position elsewhere than at its 
boundary, in any way whatever, without affecting its 
magnetic action at any given point, provided only 
the shell be not so changed in position as to cause the 
point to pass through it, and that its magnetic moment 
per unit of area be uniform, and kept constant through- 
out the changes of position. The chief properties oi 
magnetic shells are investigated in what immediately 
follows, and the results will be directly available when 
we come to consider the magnetic action of electric 
currents. 

If dv be the tbickness of tlie sheet at any element dS, the 
volntno of tine element in dv , djS. If I then be the intensity of 
Tiuigrietization at the element, the magnetic moment of this 
}H)rtiun is Idv . dN. The product Idv is called the strength of the 
shell, and is usually denoted by 0. This may vary from point 
to point of the shell. 
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THEORY OE SIMPLE MAGNETIC SHELL 

We shall consider first a simple shell, that is one for '^diieh ^ 
lias the same value at every point. By (14) above, if we con- 
sider any ^ element dS of the shell, and S he the angle between 
the direction of magnetization of the shell, taken positive when 
drawn from the negative to the positive side, and a line drawn 
from the element to a point F at distance r, the potential at P 
due to the element is ^dS cos But dS cos 6 is the projection 
of the element at right angles tor, and therefore r/Y cos d/r^ is 
the area c/co, traced out on the surface of a sphere of unit radius, 
liaviiig its centre at P, by a line passing through P, and carried 
round the boundary of the element, that is, it is the solid angle 
subtended at P by the element. It follows therefore that the 
potential P at P produced by the whole shell is given by the 
equation 

P = (64) 

where a> is the total solid angle subtended by the shell at P. 

This is also, of course, the potential energy of the shell in the 
field due to unit magnetic pole placed at P. 

It is evident that the value of P depends only on the strength 
of the shell and its boundary, and hence we have the remarkable 
resul^ that any two shells of equal strength, which have the 
same boundary, produce equal potentials at the point P, provided 
P does not lie between them. 



If the shell be closed its potential at any external point is zero, 
since the solid angle is then zero. Such a shell therefore pro- 
duces no magnetic eifect at any external point. At every internal 
point in such a shell however the potential is — (if the positive 
side be outwards, or d-47r$ if the positive side be inwards) 
since the solid angle is then 47r. There is therefore no magnetic 
force at any internal point. 
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= ( 65 ) 

dx dy dz 

ifi is called the potential of magnetization^ since the quantities 
Aj Bj €j are derived from it by differentiation. When they can 
be so derived they are said to fulfil the lamellar condition. Now 
we have seen, (20) above, that the potential F* at any point 
{$} V) 0 to a finite magnet is given by the equation 


through the shell to an adjacent position on the positive side, 
the potential increases by the amount 4n^. 

Ill some _ cases of magnetization, as for example the induced 
magnetization of soft iron in certain circumstances, the body 
may be regarded as made up of simple magnetic shells, either 
closed or having their edges in the surface of the body; in such 
cases the magnetization is said to be lamellar. If we take (p to 
denote for such a body the sum of the strengths of the shells 
encountered by a point made to pass within the magnet from any 
given position to any other position z)^ we easily see that 


if n be written for the reciprocal of the distance r from (.r, y, 2 ) 
f ^ V) C - ) Hence for a lamellar magnet this becomes 


///(: 


du I ^ ^4* 

d:i: dx dy dy dz dz 


( 66 ) 


Potential 
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Integrating this expression by parts, and putting w, for 
the direction cosines of the normal drawn outwards to an element 
dS of the surface we get 






du 

dy 



■ J J j (fi'^^udxdydz 


( 67 ) 


in which the first integral is taken over the surface of the magnet, 
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the second through its substance. Each element of the surface 
integral may he written in the form cos 6 dSjr^, where 6 is the 
angle between the normal and the direction of r. Each element 
of the second integral is zero unless the point rj, f) fall within 
the limits of integration. In the latter case the integral has the 
value (see above, p. 34) — 47T(p' if cp' be the value of <p at 
(^} ^3 O Hence in general we have for a lamellar magnet 

r= cos 6d£^-l- 4,r(j>' (Gfi) 

The value of F" given in (68) is continuous at the surface of 
the magnet. Eor plainly we may regard the surface integral as 
the potential at P of a magnetic shell coinciding with the surface, 
and of strength <^, varying from point to point. The potentials 
of this shell at two adjacent points, one just outside, the other 
just inside, differ only by the potential due to the portion of the 
shell immediately between the points. Thus denoting the surface 
integral by Q, if £2e, Qi denote the values of the surface integral 
at the external and internal points respectively we have 


Go = + 47r<^>' (69) 

and as the term 47r<^' of (68) disappears in the passage from the 
inside to the outside of the surface, the potential is unchanged 
by the passage. 

But the value of F whether at an internal or an external point 
at first sight seems indefinite, since the value of cjf> depends upon 
the zero of reckoning chosen for it. This is, however, not the 
case, for if any arbitrary value of </> be taken for a point in the 
surface, its value is thereby fixed for any other point, and it is 
clear that choosing any other value for that point would simply 
increase the strength of the shell by the same amount at every 
point, that is, would superimpose a simple closed shell of strength 
c, say, on the former. The value of cj) at every internal point 
would also he increased by the amount c. Hence, for the poten- 
tial F at an internal point we should have 

F — J J cos Q dS — 4 t:c + 47r (< 5 f)' + c) 

that is, its value would remain unaltered. At an external point 
the additional potential would be that of a simple closed shell of 
constant strength) which is zero. 
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The external and internal action of the lamellar magnet thus Action of 
depends only on the variation of strength from point to point. Lamellar 
and not on its actual value. For an external point therefore it Magnet 
depends only on tlie variation of (f) from point to point along the depends 
surface. But by the values of B, C, in (65) it is clear that 
the rate of variation of 0 in any direction along the surface is the 
tangential component of magnetization in that direction. Hence gtreDeth 
tlie external action of the shell is given if the tangential com- from^int 
ponent of magnetization is given for every point on the surface, to Point. 

Since in a lamellar distribution of magnetism we have 


^ = Q -f* 47r<^ 

and A, B, C = d(j>jch, &c., a, 0, 7 = - dFIch, &c., we have 
^ da;' di/' dz 


Potential 

of 

Magnetic 
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in 

(70) Lamellar 
Magnet. 


respectively. Q, is called the potential of magnetic induction. 

It is plain that in a lamellar distribution the direction of mag- 
netization is everywhere at right angles to the surfaces (p = c, 
that is, the surfaces of equal potential of magnetization. 

The potential energy of a simple magnetic shell in a magnetic Energy of 
Held is given by equation (29) above, modified so as to suit the Simple 
case of the shell. If dS be an element of area, I, m, n the Shell 

direction cosines of the normal to the shell drawn from its 
negative to its positive side, 4> the (uniform) strength of the 
shelly and dv its thickness, we have Adv = &c., and there- 

fore 


— <E> yy (/a -[- + ^y) dS . 


(71) 


that is, it is the product of the strength of the shell into the 
surface integral of magnetic induction over the surface. Hence, 
by (45) above, the energy of the shell in the field may be 
expressed by a line integral taken round its boundary. 

We have an interesting and extremely important case when 
the field is produced by anotlier simple shell. In this case the 
mutual energy of the shells is expressible as a double line 
integral taken round their boundaries. Calling the energy in 
this case Eaai we have at once by (45) and (71) 
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wi/i(k\ tiii* tsikon r*)nnd llm loiMmIfii) of tho Hindi. Tin* Mann* 
thing; tuny fw provml hy 0 ‘|iiJiti*fn« (-Ilf) and of |i. B%k l>y 
nuUinji? tln»rn (t ^"-0 //, and u«in,|ij? ttiH'i*nti»d vitrinldo^-. 

Hitnilarly (f and // in (73)tiiiity biHloalt willu llonnif wii find lor 
E^j, tho (;j«iuatiori 


' t/,r #/,r 


^ rh/ ^ iig ii/ 
fix f// iin ih" 


:■} 


fhih* 


m I I i vtjnfitMx' , . , , . . (74) 


Energy of 
Lamellar 
Dintrihu- 
tion. 


whom 0 jM tin* anglo Indwrofi r/s uml ei^. 

For n Inintdlar dintrihiitiori <*f iiiagntdlfini wn Imvn liy (fi4) 
and (d5) 



4, 4. 

f/# i(f tfy (h 



whicdi integrated by |iart« ln>r«iin«ii> »lii«*f! 


i/‘^ 


i/r 

(tip 


flH 


whore dFIdp In the rate of viiriatifiii of F iilrmg ii iiorinttl to flit? 
fihell drawn from the nogativo to tlio po«ili¥w iitlo. 

Complex Hitherto wii ha¥« doalt only with piiii|'il« iltolk, nr wifli 
Shell lamellar dintributioiw btiilt ti|» of iliit|dii nlmlh oithir tdtiioci nr 



POTENTIAL DUE TO CIRCULAR MAGNETIC SHELL 
having their edges in the surface of the magnet. A complex 

Hht.ll iH a tlnn plateof substance normally magnetized, butvLv- 
ing in strength hom_ point to point. It may be conceiVeHs 
nuule up ot overlapping simple shells. A magnet mad^un 3 
eoinplex shells fullils the condition that the direction of magLt- 
ization at every point is iioriiial to a family of surfaces ; but the 
iiitoimity IS not derivable from a potential of magnetization. The 
tniidilum jinst stated is obtained as follows. The equation of a 
lino ot inngniotization is Ajdx = = Cjdz, and tlie condition 

that this line should be at right angles to a system of surfaces 
9 where emu variable parameter, is that 



(iy dz 


whore h is a factor, in this case a function of the co-ordinates 
IIoTico WO 

li {Adx -f* Bdy + Cdz') ~ d(j) 

where d(l> is a perfect differetitial. -^PP^yin^ the criterion of a 
porfoct diftorontial, viz. d{/iC)/dy = d{JiB)idz, &c., we obtain the 
coluution 



It will bo convenient to develop here expressions for the 
potential at an external point due to a circular magnetic shell, 
and also for the mutual potential energy of two such shells, 
^riu^ rcsiiltB arrived at will be directly available in calculations 
ot the elcctroinagnetic constants of coils of circular section. 



Condition 
fulfilled by 
Direction 
of Magnet- 
ization. 


Potential 
due to a 
Circular 
Magnetic 
Shell. 


We take as the origin of co-ordinates a point C on the axis, 
distant c from any point on the circle, and consider first a point 
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P' on tin' ax'H <*f tin* -i? .■» i!sHt«uu*i* ; fVniii tiu» tirii'tft. Xttw 
li'jiln* tli»' 1U‘' :as?*l ;i liM*’ *lr;itt'!t frtiiii /” t«» 

tht* f'HMUuiurv *>!' tl**' ’'•hi’ll M«i|j|i’fiilini l»y lit*' hIm’II 

{it/-MH27rir Ml- H l!.:-‘rnHii| !;. 

\\%* may |»rt*par«’ thin h>i r^piui- In- uiUiiij,; it in iht' furtu 





ucooniitig iw f* > nr • *. Nunv kiiuw l*y tin.'' il». liiiiiijsti nf ^ 

/A)nal KtirfiU’ii ImrmnHii' tiial wn 


/ ‘i.- \ ^ 

f 1 4* 'r, **; ^ j 

'■■ **'<^.1 ‘4’' >*^s 

+ .?.(;) + 



:)'- 

or 



/ yi 0,. . 1 


• - / r 

n+ ... X ouH(i\ 

„/,. i ' 

+ ^ j “f 







wlu'iH' aZi in Wl'iUnii fuf th*' ;/.i»ijiil hariiiiaiin uf tiir f«« 
lakt'n fur tliu n, 

S|ihun(*,al lla*«u tii Hm rii|iri*f4«i«iirt givm .fil«iv»’, 

llanuoiiic and writinj^ m U^t tlm Huiiii mtgUi wt* nlifiiiiji 

ExpunHiou 

for ■if* . "• / * 

Eotcmtial i ^ + vtmu + (nZii’UHtt (^/griwn ■•■■aZi.'ir J 

at; Point * *’ 


, 4 * «'* 
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or 

« = 2,r I cos « - f + cos a - + 

+ ( , cos a - I (77) 

\v^icro it in tojio roiycmbered = 1, and = cos a, so that 
a//o COM a a/>i, tlio lirst term in the second seiies, is zero. 

Lmj Kohd uii^'le w at a point P not on the axis can now be 
()l)ta,med at once. If /9 bo the angle between UP and the axis, 
and \vo denote Cl? by r, and the ith zonal harmonic with respect 
to 6 by oAj w(3 have, taking the strength of the shell as unity, 

w =.-^ 27r{l + COS a + COS a - ^Zq) eZ^ ’j 

+ ic,Z.^cosa- aZj)eZ,(^~J + . . .J. . (78) 

or 

<^==2n{aZ^OOHa - ezljj + cos a - aZ^6Z.l^ +-|. . . (79) 

according as t? > or* < r. But by the fundamental relations of 
Hphorioal hannonics we have, writing a for cos^ and A, for 

1 f . . . . (80) 

ILsnco the series for o) may be written in the more compact 
fonuB 

« = 27r{l +cosa ~ j .... (81) 

or 

CO = 2w ^Z'i. eZi{~^ ^ (82) 

We caTi from those expressions find the potential energy of 
two circular magnetic shells in any relative positions. We naay 
without loss of gorierality suppose for simplicitj^ that the shells 
are segments of spherical surfaces having a common centre U, 


Potential 
at any 
Point. 


Mutual 
Potential 
Energy of 
Two 
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Circiilrtr 
Shelia. 
1. Wlieii 
the Shells 
have a 
Common 
Axis. 


and rarlii Ci and assume first that they are so placed as to 

have !i coiuuiou axis, and have like faces turned towanla C. 
If Cj > the solid anj'jle subtended by the second shell at any 
point P of the lirat is 

« = 2ff8in=a;^ .... (83) 

Now if flSha the area of an element of the first shell, <> 3 ^, <^ 2 ? 
the fltronjtths of the first and second shells respectively, the 
potential oner^j^y of the element is — niay 

take as a ring of breadth e-^dd so that its area is 27rCi2sin Odd. 
Honco hy (B3) we have 

- ilS == 47 r‘-^ 4 >i<E>o 8 in sin 6 dd ; 

and denoting by fx^ the cosine of the angle which a line drawn 
from C to the edge of the first shell makes with the axis, we 
obtain for the total potential energy, E, the equation 

E « sin 2 a a.Zi ('Sqy (84) 

Biifc by the differential equation satisfied by a zonal harinonie. 


VIZ. 


i {i + 1) - (1 ~ (85) 

' /A 


Honco writing in (84) for a, and ax for cos-i/x^, we get 

E = 47r2$4>.^(;2sin2ai sin^a^^ /(tVi) ‘ ' 


2 . When Lastly, if (Fig. 10) the axis of either shell be turned round 
the Shells througli an angle 0 about Cy the potential energy is got hy 


are m anj 
Relative 
Positions. 




MUTUAL EKEKGY OF TWO CIRCULAR SHELLS 

multiplying the general term of the series just found by the ^th 
zonal harmonic for 6. Thus 


From this result the moment of the forces tending to increase 
3 is obtainable by differentiation with respect to 6. Thus 


c/6 

. . • ( 87 ) 

The value of can be calculated for values of i from 1 to 3, 
from the values of Zi given at p. 23. By the second of the 
relations of (95) the value of Zi can be found when that of 
Zi^i is known, hence values of Zi beyond those given can be 
found if required- 

When cjci is nearly equal to unity the series for E riot 
converge rapidly. To meet this difficulty, however, in the very 
important case of two parallel coaxial circular shells, we can 
hnd E by transforming the double integral round the circular 
boundaries which w© get from (74) into an expression involving 
elliptic integrals. 

We shall call the radii of the circles h the distance 

betw’een their planes, and <j )2 the angles which radii from the 
centres to elements dsy, ds 2 respectively, make with a fixed plane, 
passing through the centres of the circles. Then since the co- 
ordinates of the centres of dsy, ds 2 , reckoned from the centre of 
the first circle as origin, are ajCosi^i ar-isin^JiO, and a 2 cos ( 3 l >2 
a 2 sin (j) 2 i ^3 


^2 = ^^^2 _[_ >j_ ^2 _ 2^1 a .2 cos {<Pi — 


Also aidcpi = dsy^ since the radii are at right 

angles to dsy, ds 2 , 6 = qbg.” Hence 


'ITT jfir 

E=-0,4>J f 


■<!>,) 


{ W + “i + cos (^1 - (p^}i 


d<j>,c!<j>, (88) 


Mutual 
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Shells, 
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i:i Jerai.; of To transform this expression to elliptic integrals we write 
Elliptic integral thus 

2 ^ 27r 

r r a^cf.2 cos {<j>x - (]5g) dipi 

J {ux + cos (<^i — ^s)}- 

Now it is clear that it is immaterial which element of either 
the shells we take as the starting point for the integration roii 
the other. Suppose then we begin from that element of t 
second shell the angular coordinate of which is (^g, and integri 
from this round the first circle, we have ds^ — ~ ^ 2)5 

hein<^ ref’-arded as a constant; and we obtain the game result 
if 6<rhad not been here introduced. Hence in the last express! 
we may change the variable of the integral taken first to - 
and integrate with respect to this from 0 to 27r, and fina' 
integrate the result with respect to from 0 to 27r. 


E = - ^ ^ (<^i •" <^ 2 ) ^ {^1 - <1 ^2) 

2 

= — 277 ^‘2 f 


“I" ^2^ -j - (^1 “■ ^ 2 ) 
axa 2 cos \l/d\l/' 


y {cii + tti + cos 


7.^ 




+ 


TT 


I — sin- 


-^1“ 

"21 2 ' 


where k ~ 2 ^/(ffx + ct 2 y" + d-, and F and F are the co' 
plete elliptic integrals of the first and second kind to modulus 
We shall find this expression for E extremely useful when ^ 
come to treat of electro-magnetic induction. 


SYNTHESIS OF UNIFORM MAGNETIZATION 
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_ We shall now consider the potential and force at external and Poten- 
eternal uornts m one or two important cases of magnetization, and Fm.t 
We shall deal first with the magnetization of a body of uniform in Partit- 
sasccptibihty when placed in a uniform field. The magnetization ular Caii.-. 
ot the body will also be uniform, and we shall suppose it known 
in amount. We shall deal with its relation to the magneti 2 in<^ 
lorce later when we consider determinations of susceptibilit\'. ^ Svnthesi^ 
Any case of uniform magnetization may be regarded as pro- orUiiiionii 
(iuced by supposing two uniform volume distributions of mag- Magiict- 
netisrn, in density but opposite in sign, to be made ization i.y 

coincident with the body and the negative distribution to be Couches */» 
thon displaced through a small distance in the direction opposite 
to that of magnetization^ The (finite) product of the volume 
density p, supposed infinitely great, into this displacement, 
supposed infinitely small, is the intensity I of magnetization. 

Now if pU be the potential at the point P produced by the 
positive distribution, the potential at the same point produced 
by the negative^ distribution displaced relatively through a 
distance — bs, will be ec^ual in amount and opposite in sign to 
that which the positive distribution would produce at P, if 
P were displaced through an equal and opposite distance -f 
that is, - p{U+ dUjds, hs). Hence if F denote the potential at 
due to the magnet, we have 


- 


dJI 

da 


^ ds 


(90) 


If X, fjLj V he the direction cosines of I we have A, C — Potential 
XI, //I, vT, as before, and tlierefore (90) may be written at Internal 

Point 

r= - (a~+b^+c~)=ax-{-jby+cz . ( 9 ij 

\ div dtj dz J 

if AT, Y, Zy be the components of force at P due to the positive 
distribution. From this expression the components of magnetic 
force can be obtained by differentiation. 

We might also obtain equation (91) by remembering that any repre- 
clcinent of volume, distant r from P, has the nmgnetic sented by 
inoment Id?;, and produces therefore a magnetic potential at P, a Gravita- 
of amount Idv cos where Q is the angle between I and r. tionalAt- 
But this is the component force at P (on unit mass) in the tractioiL 
direction of I due to a material element of volume dr, and 


E 2 


* See Yol. 1. p. 122, and above, p. 27. 



52 


MAGNETIC THEORY 


density I. Hence the whole magnetic potential at F is nume 
cally equal to the resultant force at P due to a uniform dis- 
bution of matter, coinciding with the body, and of density 
which is what (91) expresses. 

Uniformly We shall now consider the case of a uniformly magneti: 
Magnet- ellipsoid. Let the axes be a, <?, and the intensity of its m 
ized netization I, it is required to find the magnetic potential of 
Ellipsoid, ellipsoid at an external point P (g, f By the last paragn 
this problem will he solved if we lind the axial components 
force at F due to a uniform ellipsoid of any density p. 
Attraction Now we know that the force at the surface of a thin elli- 
of Elliptic homoeoid * is at right angles to the surface, and equal to 4- 
Homoioid where r is the thickness of the homoeoid at the point. Nov: 
on Exter- Maclaurin’s theorem of attractions f (extended to conf 
nalParticle liomceoids) the attraction of an elliptic homoeoid at a p 
at Surface p rj, f) is equal to the attraction at P due to a conf 
homoeoid the external surface of which passes through P. 
equation of the surface of the given ellipsoid is 


tjut 4 .!! 
^2 -r ^2 “r ^2 


= 1 . 


and the equation of a similar and similarly situated sin 
within and concentric with it is 


^2 + -^ + ^ 


1 . 


applied to 
tind At- 
traction of 
Homo- 
geneous 
Ellipsoid 
at External 
Point. 


where 1>^ >0. If be small the equation of the innei 
face of a thin homoeoid for which (93) is the equation o: 
outer surface is got from (93) by multiplying by 1 — J 
Hence the thickness of the homoeoid X at any point is 
where p is the perpendicular let fall from the centre o: 
tangent plane at the point. 

Again the equation of an ellipsoid confocal with the 
surface, and passing through P is 


e 


+- 4 -- 
^ ^ 


= 1 . 


where {a^ -f b'^ ^ d- (d^ ~1- c'‘^ = d^ ^ 


* A shell hounded by vo similar and similarly situated con 
ellipsoidal surfaces. Yol. x. p. 47 et sea, 
t Yol. I. p. 50. 



ATTRACTION OF HOMOGENEOUS ELLIPSOID 

tluit d. is a Wtion of 6 given by (94). Let / be the perpen- 
dicular let fall from the centre of this ellipsoid to a tangent 
plane_ touching at the point (|, ,, f), then the thickness of a thin 
elliptic homoeoid having (4 i,, f), on its outer surface is ip’v where 
V IS a constant small quantity. Now the mass of this homceoid 
is to be the same as that of thickness so that we are to 

hiivey if dS j he elements of the areas of the surfacesj 

\.j\p'dS' --^ffpdS 
or 

i' = 2~dKS6. 

ab'o 

Hence tlie attraction is 27rp^'i/ or A:T?p'p6-hQ . ahc\a'b'e\ and its 
direction is along jo'. But the direction cosines of y are 
p'rjjh’^, therefore the ^-component of attraction is 

^rrp^p''%^bB aboja^'^b'c'. Hence we get for the ir-component of 
attraction due to the whole ellipsoid 
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X = A.77pabc^ j 


a'‘^b'c 


(95) 


We may simplify this equation by substituting for its 

Yaluo - obtained by difterentiating (94). Equation (95) 

becomes then 


X = 27rp abc^ J 






(96) 


where (l>i^ is the positive root of the cubic for (f)^ given by (94) 
when = 1. The corresponding expressions for Y and X may 
at once be written down by symmetry. It may be noticed that 
if 77, () be on the surface of the given ellipsoid the limits of 
d)2 are 0 and 00 . , „ 

Writing now X - Z?, T = Mr;, X = XC, we have by (91) 

V= ALi + BMv+ CXC- 

Hoiice the components of magnetic force a, 7, at the point 

(.i, 6 

s--i<if+0 y-<-«'+cf) <”) 


Attraction 
of Homo- 
geneous 
Ellipsoid 
at 

External 

Point 


applied to 
find ^ 
Magnetic 
Potential 
and Force 
due to 
Ellipsoid 
uniformly 
Magnet- 
ized. 
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Di 


At an internal point the force due to the elliptic ! 
external to the point is zero, and we have only to calci 
force due to a uniform ellipsoid similar and similarly si’ 
the given ellipsoid. Let the semi-axes be 6a, 6h, 6c resp 
and substitute in (96), observing that the limits of in 
are now 0 and oo . 

Then 




r d-m 


or writing x 

and similarly for Y and Z. It is to be observed thai 
grals are now independent of ($, r), Q. Hence we hav 
L, M, N for the multipliers of 77 , in these expressio 

F^JL^ + J^Mr) + CNC . . . 

and 

- JSM, - CN . . 

that is, the magnetic force is uniform in value withii 
soid, and is the same for the same intensity of mag 
within similar ellipsoids. The direction of the force it 
ever that of magnetization unless the latter coincidi 
direction of om^ of the axes of the surface ; then the 
in the opposite direction. 

Results integral can be easily evaluated in finite terms 

ill Partic- ellipsoid is one of revolution. Thus to find L, 
ular Cases, ~ V*'? integral then reduces to 

once integrable. Similarly M and JY may be dealt ’ 
results are 

( 1 ) Prolate (^) ^ prolate ellipsoid of eccentricity e (b = c = i 

Ellipsoid. 


(2) For an oblate ellipsoid of eccentricity e, {b = c = 



UNIFORMLY MAGNETIZED ELLIPSOID 
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J/ - 





A''= 27rp 




(^- s,n-l 





( 102 ) 


(2)Oblat( 

Ellipsoid 


Eroni ilieBO reHultH (writing 1 for p) we can easily find formiilfe 
for Hpecial caHos. Thus if the ellipsoid be infinitely long, (1) 
giVt'H A .J/ =:iV'=27r. 

'fliUH the in agiietic force within an infinitely long uniformly 
magnot.ii^od (‘yliiidcr is zero if the magnetization is parallel to 
t he axis, and is perpendicular to the axis and equal to — 27 rlif 
the (tylirider is magnetized transversely. 

Again let the ellipsoid be spherical, that is, let e=0, and let 
the direction of magnetization be parallel to the axis of a:. 
Then tho force is 

~IL = — IttI (103) 


si IK-0 -Itt/B is tho value of the vanisliiiig fraction which L is in 
tluH cmnci. 

Theso two results might have been inferred from the inYesti- 
gation on p. 27 above, of the force within a spherical or 
(•ylirnlrical hollow cut within a magnet. 

' Lastly, lot tho ellipsoid be very oblate, a disc in fact, then 
.1/ - -r iV and the force at right angles to it is 

_IZ:=-47rI (104) 

Tl U‘H 0 forccH are all in the opposite direction to that of the 
inagiudlziU ion, and Ihorofcre act as demagnetizing forces. We 
shall consider them fully when we deal with induced magnet- 
ization and moasuroments connected therewith. 


Section IY. 

INDUCED MAGNETIZATION. 

Wo now pass to the consideration, of induced mag- 
netization, and shall consider here only the problem of 
tho magnetization produced in a homogeneous body 
when placed in a uniform magnetic field. The essential 
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Weber’s 
Theory of 
Magnetic 
Induction. 


nature of the magnetization of the body is not known 
to us ; but probably Weber’s theory is substantially 
true, viz. that the body consists of particles already 
magnetized, but so arranged in the unmagnetized mass 
as to give no resultant external magnetic effect. It 
has been conceived that the magnetization of each of 
these small particles may consist in rotatory motion of 
the ether ; and if this be true the direction of rotation 
is what corresponds to the notion of polarization. 

According to Weber’s theory, when a body, unmag- 
netized in mass, is submitted to the action of a magnetic 
field, the molecular magnets undergo an alignment, so 
that like extremities are turned preponderatingly in the 
same direction. Each particle experiences a couple 
tending to turn its axis into coincidence with the 
direction of the magnetic force, and, unless prevented 
from turning by frictional or other resistance, it moves 
towards that position until brought to rest by an 
equilibrating couple due to mutual action between the 
molecule and the surrounding particles. Thus the 
molecular magnets are in general prevented from 
coming every one into coincidence with the direction 
of the magnetic force, in which case no further mag- 
netization would be possible, and we know that by 
increasing the magnetic force we can increase the 
magnetization, although not in an unlimited degree. 

Again, when the magnetizing force is removed the 
substance does not in general return to its former 
unmagnetized state, but does so only to a certain 
extent, retaining under some circumstances a very 
considerable amount of magnetization. 



INDUCED MAGNETIZATION 
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This property of resisting magnetizing action, and 
of retaining residual magnetization, is sometimes called 
coercive force. It has been attributed to something 
analogous to frictional resistance, "which prevents the 
magnetic particles from moving freely in obedience to 
the magnetizing force and from returning freely ■when 
it is removed. A theory in which the mutual action 
of the molecular magnets plays the chief part has been 
put forward by Ewing, and will be considered in. 
Chapter XIII., but it may be stated here that 
mechanical agitation, such as jarring or tapping an iron 
wire or bar, in general increases the magnetization 
while the body is under the influence of magnetic force, 
and diminishes the magnetization when the magnetizing 
force has been removed. The mechanical disturbance 
enables the particles to obey more completely the mag- 
netizing or demagnetizing action, as the case may be. 

If a piece of iron be subjected to a gradually in- 
creasing magnetic force, and then to a gradually de- 
creasing one, the two magnetizations for the same 
magnetic force, are, in consequence of residual mag- 
netism, not identical. This phenomenon we shall see 
indicates dissipation of energy in the magnetized iron. 
We shall deal with this, and with other phenomena 
when treating of the experimental work on this subject. 

We shall consider first the case of a spherical portion of an 
seolotropic body placed in a uniform magnetic field, and examine 
the magnetization which it receives on the following supposition: 

The total magnetization which the magnet receives is tlao 
resultant of the magnetizations which the several parts of the 
magnetizing system would produce if each acted alone. 

This implies, first, that if the intensity of the field at each 
point is altered in any ratio, the magnetization is simply altered 
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in intensity in this ratio at each point without change of direc^ 
tion; seconi, that magnetizations in different directions are 
produced in the substance, a ;d are superposed as if no other 
magnetization were present. In point ot fact these condit ons do 
not hold, and their assumption gives only an approximation to 
the result in any actual case. The magnetic susceptibility is, as 
we shall see, a function of the magnetizing force ; and the mag:- 
netic behaviour of the material is further complicated in a great 
nianv ways not here taken into account.'^ The investigation now 
to be given however yields results of great theoretical interest 
which are of much importance in the theory of diamagnetism 
and magnecrystallic action. 

The supposition made above gives for B, C expressions of 
the form 

A = poL + iy 1 

B — + ay > (105) 

C = Va 4- s’^ + ry J 

where a, /3, y are as usual tlio components of the resultant 
magnetic force H, and j?, r, /, t, t\ Uy w', coefficients. W e shall 
see directly that s = s', w', that is, that a magnetic 

force of a certain intensity acting in the direction of the axis of 
y produces the same intensity of magnetization parallel to the 
axis of as is produced parallel to the axis of y, by an equal 
force acting parallel to the axis of .r, and so for any other two 
axes. 

Taking the sphere as of unit volume the component magnetic 
moments due to the magnetization are simply Ay C. Hence 
the sphere in the field is acted on by a couple round each of the 
axes, the moment of which is, for the z axis, fiA - aB (=Nj 
N ow let the axes be fixed in the sphere, and let it then be turned 
round the axis of z. If 6 he the angle which the direction of BE 
makes with the axis of z, (j) the angle which the projection of 
H on the plane of xy makes with the axis of .r, we have 

H sin 6 cos (p = a, H sin ^ sin 0 = /3, H cos B = y. 

Hence the work done in increasing 0 by the small angle d<p is 

N if0 = ~ cos20 — usi n^cj) + {q -jy) sin 0 cos 0} sin^^^ 

+ («cos0 — ^sin0) sin ^cos^] ^/0 . . (106) 


* For a detailed examination of the theory of inductive magnetiza- 
tion the reader may refer to Bdhem^s LAimantation par Jnjluenee. 
Paris, 1888. 
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The work done in turning the body through a complete revolution 
is therefore 

n-rr 

I sin^ 6 (u — 2i’) .... (107) 

JO 

Now since the body has come hack to its former position its 
magnetization is by hypothesis the same as before, and no work 
can, on tlie whole, have been spent or gained in the revolution, 
otherwise the body would be either a continual source of energy, 
that is, a perpetual motion, or a place where energy is con- 
tinually dissipated. We shall see later that there can be no 
such dissipation of energy on the supposition of constant mag- 
netic susceptibility. Assuming then that the work is '/.qvo we 
have u = u, and in the same way we could show that s = 6*^, 
t = The equations (105) above can therefore be written 

JB na + + syi ( 108 ) 

C ^ ta + s^ + ry) 

The magnetization in any direction the cosines of which are 
Ij n, is 

lA + + nC 

( 109 ) 

If L My n he the direction cosines of H this equation becomes 

( 110 ) 

Now if we consider the quadric surface of which the equa- 
tion is 

-f- qm^ + rn^ + ^ulm + 2smn + ^tnl) == 1 . (Ill) 

we see that the quantity within the brackets in (110) is inversely 
proportional to the square of the radius of this surface drawn in 
the direction of m, n. Hence for different directions of H the 
magnetic moment of the sphere in the direction of H is nir\ 
where r is the radius in that direction of the quadric surface of 
which (111) is the equation. 

Further since by (108) A — 'S,{pl + U77i -f- tri), &c., we see that 
the resultant magnetization is in the direction of the normal 
drawn to the quadric at the point at which the radius in the 
direction of H cuts the surface, or, in other words, is at right 
angles to the diametral plane of all radii in the direction of 
/, m, n. 
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Principal It follows from this that along* the principal axes of the quadric 
Axes of surface represented by (111) the magnetization coincides in 
]\Iagneti- direction with the magnetizing force. Now the directions of 
zation. the axes of this quadric are given by the equations 

pi -f- um tn ^ Td 

ul qm sn — hm\ (112) 

tl rn ^ ) 

■where ^ is a constant. Eliminating /, we get 

p -- Jcy Uy ty == 0 

Uy q — ky s, (113) 

iy Sy T — k 

which is a cubic from which h can be found. The three roots k^y 
Ag, of this equation successively substituted in (112) enable /, 
THy n to be calculated for each of the three axes. 

Now let H be in the direction of one of the axes (^, nny n) thus 
found. The magnetization in that direction is I A + + nC. 

Substituting the values of Ay JBy C given by (108) and having 
regard to (112), we see that the magnetization has the value 
Hence k-^, k^y k^ are the magnetic susceptibilities in the direction 
of the axes just found. They are called the principal magnetic 
susceptibilities of the substance. If the axes just found be chosen 
for reference the coefficients Sy ty % of (108) vanish, and we have 
p — k^y q = k^y r = k^. We have thus also three principal 
magnetic inductive capacities, viz. 

= 1 + 477^1, /Xg = 1 + 47ry^2J /^3 = ^ * (^1^) 

The physical meaning of the principal susceptibilities is 
apparent from their mode of derivation ; that of a principal 
Principal magnetic inductive capacity p can at once be inferred. Cut a 
Magnetic crevasse at right angles to the axis in question, and suppose the 
Inductive magnetization unaffected in the remainder of the body. Then if 
Capacities, jj magnetizing force in the direction of the axis and B 

the induction across the crevasse we have B = /xH. 

Map.eti- Choosing now the principal axes as axes of reference, and 
zation in putting a, /3, y for the components of the intensity of the ex- 
Hirection ternally produced field, we get hy (103) for the components of 
of Princi- magnetic force -wnthin the sphere the values a — 4/3 . ttA, 
pal Axes. ^ _ 4/3 . wB, y - 4/3 . ttC. Hence A = ki{a - 4/3 . 7 rA)y 
B = &c., and therefore 
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A = 


1 + ^TTfCj^ 


B ^ 


kn 


1 + 


ft c- 


ko 


1 + ^7r/^3 


(115) 


The sphere is acted on as we have seen by three component Couples on 
couples, of values yB — ^C, aC - yA, ^A — aB, round the Sphere in 
z respectively, in the positive direction, viz. from Terms of 
z, z to a;. Denoting these by L, M, N, we get Pi’incipal 


axes of sc, 

X to y to 
by (115) 


L = 


kn 


(1 + (1 -|- 




M 

N 


^3 


(1 + -^TT^s) (1 + ^^k^) 
k-y — ^2 

(1 + (i H- Mg) 


ya 


Suscepti- 

bilities. 




(116) 


The sphere thus tends to turn so as to bring the axis of greatest 
magnetic susceptibility into coincidence with the direction of the 
magnetising force. The sphere is therefore in stable or in un- 
stable equilibrium according as the axis of greatest or the axis of 
least susceptibility is in this direction. 

The total magnetic induction through the sphere across a 
central section at right angles to B is Trr^B, where t is the radius 
of the sphere. Now the components of B are /xgiS', /xg-y', 
where a', /3', y' are the magnetic forces within the sphere in the 
directions of the principal axes. Let for simplicity the sphere be 
so placed that the held of force is at right angles to the axis of z. 
Then B =■■ But 
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a' — a — ArrAj^ — a/(l izrkJS) = 3a/(jUi -f- 2) ; 

Magnetic 
Induction 
through 
Sphere. 


If fx-j^ be the greatest magnetic inductive capacity, and jX 2 the 
least, the greatest number of unit tubes of induction (or, as they 
are commonly called, ‘Mines of magnetic force’') which can pass 
through the sphere per unit of the impressed magnetizing force 
is 37rrVi/Gai + 2), and the least number 37rr2/x2/0^2 + 2). The 
sphere therefore tends to set itself so that the magnetic induction 
through it is a maximum. 


and similarly /3' = 3/3/(fi2 + 2). Hence substituting, and putting 
(p for the angle between the direction of H and the axis of x, and 
S for the surface integral Trf^B, we find 

+ (Jj-J .i»V } * (1.7) 
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We may express the resultant couple in terms of S cand the 
magnetic inductive capacities. Clearly if y = 0; its value is N 
of (116), and this may be written 


N = 




- sin (j) cos <p 


(jj^i + 2) (/Xg + 2) 

_ _L_ 

247rV /xi + yx2 + 1 ^ 11^2 


d(p 


• ( 118 ) 


by (117) above. Here 7rr^ has been put equal to its value 3/4, so 
that the formula is suited to a sphere of any radius. 

Case of In the particular case of an isotropic sphere ki = 7i’2 = 
Isotropic — h say, and the susceptibility and magnetic inductive capacity 
Sphere, are the same in all directions. Thus the coefficients of a, (3, y, in 
(115) are the same, and the common value is k/(l + 4/3 . tt/c). If 
k be great this is <approximately 3/47r. Hence the magnetization 
intensity of a highly susceptible sphere is always less than, but 
nearly equal to 3/47r . H. It is thus useless to attempt to deter- 
mine the susceptibility of a highly susceptible substance by 
experiments on a portion of it of a spherical shape. In the 
comparison of diSerent specimens, the influence of slight 
differences of form w’ould completely mask differences, of 
susceptibility. 

The couples calculated above vanish for an isotropic sphere, 
and the sphere is in equilibrium in all positions. The magnetic 
induction through a central section at right angles to the field 
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Fig. 11. 
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Fig. 12. 


is now BfxKfi + 2) . nr^IL. This is greater or less than irr^K 
according as /x > or < 1. In the former case the body is said to 
be paramagnetic, in the latter diamagnetic. Thus the number of 
tubes of induction through the central section is increased by the 
presence of the substance if paramagnetic, diminished if it is 
diamagnetic. The field outside and inside in both cases is 
shown in Figs. (11) and (12), which are Figs. 30, 31, now re- 
peated from Vol. L, pp. 125, 126. 

We shall here consider, very briefly, the problem of an ^olo- 

seolotropic ellipsoid in a uniform field. We shall suppose the tropic 

ellipsoid cut with its axes of figure coincident with the principal Ellipsoid 
‘ axes of susceptibility. The force within the body has now the in Uniform 
values in the direction of the axes Field. 


a' ^ a ~ JL, /3' = ^ y = y - Cir . (119) 

where Z, M, N have the values given in (101) above. The second Cornpo- 
term in each expression is the component force due to the nents of 
magnetization. Its effect is to oppose the magnetizing com- Ma^etiz- 
ponent ; that is, AL, ON are components of a demagnetizing Force, 
force. Therefore if Jcp be the three principal susceptibilities 

the values of A^ G are given by the equations 


JD _ ^^ 2 ^ 

\ 1 -f- 


c = — hi — . 
i + k.,N 


( 120 ) 
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Hence if tlie field be at right angles to the axis of y=y' — 0, 
and the couple on the ellipsoid is by (120) (if /. A be the 
semi-axes 


N = = ^rr/^A 


7ci — ~~ ~~ ■^) 

(l + k,L)il + Jc,M) ^ 


( 121 ) 


Particular 
Cases : 

1. Weakly 
Magnetic 
Bodies. 


2. Strongly 
Magnetic 
Bodies. 
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From (120) it follows that if Jc^ be so small that their 

second powers may be neglected, A = Ic^a, B = Ic 2 ^, C = Jc^y ; 
that is, the internal demagnetizing forces BM, 'CN, are 
without sensible effect. These forces depend (see p. 54) upon 
the form of the body ; hence in weakly magnetic substances it is 
of little consequence whether the body be of elongated shape or 
not. In fact for such bodies the shape of the specimen experi- 
mented on is without influence on the magnetization. 

If however the values of ho, be very great the magnetiza- 
tion of the body depends almost entirely on the shape of tlie 
body, since then the values of A, Z, C depend mainly on L, i¥, N, 
Thus in highly magnetic bodies such as iron, the magnetization 
is principally affected by the shape of the specimen. For 
example, the magnetiz/ition in the direction of the axis (say that 
of x) of a very elongated ellipsoid is practically independent of 
Z, since by (120) we have A = l\a simply. On the other hand 
for a very short ellipsoid (or disc) we have, since Z «= 47r, 
A = Zja/(1 4* hiL) — (fXi — l)a/47r/ap In the case of a dia- 
magnetic body (see p. 65 below) Zq is negative, and hence if the 
body were shaped so as to give Z = - 1/hi, a finite magnetizing 
force would give infinite diamagnetization. 

The couple acting on the body has two different limiting values 
according as the susceptibilities are very small or very great. If 
the former the couple is 


N 




(/iJi - h^a^ 

1 + \L + /rgilf 


( 122 ) 


and the ellipsoid tends to turn its axis of greatest susceptibility 
parallel to the direction of the field. 

If the susceptibilities be very great the couple is approximately 
^irfgAiM. — L)aplLM, and this is positive or negative according 
as > or < Z. Hence by the values of M and Z (see above, 
p. 54) the ellipsoid will set itself with its longest dimension 
parallel to the lines of force. 

The influences of form and seolotropy may be made to coun- 
teract one another, and, under certain circumstances, by properly 
shaping the body it may be made to remain in neutral equilibrium 
when movable, as supposed above, about an axis in the magnetic 
field. 
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In the case of a homogeneous isotropic ellipsoid the values of 
A, B, G and of the turning couple are obtained by putting 

= 7-2 = ]c^ == 1c say, in (120), (121) above. It is obvious at 
once that the magnetization is not parallel to the resultant mag- 
netic force, but makes with it the angle 

cos-^(a^ 0-B + 7(7)/{(a" + 

which vanishes for a sphere. Farther we also see that the 
ellipsoid will turn itself with its longest axis parallel to the lines 
of force, and this whether k be positive or negative. 

Kegarding k as a constant, we have, if a, d, a, /S, y, be the 
components of magnetic induction and magnetic force at any 
point of the medium, the equations 

« = a(l + Wc), h 3(1 + 4rf), c = y(l + Me) (123) 

and therefore since the so^enoidal condition holds for the magnetic 
induction («;, <5, ^;), it also holds for the magnetic force (a, 3, y). 
Hence also it holds for the induced magnetization {A, C)^ tliat 

is, this magnetization is solenoidal. 

But since a = — dFfdx, <S:c., and A = ha, &c., where k is a 
constant, we see that the magnetization is also lamellar (p. 41). 

It is to be very carefully observed that these results follow 
from the fact that k is a constant, and do not hold in the general 
case (unless the magnetization be uniform) in which ^ is a function 
of the magnetization, and which is the case of actual practice. 
The total magnetization, made up of the pre-existent magnetiza- 
tion, if any, and the induced magnetization, is not solenoidal, 
unless the former is itself solenoidal. 

We have considered incidentally above the consequences of a 
negative value of and have stated that in that case the sub- 
stance is said to be diamagnetic. The phenomena of diamagnet- 
ism are to some extent explicable on a theory of negative or 
differential susceptibility. The subshmee placed in the field 
behaves as if its polarity were opposite to that which an 
ordinarily magnetic, ox •paramagnetic,, body would receive in the 
same circumstances. 

Hitherto we have been supposing that the medium in which 
the magnetized substance is placed is of zero susceptibility, that 
is, possesses unit magnetic inductive capacity. We shall now 
show that a paramagnetic body placed in a medium of greater 
magnetic inductive capacity than its own will behave diamag- 
netically. The medium, being in the field, will he magnetized ; 
. and if g, g! be the magnetic inductive capacities of the medium 
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and the substance imbedded in it, respective!}^, we have, from the 
continuity of the normal component of magnetic induction at 
every point of the separating surface, the equation 




dV 

dr 




• (124) 


in which r, denote normals drawn from the surface into the 
respective media. But we have also the characteristic equation 
of the surface (Vol. I., p. 28), 


dV , dF^ ,, n 

+ -,-7 + 47rcr = 0 
dr dd 


(125) 


where cr is the surface density of free magnetism on the se- 
parating surface at the point where the normals are drawn. 
These two equations give 

0- = ~ ^ ^ ~ — , , , , (126) 
fTT/x dd ^'rrfx' dr 


One The first multiplier is positive and the second negative if 
Medium n' > jx, that is if the substance be of higher susceptibility than 
within the medium. Hence the surface density of magnetization where 
another lines of force pass from the medium to the body is positive 
Rowing Qj. negative, and where they pass from the body to the medium 
Diamag- negative or positive, according as < or > fx. In the latter 
ne ism. body behaves as a paramagnetic, in the former as a dia- 

magnetic substance. If fi be put = 1 in the above results, we 
have the case of a paramagnetic or diamagnetic body in a 
medium of zero susceptibility. We shall see later, however, that 
this explanation does not account for all the facts of diamagnetism. 

These results are in accordance with and explain the behaviour 
of a solution of a magnetic salt of iron suspended in a tube witliin 
another solution of greater or less strength, and the whole placed 
in a magnetic field. In the former case the suspended salt 
behaves as a diamagnetic, in the latter as a paramagnetic. 


A great deal of research and theoretical discussion 
has been spent on the question of the distribution of 
magnetism in straight bar magnets of rectangular or 
circular section, and it may be well, before leaving the 
subject of magnetic theory, to refer to the widely 
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prevalent idea of the existence of poles in ordinary 
magnets. It has been tacitly supposed by many persons 
that there are two definite points or poles, one near 
each end of a regularly^ magnetized bar at which 
the whole of the free magnetism of the bar may be 
supposed concentrated, the negative at one, the positive 
at the other, and much time and labour have been 
spent in determining the positions of these poles. 
Now certainly, according to the theory given above, 
there is a certain amount of free positive and an equal 
amount of free negative magnetism in every magnet, 
but so far as the action of the magnet at external or 
internal points is concerned, there are no such definite 
points, except in the theoretical case of an infinitely 
thin and uniformly magnetized filament, in which case 
the poles are at its extremities. 

In an accurate sense the magnet can be said to have 
poles or points at which the free magnetism may be 
supposed concentrated, when the couple it experiences 
when placed in a uniform field is considered. If its 
axis is at right angles to the lines of force, the couple 
experienced is equal to the magnetic moment of the 
magnet, and this may be regarded as due to two forces, 
each of which is the resultant of the parallel forces on 
the elements of free magnetism. The centres of these 
two systems of parallel forces, or, which is the same 
thing, the ''centres of mass” of the two distributions of 
free magnetism are the poles in this connection. The 
idea of pole is not here of any utility, as the poles 
could not be determined ; what we are concerned with 

* That is, without “consequent points,” not necessarily uniformly. 
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is the magnetic moment only, which is the resultant of 
the couples exerted on the molecular magnets compos- 
ing the body. 

‘ But as a matter of approximation the existence of 
poles in the sense of points at which, if the free mag- 
netisms were concentrated, the action of the magnet at 
an external point would be the same as it actually is, 
can be assumed in certain cases, and their position 
assigned. For example, when we consider the mutual 
forces between two magnets, each symmetrical about 
its axis and about a plane at right angles to the axis, 
and at a distance apart which is great in comparison 
with any dimension of either, such positions of the 
poles can be found, and the distance between them 
used as the virtual length of the magnet. 
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DETEBMIJSATION OF THE HORIZONTAL COMPONENT OF 
THE EARTHS MAGNETIC FIELD 

All the methods by which galvanometers may be 
graduated so as to measure currents and potentials in 
absolute units, involve, directly or indirectly, a com- 
parison of the indications of the instrument to be 
graduated with thos'e of a standard instrument, of which 
the constants are fully known for the place at which 
the comparison is made. There are various forms of 
such standard instruments, as, for example, the tangent 
galvanometer which Joule made, consisting of a single 
coil of large radius and a small needle hung at its 
centre, or the Helmholtz modification of the same 
instrument with two large equal coils placed side by 
side at a distance apart equal to the radius of either; 
or some form of dynamometer,'" or instrument which 
instead of the needle of the galvanometer has a mov- 
able coil, in which the whole or a known fraction of the 
current in the fixed coil flows. The measurement 
consists essentially in determining the couple which 
must be exerted by the earth's magnetic force on the 
needle or suspended coil, in order to equilibrate that 
exerted by the current. But the former depends on 
the value, usually denoted by jB",* of the horizontal 

* We use, it is to be noted, tbe symbol H to denote tlie resultant 
magnetic force at any point of a magnetic field. 
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component of the earth’s magnetic force, and it is 
necessary therefore, except when some such method as 
that of Kohlrausch, referred to below, is used, to know 
the value of that quantity in absolute units. 

The value of H may be determined in various ways, 
but we shall here describe only one or two methods 
which are most convenient in practice. We shall take 
first that due to Gauss, ^ which consists in finding (1) 
the angle through which the needle of a magnetometer 
is deflected by a magnet placed in a given position at 
a given distance, (2) the period of vibration of the 
magnet when suspended horizontally in the earth’s 
field, so as to be free to turn round a vertical axis. The 
first operation gives an equation involving the ratio of 
the magnetic moment of the magnet to the horizontal 
component H of the terrestrial magnetic force, the 
second an equation involving the product of the same 
two quantities. We shall describe this method some- 
what in detail, but with direct reference to physical 
laboratory work only, and shall therefore not enter into 
a discussion of the instruments and methods peculiar 
to magnetic observatories, which would occupy more 
space than can here be spared, 

A very convenient form of magnetometer is that devised by 
Mr. J. T. Bottomley, and made by hanging within a closed 
chamber, by a silk fibre from 6 to 10 cms. long, one of the little 
mirrors with attached magnets used in Thomson’s reflecting 
galvanometers. The fibre is carefully attached to the back of 
the mirror, so that the magnets hang horizontally and the front 
of the mirror is vertical. The closed chamber for the fibre and 
mirror is very readily made by cutting a narrow groove to within 


* '^Intensitas vis ma^eticae ad niensuram absoiutam revocata.” — 
Comment. Soc. Beg. Gotting. 1883. 
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a short distance of each end, along a piece of mahogany about 
10 cins. long. This groove is widened at one end to a circular 
Space a little greater in diameter than the diameter of the mirror. 

The piece of wood is then fixed with that end down in a hori- 
zontal base-piece of wood furnished with three levelling screws. 

The groove is thus placed vertical ; and the fibre carrying the 
mirror is suspended within it by passing the free end of the fibre 
through a small hole at the upper end of the groove, adjusting 
the length so that the mirror hangs within the circular space at 
the bottom, and fixing the fibre at the top with wax. When this 
has been done, the chamber is closed by covering the face of the 
piece of wood with a strip of glass, which may be kept in its 
place either by cement, or by proper fastenings which hold it 
tightly against the wood. By making the distance between the 
back and front of the circular space small, and its diameter very 
little greater than that of the mirror, the instrument can be made 
very nearly “dead beat,^’ — that is to say, the needle w'hen 
deflected through any angle comes to rest at once, almost with- 
out oscillation about its position of equilibrium. A magneto- 
meter can be thus constructed at a trifling cost, and it is much 
more accurate and convenient than the magnetometers furnislmd 
with long magnets frequently used for the determination of AT; 
and as the poles of the needle may always in practice be taken at 
the centre of the mirror, the (jalculations of results are much 
simplified. 

The instrument is set up with its glass front in the magnetic Adjust- 
meridian, and levelled so that the mirror hangs freely inside its ment of 
chamber. The foot of one of the levelling screws should rest in Magneto - 
a small conical hollow cut in the table or platform, of another in meter, 
a V'gi’oove the axis of which is in line with the hollow, and tlie 
third on the plane surface of the table or platform. When thus 
set up the instrument is perfectly steady, and if disturbed can in 
an instant be replaced in exactly the same position. A beam of 
light passes through a slit, in which a thin vertical cross-wire is 
fixed, from a lamp placed in front of the magnetometer, and is 
reflected, as in Thomson’s reflecting galvanometer, froni the 
mirror to a scale attached to the lamp-stand, and facing the mirror. 

The lamp, and scale are moved nearer to or farther from the 
mirror, until the position at whicli the image of the cross-wire of 
the slit is most distinct is obtained. It is convenient to make 
the horizontal distance of the mirror from the scale for this 
position if possible one metre. The lamp-stand should also have 
three levelling screws, for 'which the arrangement of conical 
hollow, V“S^'oove, and plane' should be adopted. The scale 
should be straight, and placed with its length in the magnetic 



THE EARTH'S MAGNETIC FIELD 


Prepara- 
tion of 
Deflecting 
Magnets. 


Deflection 

Expeii- 

ineiits. 


‘Einl-on’ 

Position. 


north and south line ; and the lamp should be so placed that tlie 
incident and reflected rays of light are in an east and west 
vertical plane, and that tlie spot of light falls near the middle of 
the scale. To avoid errors due to variations of length, the scale, 
if of paper, should be glued to the wooden backing wliich carries 
it, not simply fastened with, drawing pins as is often the case. 

The magnetometer having been thus set up, four or five 
magnets, each about 10 cins. long and T cm. thick, and tempered 
glass-hard, are made from steel wire. This is best done as 
follows- From ten to twenty pieces of steel wire, each perfectly 
stiaiglit and having its ends carefully filed so that they are at 
right angles to its length, are prepared. These are tied tightly 
into a bundle with a binding of iron wire and heated to redness 
in a bright fire. The bundle is then quickly removed from the 
fire, and plunged with its length vertical into cold water. The 
wires are thus tempered glass-hard without being seriously 
warped. They are then magnetized to saturation in a helix by a 
strong current of electricity. 

A horizontal east and west line passing through the mirror 
is now laid down on a convenient platform (made of wood 
put together without iron and extending on both sides of the 
magnetometer) by drawing a line through that point at right 
angles to the direction in wdiich a long thin magnet hung 
by a single silk fibre there places itself (see also p. 80). 



One of the magnets is placed, as shown in Fig 12, with its 
length in that line, and at such a distance that a convenient 
deflection of the needle is produced. This deflection is noted 
and the deflecting magnet turned end for end, and the deflection 
again noted. In the same way a pair of observations are made 
wdth the magnet at the same distance on the opposite side of the 
magnetometer; and the mean of all the observations is taken. 
These deflections from zero ought to be as nearly as may be the 
same, and if the magnet is properly placed, they will exactly 
agree ; but the effect of a slight error in placing the magnet will 
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be nearly eliminated by taking the mean deflection. The dis- 
tance in^ cins. between the two positions of the centre of tlie 
magnet is also noted, and is taken as twice the distance of the 
centre of the magnet from that of the needle. The same opera- 
tion is gone through for each of the magnets, which are carefully 
kept apart from one another during the experiments. The results 
of each of these experiments give an equation involving the ratio 
of the magnetic moment of the magnet to the value of H. Thus 
if M denote the magnetic moment of the magnet, the magnetic 
moment of the needle, r the distance of the centre of the magnet 
from the centre of the needle, 2X the distance between the 

poles ” (p. 68) of the magnet wliich, for a nearly uniformly 
magnetized magnet of the dimensions stated above, is nearly 
equal to its length, and 2V the distance between the poles of the 
needle, r, X, and X' being all measured in cms., we have for the 
repulsive force (denoted by f in Fig. 13) exerted on the blue* 
pole of the needle by the blue pole of the mngnet, supposed 
nearest to the needle, as in Fig. 13, the value M/2X . . 

!/(/• — X)^, since the value of X' is small compared with X. 
S milarly for the attraction exerted on the same pole of the 
needle by the red pole of the magnet, we have the expression 
M/2X . M'/^X' . l/(r + X)'-^. Hence the total repulsive force 
exerted by the magnet on the blue pole of the needle is 

MM' \ I 1 ] M' r 

4XX! \ (r - Xf (r + X)2 / V (r® - 

Proceeding in a precisely similar manner, we find that the 
magnet of moment M exerts an attractive force equal to 
MMV/X'(r^ — X^)^ on the red pole of the magnet. The needle is 
therefore acted on by a “couple” which tends to turn it round 
the suspending libre as an axis, and the amount of this couple, 
when the angle of deflection is 6, is plainly equal to '2MM'r 
cos 6l(r^ — X^)^. But for equilibrium this couple must be 
balanced by M'H sin 6 : hence we have the equation — 


M 

II 


-tan 6 


2r 


( 1 ) 


If the arrangement of magnetometer and straight scale 
described above is adopted, the value of tan 6 is easily obtained, 
for the number of divisions of the scale which measures the 


* The convention according to which the end of the needle 'whhdi 
has magnetic polarity of the same kind as that of the earth’s northern 
regioDS is coloured blue, and the other red is here adopted. The letters 
B, E, h, r, in the diagrams denote blue and red. 
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deflection, divided by the number of such divisions in the 
distance of the scale from the mirror, is then equal to tan 2d. 
Side-on” Instead of in the east and west horizontal line through the 
Position, centre of the needle, the magnet may be placed, as represented 
in Fig. 13', with its length east and west, and its centre in the 
horizontal north and south line through the centre of the needle. 
If we take M, M', X, X', and r to have the same meaning as 
before, we have, for the distance of either pole of the magnet 
from the needle, the expression -f- X 2 ^ consider the 

force acting on one pole, say the red pole of the needle. The 



Eio. 13'. 

red pole of the magnet exerts on it a repulsive force, and the 
blue pole an attractive force. Each of these forces has the value 
M/2X . M'/2\' . l/(/2 X2). But the diagram shows that they 

are equivalent to a single force, F, in a line parallel to the 
magnet, tending to pull the red pole of the needle towards the 
left. The magnitude of this resultant force is plainly 2M/2X . 
M^I2V . X/(r2 X 2 j§ Qj, MM'/2X'(r^ + X^)^. In the same way 
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can be shown that the action of the magnet on the red pole of 
the needle is a force of the same amount tending to pull the blue 
pole of the needle towards the right. The needle is, therefore, 
subject to no force tending to produce motion of translation, but 
simply to a couple ’’ tending to produce rotation. The magni- 
tude of this couple when the needle has been turned through an 
angle (9, is MM72X' . 2X' cos Bjif -f- \^)% or cos 6l{r- + X2)?. 
If there be equilibrium for the deflection 6, this couple must be 
balanced by that due to the earth’s horizontal force, which, as 
before, has the value M'K sin 6. Hence equating these two 
couples we have — 

~ = (r2 + X2)§ tan ^ (2) 

Still another position of the deflecting magnet relatively to 
the needle may be found a convenient one to adopt. The magnet 
may be placed still in the east and west line, but with its centre 
vertically above the centre of the needle. The couple in this 
case also is given by the formula just found, in which the 
symbols have the same meaning as before. 

The greatest care should be taken in all these experiments, as 
'well as in those which follow, to make sure that there is no 
movable iron in the vicinity ; and the instruments and magnets 
should be kept at a distance from any iron nails or bolts there 
may be in the tables on which they are placed. 

We come now to the second operation, the determination of 
the period of oscillation of the deflecting magnet when under the 
influence of the earth’s horizontal force alone. The magnet is 
hung in a horizontal position in a double loop formed at the 
lower end of a single fibre of unspun silk, attached by its upper 
end to the roof of a closed chamber. A box about 30 cms. high 
and 15 cms. wide, having one pair of opposite sides, the bottom, 
and the roof made of wood, and the remaining two sides made 
of plates of glass, one of which can be slid out to give access 
to the inside of the cliaraber, answers very well. The fibre may 
be attached at the top to a horizontal axis which can be turned 
round from the outside so as to wind up or let down the fibre 
when necessary. The suspension-fibre is so placed that two 
vertical scratches, made along the glass sides of the box, are in 
the same plane with it when the magnet is placed in its sling, 
and the box is turned round until the magnet is at right angles 
to the glass sides. A paper screen with a small hole in it is 
then set up at a little distance in such a position that the hole 
is in line with the magnet, and therefore in the same plane as the 
scratches. The magnetometer should be removed from its stand 
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and this bos and suspended needle put in its place. If the 
magnet be now deflected from its position of equilibrium and 
then allowed to vibrate round a vertical axis, it will be seen 
through the small hole to pass and re-pass the nearer scratch, 
and an observer keeping his eye in the same plane as the scratches 
can easily tell without sensible error the instant when the magnet 
passes through the position of equilibrium. Or, a line may be 
drawm across the bottom of the box so as to join the two scratches, 
and the observer keeping his eye above the magnet and in the 
plane of the scratches may note the instant when the magnet, 
going in the proper direction, is just parallel to the hoiizontal 
line. The operator should deflect the magnet by bringing a 
small magnet near to it, taking care to keep this small deflecting 
magnet always as nearly as may he with its length in an east and 
west line passing through the centre of the suspended magnet. 
If this precaution be neglected the magnet may acquire a pen- 
dLilum motion about the point of suspension, which will interfere 
with the vibratory motion in the horizontal plane. When the 
magnet has been properly deflected and left to itself, its range of 
motion should be allowed to diminish to about 3° on either side 
of the position of equilibrium before observation of its period is 
begun. When the amplitude has become sufficiently small, the 
person observing the magnet says sharply the word “Now,” 
when the nearer pole of the magnet is seen to pass the plane of 
tlie scratches in either direction, and another observer notes the 
time on a watch having a seconds hand. With a good watch 
having a centre seconds hand moving round a dial divided into 
quarters or fifths of a second, the instant of time can be 
determined with greater accuracy in this way than by means of 
any of the usual appliances for starting and stopping watches, 
or for registering on a dial the position of a seconds hand when 
a spring is pressed by the observer. The person observing the 
magnet again calls out “ Now” when the magnet has just made 
ten complete to and fro vibrations, again after twenty complete 
vibrations, and, if the amplitude of vibration has not become too 
. small, again after thirty; and the other observer at each instant 
notes the time by the watch. By a complete vibration is here 
meant the motion of the magnet from the instant when it passes 
through the position of equilibrium in either direction, until it 
next passes through the position of equilibrium going in the 
same direction. The observers then change places and repeat 
the same operations. In this way a very near approach to the 
true period is obtained by taking the mean of the results of 
a sufficient number of observations, and fromjlils the value of 
the product of M and H can be calculated. 
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For a small angular deflection 6 of the vibrating magnet from 
the position of equilibriiiin the equation of unresisted motion is 


cU^ 


^6 


= 0 , 


where fx is the moment of inertia of the vibrating magnet round 
an axis through its centre at right angles to its length. The 
solution of this equation is 


^ = yi sin ^ ^ zf - J? I 

and therefore for the period of oscillation ^ we have 


Hence we have 



MH= 



Now, since the thickness of the magnet is small compared with 
its length, if JF be the mass of the rangnet and 2/ its actual 
length, /j. is and therefore 




47r2/27r 

3y.2 




Combining this with the equation (1) already found we get for 
the arrangement shown in Fig. 12, 


and 


2 7r2(r2 - X2)2/2j^tan 6 

3* r-r 


(4) 


8 TrHhW 

3 * - X2)2 tan d 


. ( 5 ) 


If either of the other two arrangements be chosen we have 
from equations (2) and (3) 


and 


M2 = 1 (r2 + X2)t rtan (9 .... (6 

O jL 


4 irn^lF 

3 * (r2 + X2)l ^2 tan 6 * 


( 7 ) 


i i 

Theoreti' 

cal 

Results 



THE EARTH’S MAGHETIO EIELD 


Correc- 

tiODS. 


Correction 

for 

Induction 

Error, 


Various corrections which are not here mtade are of course 
necessary in a very exact determination of H, The magnetic 
distribution must be taken account of (seepp. 85 and 92 below). 
Allowances should be made for the magnitude of the arc of 
vibration ; the torsional rigidity if sensible (see below, Chapter 
XIV.) of the suspension fibre of the magnetometer in the 
deflection experiments and of the suspension fibre of the magnet 
in the oscillation experiments; the frictional resistance of the 
air to the motion of the magnet; the virtual increase of inertia 
of the magnet due to motion of the air in the chamber; 
and the effect of induction and, if necessary, of changes of 
temperature in producing temporary changes in the moment 
of the magnet. The correction for an arc of oscillation of 6° is 
a diminution of the observed value of T of only ^ per cent., 
and for an arc of 10° of per cent. Of the other corrections 
that for induction is no doubt the most important ; but its 
amount for a magnet of glass-hard steel, nearly saturated with 
magnetism, and in a field so feeble as that of the earth, may, if 
only a roughly accurate result is required, be neglected. 

This correction arises from the fact tliat the magnet in the 
deflection experiments is placed in the magnetic east and west 
line, whereas in the oscillation experiments it is placed north and 
south, and is therefore subject in the latter case to an increase of 
longitudinal magnetization from the action of terrestrial magnetic 
force. The increase of magnetic moment may be determined by 
the following method, which is due to Prof. Thomas Gray, Place 
the magnet within, and near the centre of, a helix, considerably 
longer than the magnet and made of insulated copper wire. 
Place the helix and magnet in position either as shown in Pig. 
13, or as in Fig. 13', for giving a deflection of the magnetometer 
needle, and read the deflection. Then pass such a current 
through the wire of the helix as will give by electromagnetic 
induction a magnetic field within the helix nearly equal to the 
horizontal component of the earth’s field, and again observe 
the deflection of the magnetometer needle. The field-intensity 
within the helix at points not near the ends is given, as will be 
seen in Chap. VI., in C.G.S, units by the formula47r;?(?, where n is 
the number of turns per centimetre of length of the helix, and C 
is the strength of the current in C.G.S. units. Experiments may 
be made with different strengths of current, and the results put 
down in a short curve, from which the correction can be at once 
read off when the approximate field has been determined by the 
method of deflection and oscillation described above. Care must 
of course be taken in experimenting to eliminate the deflection 
of the magnetometer needle caused by the current in the coil. 
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This is easily clone by observing the deflection produced by the 
current when the magnet is not inside the coil and subtracting 
this from the previous deflection, or by arranging a compensating 
coil through which the same current passes. This plan, as will be 
seen below, has several advantages. The change of magnetic 
moment produced in hard steel bars, the length of which is 
12 cms. and diameter *2 cm., and previously magnetized to 
saturation, is, according to Prof. Thomas G-ray’s experiments, 
about per cent. Particulars of actual experiments are 
given below. 

The deflection experiments are, as stated above, to be per- 
formed with several magnets, and when the period of oscillation 
of each of these has been determined, the magnetometer should 
be replaced on its stand, and the deflection experiments repeated, 
to make sure that the magnets have not changed in strength in 
the meantime. The length of each magnet is then to be ac- 
curately determined in centimetres, and its weight in grammes ; 
and from these data and the results of the experimenrs the 
values of M and of H can be found for each magnet by the 
formulas investigated above. Equation (5) is to be used in the 
calculation of II when the ari'angement of magnetometer and 
deflecting magnet, shown in Fig. 13, is adopted, equation (7) 
when that shown in Fig. 13' is adopted. 

The object of performing the experiments with several mag- 
nets, is to eliminate as far as possible errors in the determination 
of weight and length. The mean of the values of II, found for 
the several magnets, is to be taken as the value of II at the place 
of the magnetometer. 

The following is an account of a determination of H made by 
this metliod, with several improvements in the practical carrying 
of it out, by Mr. Thomas Gray in the Physical Laboratory of the 
University of Glasgow, during the summer of 1885. The 
apparatus and its arrangement is shown in Fig. 14. T repre- 
sents a table which supports the magnetometer M, two stands A 
and B for the deflecting magnets, and a lamp and scale S. The 
magnetometer consisted, as described above, of a light mirror 
about *8 cm, in diameter, suspended by a single silk libre within 
a recess in a block of wood, and carrying on its back two magnets 
each 1 cm. long and *08 cm. in diameter. Two holes cut in the 
wood at right angles to one another (and plugged when not in 
use) iDermitted the position of the mirror and magnets to be 
seen and adjusted. [A preferable form of magnetometer since 
adopted consists of a mirror and attached magnet suspended 
within a glass tube from a brass mounting at the upper end 
which allows the fibre to be wound up or down. For definiteness 
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and ease of determination of the magnetic centre of the needle, 
a single small cylindrical magnet is used, carried at the lower 
end by a short strip of aluminiuni to which the mirror is attached. 
At the lower end half the tube is cut away over a length of two 
or three cms., and the part remaining closes the back of the 
chamber in which the mirror hangs. The sides of the chamber 
are of wood attached to the base piece, and the front, or side 
toward the lamp, is closed by a panel of glass. The vibration of 
tlie needle can be checked by a small coil, placed near the needle 
and in circuit with a cell and reversing key. By depressing the 
key for an instant in the direction to oppose the motion of the 
needle when it is passing through the central part of its swing, 
the needle can be quickly stopped in its position of equilibrium.] 
The sole plate P, made of mahogany, is supported on three brass 
feet, which rest in a hole, slot, and plane arrangement cut, as 
described above, in a horizontal plate of glass cemented to the 
table. 

The deflector stands, A, rest each on a base plate P, of 
mahogany, supported, according to the hole, slot, and plane 
device, in precisely the same way as the magnetometer, on plates 
of glass p, cemented to the table T. Each stand consists of a 
horizontal carriage for the deflector magnet, and is constructed 
as follows : A strip of hard wood, about 13 cms. long and 4 cms. 
broad, has a V“Sliaped groove run along its whole length in the 
middle of one side. One end is faced with a plate of brass in 
which a brass screw works, and the piece is cemented with the 
groove upwards to a plate of glass p. This plate is supported on 
three feet of hard wood, resting on the mahogany sole plate P, 
and is free to turn in azimuth round a closely litting centre pivot 
n fixed in the sole plate. The apparatus is so adjusted that the 
bottom of the V-groove is just over the pivot c. The magnet 
when placed in the carriage lies along the groove, and the screw 
ji serves to give a fine adjustment of the position of one end 
'which abuts against it. Over each carriage a wire of brass or 
copper bent into a semi-circle serves as a support for a suspension 
fibre with double loop, by which the deflector can be suspended 
for purposes of adjustment or for the oscillation experiments. 
A glass shade can he placed on the plate P to prevent currents 
of air from disturbing the magnet in the oscillation experiments. 

In Fig. 14 the deflecting magnets c?, d, are shown in positions 
at equal distances east and west of the magnetometer, at a dis- 
tance of 70 cms. between their centres. Four plates of glass are 
fixed to the table in two end-on positions and in two side-on 
positions, each pair of positions being at equal distances from 
the magnetometer needle, and on opposite sides of it. The scale 

VOL. IL G 


Arrange- 
nipiit of 
Deflector 



82 


THE EARTH’S MAGNETIC EIELD 


JSl shown at a distance from the mirror of 129 cms., is a milli- 
metre scale carefully divided on transparent glass so that the 
spot of light may be observed either from the front or the 
back. 

The first adjustment, made in setting up the apparatus, was 
to place the table so that the line joining the centres of A and JB 
should be exactly at right angles to the magnetic meridian. 
This Tvas done by one or other of the following two methods 
according as (a) the end-on, or (b) the side-on position was 
required, (a) After the adjustment had been first roughly made, 
a plane circuit was formed by stretching a thin wire along the 
line joining the centres of J, B under the magnetometer needle, 
and then carrying the wire back, either above the magneto- 
meter, or below it, at a greater distance, in a vertical plane. 
An electric current was then sent through the wire, and the table 
T, with the apparatus, turned until the current produced no 
deflection of the needle, {b) One of the deflecting magnets was 
placed in its carriage, either south or north of the needle, and 
lifted out of the V'groove by the suspension fibre, and the table 
turned until the suspended magnet produced no deflection of the 
magnetometer needle. The magnet and needle were then in one 
line, and if the needle was in its proper position this line pro- 
duced through the centre of the needle passed through the 
position of the deflector on the other side. The deflector was 
placed on the opposite side of the needle, and the table turned 
until no deflection was obtained. The position of the needle was 
then altered, if necessary, by the levelling screws until the 
positions of the table for no deflection, with the magnet first on 
one side then on the other of the magnetometer, were coincident. 
If this could not be done the plates ^ were not placed with 
sufficient accuracy, and their position had to be changed. This 
process gave the direction of the magnetic meridian with ac- 
curacy and ensured that the plates p in the north and south line 
were properly placed on the table. The two methods taken 
together ensured that all four plates^ were properly placed. 
Observa- Deflectors of different relative lengths and thicknesses, and of 
tioii of different degrees of hardness, were used. These were originally 
Deflec- magnetized by placing them between the poles of a large 
tions. Ruhmkorff magnet excited by a considerable current, and after- 

wards by the same magnet excited by a much stronger current. 
The relative strengths of the magnetp. were unchanged by the 
second magnetization, and their absolute strengths only very 
slightly. The dimensions are given in the table of results, 
p. 90 below. The method of observing the deflections was as 
follows: According to a suggestion of Sir ‘William Thomson two 
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deflectors were used at the same time, one on each side of the 
magnetometer. This arrangement was more symmetrical than 
that of a single deflector, and, what was of very great import- 
ance, it enabled a readable deflection to be obtained with the 
magnets at a much greater distance from the needle, thus 
diminishing error due to uncertainty as to the actual magnetic 
distribution. As each magnet was transferred on its carriage 
from one glass plate to another the magnets were not handled 
during the experiments. One deflector A was placed east, 
another B west of the magnetometer, and the plate g turned for 
each until their lengths were accurately in the east and west 
line, with their poles so pointing that each magnet gave a deflec- 
tion of the needle to the same side of zero ; and the deflection 
was then noted. The plates g were then turned through 180°, 
and the deflection on the opposite side of zero read off. The 
carriages were then turned back to the first position and the 
deflection again read. The difference between the mean of the 
first and third readings and the second reading gave twice the 
deflection for the position of the magnets. The same operation 
was then repeated with the deflectors in interchanged positions. 
Two similar series of observations were next made with the 
magnets in the north and south line through the magnetometer 
and at equal distances on opposite sides of the needle. The 
mean deflection for the east and west positions, and that for the 
north and south positions, were calculated, and the results 
were used in the calculation of E in the manner described 
below. 

After the deflection observations for a particular magnet had 
been completed, the magnetometer was removed and the deflector 
stand put in its place. The magnet was suspended from the 
brass bow h over its carriage by a length of single cocoon fibre, 
in a double stirrup formed by twice doubling the lower end of 
the fibre and knotting. The suspension thus obtained was suffi- 
ciently fine to be practically devoid of inertia, and long enough 
to give a negligible moment of torsion. The magnet was 
deflected in the manner already described (p. 76 above), and 
then left to oscillate. The period was observed in some cases 
by noting the times of the successive transits of the needle 
across the vortical cross wire of an observation telescope ; but 
the method finally adopted was to attach to the stirrup as shown 
in Fig. 15 a light silvered mirror m (*3 cm. in diameter and *01 
gramme in mass), aud to use the same lamp and scale as in the 
deflection experiments. This latter arrangement enabled the 
amplitude of oscillation to be reduced to less than a degree and 
so reduced to zero the correction necessary for arc. The moment 
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of inertia of the mirror was only about of the 

deflector, and its neglect therefore introduced an error of only 
per cent. 

Time was observed in these experiments by means of a very 
accurate watch provided with a centre seconds hand moving* 
round a dial divided into quarter seconds. When two observers 
were available, one counted the oscillations and called sharply 
“Now” at the end of every four or five periods, while the other 
observed the time at each call. When only one observer counted 
the oscillations he used a chronometer beating half seconds. 
Having read time, he counted the beats until he could observe a 
transit. He then counted the beats until he observed another 
transit. From the result he estimated the number of periods in 



one minute, and therefore observed the time of tlie first transit 
after each minute so long as there was sufficient amplitude. The 
fractions of half seconds were estimated from the positions of 
the magnet at the beat next before and the beat next after the 
transit. With the mirror and scale arrangement these observa- 
tions could be made with groat accuracy. 

Reduction The observations were combined in the following manner* so 
of as to give the most probable value of the period. Supposing the 
Observa- number of observations to have been even, say. The interval 
tions. between the nth observation and the (n + l)tb, three times that 
between the (n — l)th and the (n -h 2)th, five times tiiat between 


* See Appendix ; On Errors of Observation and the Combination of 
Experimental Results. 
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the {% — 2)th and the (« + 3)tli, and so on to that between the 
1st and the 2??th were added together, the sum divided by the 
sum of the series -j- 32 ^ 52 ^ ^ ^2;^ - 1)2^ and the 

result by the number of periods (which was the same in each 
case) between each successive pair of observations. This gave 
the average period to a high degree of approximation. If an odd 
number of observations (2??. + 1) was taken, the interval between 
the ?^th and the {n + 2)th, twice that between the {n — l)th and 
the {n + 3)th, three times that between the {71 - 2)th and the 
{71 + 4)th, and so on to the 1st and (2?2 + l)th, were added 
together, and the sum divided by twice the sum of the series 
12 _p 22 -f- 32 + • - • The result divided by the number 

of periods in each interval gave the average period. The period 
adopted wns always the mean of those given by two closely 
agreeing sets of observations. 

Assuming that the magnet has two definite poles, that is (in Correction 
this connection) points at which the whole of the free magnetism for 
in each half of the magnet may be supposed concentrated in distiibu- 
considering the external action of the magnet (an assumption not 
seriously erroneous in the case of the thin magnets and the 
distances used) ; the distance between them can be calculated 
from the results of deflection experiments in the side-on and 
end-on positions obtained as described above, since the efEect of 
the distribution is opposite in the two cases. For if r be the 
distance, 6 the deflection, for the end-on position, and r', d' the 
distance and deflection for the side-on position, we have hy 
equating the values of Mjll given by equations (1) and (2) : 

(r2 - X2)2 _ tan d' 

2r(/2 + X2)f tan d ^ ^ 

Expanding the numerator and denominator of each side and 
neglecting terms smaller than those of the second order we get : 


2 r 6 + 3 r' 6 ' 


( 9 ) 


By this equation the value of X used in the calculation of /Jand 
M was found. The results for magnets of different lengths and 
diameters are interesting in themselves. 

The moment of inertia of the bar was found by weighing the 
bar and carefully measuring its length and cross-section, and 
calculating for a vertical axis through the centre of the magnet 
supposed hung horizontally. The axis of suspension of the 
magnet in any case was not, however, that vertical, but another 
near it owing to the compensation for the tendency of the magnet 
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to dip in the earth’s field. The distance between these two axes 
can be found approximately for each magnet from the magnetic 
moment, mass, and length as given in the table below, and is so 
small that any error caused by supposing the magnet simply to 
vibrate round the former vertical is well within the possible 
limit of accuracy. 

Theoreti- For a cylindrical magnet of mass W, actual length 21 and 
cal diameter d, the moment of inertia is Hence 

Results, (3) becomes : 

( 10 ) 

3 A"' 


Hence for a single deflector we get instead of equatK)ns (4), (5), 
(6), (7) equations obtained from these by substituting instead of 
4. 

If two deflectors be used, each of the actual length 21, and 
diameter d, but of masses /Fg, periods Ti, T 2 , and nearly 
equal effective lengths which give a mean, X, we get from (1) and 
(2) instead of (5) and (6) for the end-on and side-on positions 
respectively : 

^2 _ 8 - 

3 (r^ - tan ^ K J 

s (r'2 + X2)f tan d' * ’ * ^ 


In these formulas 3 and 3' are the angular deflections found 
from the mean readings taken as described above (p. 83). 

Correc- There are two corrections for alteration of moment of the 
tions for magnet, produced (1) by variation of temperature, (2) by induc- 
alteration tion when the magnet is in or near the magnetic meridian when 
of oscillating. The first correction was found by placing the magnet 
Moment, within a bath, in one of two principal positions at such a distance 
from the magnetometer needle that a deflection of 1,000 divisions 
was obtained, and then raising the temperature through about 
40° C. It was found that such a rise of temperature produced a 
change of deflection of only about two divisions. Thus the 
magnets changed in magnetic moment by only per cent, for 
a change of temperature of 1° C. Hence as the variation of 
temperature in the experiments never exceeded 2° C. or 3° C. 
this correction was neglected. 

Correction correction for induction was found by immersing the 

for deflecting magnet in an artificially produced magnetic field of 
Induction, known strength, and ascertaining the alteration of magnetic 
moment which resulted. The field was produced by surrounding 
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tlie magnet with a magnetizing coil, and its intensity calculated 
from the number of turns of wire per unit of length of the coil 
and the current-strength, which was measured. The coil was 
surhciently long to project beyond the magnet at each end some 
distance, so that the magnetic field was uniform, and equal to 
AttuC, where n is the number of turns per cm. of length, and C the 
current strength in C.G.S. units. Fig. 16 shows the arrangement 



of apparatus for these experiments; m is the magnetometer 
needle, 0^ O are coils each consisting of silk-covered copper wire 
wound on glass tubes 5 cins. in external diameter, ^is the lamp 
scale, II a hox of resistance coils, Q the current galvanometer, 
K a reversing key, and .F a battery. DE represents a horizontal 
line through the needle and in the magnetic meridian, and AF a 
horizontal line at right angles to BE, and also passing -Dhrongh 
the centre of the needle. As shown in the diagram the coil C 
was placed with its axis parallel to JF and its centre on the line 
BFj. C' had its axis in the line AF, and the relative distances of 
the coils from the magnetometer needle were so adjusted that 
the magnetic effect of the current passing through the coils was 
zero at the needle, although the current flowing was made many 
times greater than that used in the experiments. 

The magnet for which the induction correction was to be 
determined was then placed in one of the coils and the deflection 
read while as yet no current flowed. A field of about of a 
C.G.S. unit was then produced by passing a current, and the 
deflection was once more read. The current was then reversed, 
and the deflection again noted. The same operations were then 
repeated with greater and greater currents until a field of from 
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1 to 2 units had been reached. The magnet was then transferred 
to the other coil, and a similar series of observations made. It 
was found that a field of considerably greater intensity than the 
highest thus used is required to produce any permanent chang(3 
of the magnetic moment of hard-tempered magnets. Eaeli 
increase of magnetic moment being plotted as an ordinate of a 
curve, with the field-intensity for the corresponding abscissa, 
enabled the change produced by the earth’s field to be obtained 
by interpolation as described above (p. 78). 

A comparison of the results obtained with the two coils 
showed that the percentage change of deflection produced by 
the field was smaller for the coil C than for the coil O'. This was 
undoubtedly due to change of magnetic distribution, the effect 
of which on the deflection is opposite in the two cases. .Assuming* 
that the magnet has an effective half-length X, the deflection in 
the first case is given by (1) and in the other by (2). Thus by 
using the coils in the two positions as described, the change of 
distribution as well as the change of moment can be approxi- 
mately estimated. The plan of having two coils has also the ad- 
vantage of allowing the change of magnetic moment to be obtained 
free from any error caused by want of exact compensation between 
the two coils of their direct effect upon the needle. 

The results of the experiment showed that to make the effect 
of induction small the magnet should be hard tempered, and its 
length should be at least 40 times its diameter. The results are 
shown in the table on p. 91 below. 

The effects of variations in the intensity and direction of the 
earth’s magnetic field were quite marked. The latter showed 
itself by changes of the magnetometer zero, which were elimin- 
ated by reading the zero before and after each deflection, and by 
reversing the magnets. The effect of change of intensity was 
allowed for by observing the period of a permanent magnet kept 
suspended for the purpose. This period was observed at the 
beginning of the experiment, after the deflection experiment, 
and again after the oscillation experiment. The necessary cor- 
rection was estimated from the results and applied. It will be 
observed that the effect of diurnal variation is quite perceptible. 
The results in the table on p. 90 are tabulated in the order in 
which they were obtained, and it will be noticed that the earlier 
results of each day are generally the smaller. On some occasions 
on account of magnetic storms it was found impossible to obtain 
results at all. This was notably the case on Sept. 1, 1885. 

The results of this determination are shown m the following 
two tables. The variation of the effect of induction on the 
magnetic moment with different ratios of the length of the 
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The method given above for the determination of the cor- 
rection for the non-uniform magnetization of ^ the deflecting 
magnet, gives of course only a lirst approximation to tlie true 
correction, but under the condition that the length of the bar is 
sufficiently small in comparison with the distance r, say from J 
to ^ of r, and on the supposition that the magnet ^ is reversed 
at the position on either side of the needle, it is generally 
sufficient. 

Eliinina- The following method eliminates to a high degree of accuracy 
tion of the effect of the magnetic distribution. Let two deflections be 
Effect of taken by reversing the deflecting magnet at a distance on the 
Magnetic west side of the needle, and similarly two deflections at the 
Distribu- game distance on the east side, and let Di be the mean of the 
tion.. tangents of these four deflections. Let this process be repeated 
for a second distance and let be the mean tangent for this 
distance. It is easy to prove that, approximately 

H 

For if we make no particular supposition as to the distribution 
we may write instead of equation (1) 

^ tan (9 = 1 + - + ^ + &c (14) 

2M T H 


the series on the right converging. Therefore denoting by 6^^ 
6^', the first two deflections obtained as described above, we 
have 


2 M 


tan = 1 + + &c. 


(15) 


Now reversing the magnet without altering its distance is 
obviously equivalent to shifting it to the same distance on the 
other side of the magnetometer without reversing, that is to 
altering the sign of r-y. Hence, by (15), 


, a, - A . B 0 . . 

i^tan5', = l_ + - +&C.. 


( 16 ) 


Thus four values of tan Q\U are obtained which give 
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places for whicH a knowledge of H is desired. The magnetic 
moment M of the magnet being of course known from the 
previous experiments, H can be found by equation (5) or (7) 
above. 

By keeping a magnetometer set up with lamp and scale in 
readiness, the magnetic moments of large magnets can be found, 
with considerable accuracy by placing them in a marked position , 
at a considerable distance from the needle, and observing the 
deflection produced. By having a graduated series of distances 
for each of which the constant JrW, or as the case may 
be, by which tan 0 must be multiplied to give M, has been cal- 
culated, the magnetic moments can be very quickly read off. 

The magnetic moments of large magnets of bard steel, well 
magnetized, can be compared very conveniently with consid.er- 
able accuracy by hanging them horizontally in the earth’s field, 
and determining the period of a small oscillation about the 
equilibrium position. They should be hung by a bundle of as 
few fibres of unspun silk as possible, at least six feet long, so 
that the effect of torsion may be neglected. The suspension 
thread should carry a small cradle or double loop of copx^er wire, 
on which the magnet may be laid to give it stability, and to 
allow of its being readily placed in position or removed. Two 
vertical marks are fixed in the meridian plane containing the 
suspension thread, and the observer placing his eye in their 
plane, can easily tell very exactly when the magnet is passing* 
through the equilibrium position, and so determine the period. 
Or, a north and south line may be drawn on the floor or table 
under the magnet, and the instant at which the magnet is parallel 
to this line observed by the experimenter, standing opposite 
one end of the magnet and looking from above. The value- of 
M is given in terms of Hhj equation (3) above. 

Care must of course be taken to avoid undue disturbance from 
currents of air, and to prevent the magnet, when being deflected 
from the meridian, from acquiring any pendulum swing under 
the action of gravity. The deflection from the meridian should 
be made with another magnet, brought with its length along the 
east and west line through the centre of the suspended magnet, 
near enough to produce the requisite deflection, and then with- 
drawn in the same manner. 

A new form of magnetometer by which the determination of 
H is at once effected by direct observation of angular deflections, 
has been invented by Prof. W. Stroud of tlie Yorkshire College, 
Leeds. A steel ring {21 of Fig, 18) is made by bending a piece 
of thin ribbon steel about 1 metre long, ^ millimetre in tliich- 
ness, and 3 millimetres broad, into a circle, and soldering the 
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ends together with the overlap at the top or bottom of the ring. 
The shape is maintained as nearly as possible a perfect circle by 
means of a ring of tissue pa, per, or, better, ahiiuinium with 
connecting arms as shown in Fig. 18. 

When the bitilar is placed in an east and west (magnetic) 
vertical plane, it gives a means of measuring the conplc exerted 
by the earth’s horizontal field. That couple is proportional to 
M//, if M be the moment of the ring-magnet, that is, the couple 
tending to turn the magnet in a field of unit intensity and of 
direction at right angles to the plane of the ring. 

This ring-magnet is hung within a case C, 0, supported on 
levelling screws. The case is made pjirtly of glass, so that the 
apparatus can be seen from the outside. The ring is bung by 
hooks A /i, from a brass crossbar h, by means of which it is 
attached to the bifilars t, t. The upper side of this bar is a 
knife-edge furnished with a V-notch near the end to receive one 
of the hooks A and thus allow the wire to be removed, and 
replaced accurately reversed in position on the bar. A small 
plane mirror is carried above the centre of this bar, and serves 
to determine the position of the ring. 

The details of the suspension are shown in Fig. 10. A is 
a piece of brass fixed to the wall of the iustrurtiont case. A 
knife-edge is worked on its upper side and on this rests a pioc'o 
of aluminium of tlie shape sliown in the lowest diagram of Fig. 
19. To this piece is attached the bifilars, and tho distance Cl) 
between them is about 1 cm. 

The knife-edge bisects the distance to at least mm. The 
thread rests in a groove in the aluminium piece, so that the whole 
upper suspension arrangement is tho cipiivalont of a pulley 
mounted on a knife-edge. 

Stroud’s lower suspension is shown in Fig. 20, and eoTisists of an 

Magneto- aluminium piece to which the fibres are attacdnal. One libre 

meter, comes from above to A’, paHH(‘s from PJ to A tlnmcui round by (I 

to //, and then up. Tho distance Kll is, like L'A, about 1 cm. 

It is to bo noticed that at tho top the lihres lie outside tho 

space (7/1, at tlie bottom inside 7iV/, so tluit tbo prtxiuet of 

tho distances of tho fibres apart at tho top and bottom is 

accurately Cl) X A'//. CD and AY/ are measinaxl by means of a 
micrometer gauge easily to mm. Error from effect of the 
pressure of tho gauge does nut entiU’, as CD is measurtal dinadly, 
then AA, //(?, and A(r, giving AY/ by difference ; so that Kll is as 
much too great in consoijucuco of compression produced by the 
gauge as CD is too small. This arrangement also (diminates 
error arising from tho thickness and flexural rigidity of the 
suspending fibres. 
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The length of the fibres is determined as follows. A mirror 
X (Fig. 18) with a horizontal line on it is attached by a brass 
arm to a slider X, worked by a screw with milled head M at the 
top of the instrument. The screw is worked until the horizontal 
line on the mirror, the horizontal line given by the top of the 
piece GH^ and the image of the latter in the mirror X behind it 
are in one line. By the motion of the screw, a mark on the nut 
at the top of the slider L is brought to some position on a brass 
scale S attached by brass connecting pieces to the pieceX shown 
in Fig. 19. The length of the fibres is equal to the reading on 
the scale S increased by a constant quantity. 

Any alteration in the length of the scale due to temperature, 
&c., is thus given by measurement in terms of divisions of a 
brass scale, so that the length can always be obtained with 
almost perfect accuracy. The residual temperature correction is 
indeed quite negligible for even large difEerences of temperature. 

A small needle n is hung from an arm of brass which is 
attached to one side of the box, so that the needle, when in 
position, can hang with its centre as nearly as may be at that of 
the ring-magnet. A small mirror fixed at right angles to the 
axis of the needle is carried below it. 

A forked piece of wood prevents the needle from turning 
round, and enables it to be placed at once very near the centre of 
the ring, while copper pieces on the sides of the case, damp 
the motion of the ring-magnet and limit the free space in which 
it swings to about 1 millimetre of clearance on each side. 

Changes of the positions of the ring-magnet and of the small 
needle are read by means of a lamp and scale, or a telescope and 
scale, in the ordinary manner. (Of course a telescope and scale 
free from iron must be used.) By properly arrangingthe positions 
of the two mirrors a single telescope, with, if necessary, two 
scales, can be used to determine the deflections of both magnets. 

The method of using the instrument and its theory are as 
follows. The bifilars are adjusted so that their plane is approxi- 
mately east and west, then the ring-magnet is placed in position, 
and the deflections of the needle and of the bar carrying the 
ring read off by their mirrors. If 6 be the angle which the 
plane of the ring makes with a vertical east and west (magnetic) 
plane, the magnetic couple on the ring due to II is ME cos 6. 
The total magnetic couple on the ring is thus ME cos B — L, 
where Z is a couple in the opposite direction due to the small 
needle at the centre of the ring. Since, if necessary, all the 
suspension threads may be single fibres of silk, or still better 
thin threads of quartz, the torsion of the bifilars may be neg- 
lected. Hence if a bo the angle which the plane of the ring 
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makes %vith a vertical oani and west (inai^aietie) plane wlem the 
bifilar plane is v(vrti(‘nl, the an^h^ thrutigh whiidi the hihhir han 
been turned i« $ — «, and if r/, h(^ the dintani’en !u*lweeu fht' 

throads at top and Ind-tem^ I their linjirth, and //' the innm 
supported, the couple j^dvon by the hitilar in (Vol. L p. 241) 
fFdd^ sin (0 — 

Hence wo have 

MH con mi (&- ,,)+ L . . . (21) 

4/ 


The small noodle is likewise dofleote<i thr(m|.di an iin|.tlo f/j. 
This can be itmmimHl by observing the ptisilitinH of tlie noedie 
with arnl without the rln^'-magiud in the iuHtriumuit. 

The compommt of the inomoid M' of the Hiiudl noodle at rifdd. 
angles to the plane of the ring is crm (0 r/)). Now if \vt‘ 

suppose a small quantity of magnetisin of the ring to im 
situated at a point the radius to which umkcs an angle ^ with 
the horizontal diameter through the c<mtr«s tin' horizontal ctun- 
ponent force due to will he hm cos <»r ^mfr ^ , r ctw x> 
follows, if the length of the needle he taktm as very snnil}, and 
tho breadth of the nl)bun be neglecte<l, that the nnutiinit of tfm 
couple deflecting tho noedle is M'/r^ . mmi0 - <p} 
where the summation is extended throughout the whole distri- 
bution of the ring-magnet But X^mrcosj^ is evidently the 
magnetic mornmtM of tho ring-magnet. Tlie couple cxertet! by 
the ring on the needle is thus MM* cos (B and tins is 

equal and opposite to tho couple I exerted on t!te ring by the 
magnet 

Hence for the e(pillibnum of the smidl ni‘t*c||e we have neg- 
lecting the torsion of the thread 


^ cos ($ c/>) //win (fi . , 

or 

M f® sin ^ 
it ctm -- tp) 

But w® have also 


( 22 ) 


. . (‘ill) 


M U COM $ mm am {§ -- it) 4- /* . * • (24) 

If Jy(» M'll sin be small in ooinpirison wdtii MU rm 
that is if M' Bin 61 Mm»$ be a small qimiitlty, L niiv he neg- 
lected in (24), ana w® got 
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IP = sin {B -- g) cos (0 ~ (j>) 
4lr^ cos 6 sin 9 !) 


. . (25) 


If two experiments be made with the same weight on the 
but with the ring-magnet reversed, we get if 6' + a, 
the angular deflections of the ring and needle, respectively. 


jTj'o sin (^6' “f" a) cos {6 — 

4lr^ cos & sin 0 ' 

Hence 

sin {6 - a) _ cos {6' - 96 ") cos ^ sin 
sin {6' a) cos {B — c^) cos & sin 0 '* 


(26) 

(27) 


:from which a can be found, so that H can be calculated from 
( 25 ) or (26). 

If the angles are all so small that they may be replaced by 
■fcl:ieir sines, and the cosines may be put each equal to 1, we have 


or 


J/2 ^ ^ ^ + 

417^ <p 41P 0 ' 

Ji2 ^ B ■+ B' 

41 t ^ 0 -f- 0^ ' 


. . (28) 
. . (29) 


Hence all that is necessary is to take the angular readings 
Hefore and after the reversal of the ring. The differences of the 
i-eadings in the two cases are B + 6' and 0 + 0 '. 

a?he errors due to neglect of the couples, due to torsion of the Order of 
Hl>res, the couple exerted on the ring by the small needle, and Magnitude 
■the error due to uncertainty of magnetic distribution in tlie of Errors, 
■tl.ricl^ness of the wire of the ring are not all of the same order of 
nTLag-nitiide. The first may be made quite negligible even with 
grille fibres ; the couple due to the small needle produced in Prof. 
Stroud’s first instrument, which had a ring of pianoforte stool 
wire, gave an effect of about 1 in 700, and the thickness of the 
wire gave a possible extreme error of about 1 in 300. The 
■two latter couples are made negligibly small by increasing M 
s-ufficiently, and making the ring of thin steel strip instead of 
wire. Of course the couple due to the small needle can always nbtH 
t>e approximately determined and allowed for. Trial 

Tire following table contains examples of determinations of II Instru- 
made by Prof. Stroud with his first trial instrument. merit 

H 2 



May 17, 1S90. May 20, 1890. May 20, 1890. 
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Other methods of determining II which depend on current 
induction will be explained in a later chapter. 


Mass suspended from bifllnrs 11-37 grammes 11 -89 grammes 11 *89 grammes 




CHAPTER III. 

TREOBY OF ELECTROMAGNETIC ACTION 


Section I. 

ACTIONS BETWEEN CURRENTS AND MAGNETS. 


The action of a current on a magnet, discovered by 
Orsted in 1820, is tlie foundation of the modern science 
of electromagnetism, for from it has come by a steady 
process of discovery, at once inductive and deductive, 
the whole theory of the mutual action of magnets and 
currents, and of currents on one another, of the induction 
of currents by the motion of conductors in a magnetic 
field, and the great modern applications of electricity 
to telegraphy and telephony, lighting and transmission 
of power, and electric traction. We shall follow to a 
certain extent the historical order of development of 
this part of the subject, making use freely, however, 
for brevity and clearness, of the theorems contained in 
the digest of magnetic theory already given, and of the 
ideas and methods suggested by later writers, such as 
Thomson and Maxwell. Some account of speculations 
as to the nature of currents and the rationah of electro- 
magnetic action generally will be given in Chapter V. 

In Orsted's experiment, as commonly performed, a 
magnet is suspended horizontally in the magnetic meri- 
dian, and a conductor carrying a current is stretched 
parallel to the needle, above it or below it. The 


Orstod 

Expel' 

ineiit 
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magnet is a-eknl on by a t’lmjiio uliiolt ttiriis it ruiuiil 
towards the positioii at right angh'S tu tlio fHinlurtur^ 
and it litially rests iti ecjuilihriurn in a jiusitidii in whirh 
this deflecting eouplt^ is halaiunHi iiy tin* n'litrn 
duo to the terrestrial magnetite held. The def!i‘efing 
conplo is revorstHl in diretiJcui hy turning rutuid thniugh 
18 (f, or “iuid for endd‘ tlu» eumlueter carrying tin* etir 
rent, so that, for examph% tin* tnirri*nt lieWH fnuu .simtli 
to north instead of from imrih to sotiili ; ami it is likf* 
wise reversed when the cotnluctor is transferred from a 
position above the needle to a position below tlio needliv, 
and Dice vcmt Thus the dirtu’tion of the iietleriing 
couple is not revorsed when the eondtmfor is both 
turned end for end and transferred from above tu Indow, 
or from below to above; and we see thtu*«‘fore that if 
the current flow, say from north to smtih above the 
magnet and back frotn south to north Indow the miignet, 
the deflecting couples due to Imtli eurrimts are in the 
same direction. By multiplying the number of l•o||» 
ductors or portiotiH of one eonduetor thus earrying 
currents the efleet on the lUHnlle is iilso etdianc*ei|. 
Hence by winding the cHinduetor htio ti coil ijf a large 
number of turns, one part of each i>f whitdi is alwvi' 
the other below tlm magnet, Uio nriioiiH of t!ie vfirituiH 
turns on the magnet are given all the same direriitin, 
and the magnet is acted on by a resuliiinl eiuiple rotiiifi 
a vertical axis, made up of the eoniponeiii nuipies 
round such an axis fundshed by tliu tiiriis nf wire in 
the coil This is the constniction and mode of aetioti 
of the old form of galvanic multi|ilier/* nntl nf tlie 
modern galvanometer. 
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Since the needle is deflected by the current just as it 
would be by bringing another magnet into its neigh- 
bourhood, we are led to regard the current as producing 
a magnetic field, which is superimposed on the terres- 
trial magnetic field so as to give a resultant field, 
parallel to a line of force of which the needle, if short, 
places its magnetic axis. In fact, the current produces 
the same effect as would a certain distribution of 
magnetism, and we have to inquire what is the nature 
of this distribution. This is set forth in the following- 
general theorem given by Ampere : — Every linear con- 
ductor carrying a current is equivalent to a sirnple 
magnetic shelly the hounding edge of which coincides with 
the conductor, and the moment of which fer unit of area, 
that is, the strength of the shell, is proportional to the 
strength of the current. The direction of magnetization 
of the shell is reversed when the current is reversed, 
and may be found in any given case as follows. Sup- 
posing an observer to be standing on the edge of the 
shell with its surface on his left hand, and to be looking 
in the direction in which the current is flowing,* the 
side of the shell towards the observer will be covered 
with 'northern magnetism. This may also be remem- 
bered by the rule, that the magnetism of the earth 
coincides in direction with that of a needle placed 
within it, and turned into position by currents circu- 
lating round the earth in the direction of the sun’s 
apparent motion. 


* Erom copper to zinc in the external part of the circuit of a voltaic 
cell, according to the ordinary convention. 
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Equiva- 
lence at 
Distant 
Points of 
Magnetic 
Actions of 
a Plane 
Circuit 
’with 
Current 
and a 
Magnet. 


Experi- 

mental 

Proof, 


The theorem of Ampke just stated depends on 
another theorem which we shall consider first. The 
magnetie field p'^odimd hy the current in a plane closed 
circuit is the same at all points, the distances of which 
from every part of the cooiducior ao'^e great in comparison 
with every dimension of the circuit, as that prodioced hy a 
small magnet placed anywhere within the circioit, with its 
axis at right angles to the plane of the current, and having 
CO magnetic moment proportional to the current flowing, 
and to the area of the circuit. 

The truth of this theorem may be demonstrated by a simple 
experiment which has become a common laboratory exercise. A 
plane circuit of con venient form, for example circular, is arranged 
in a vertical position parallel to the magnetic meridian, by con- 
necting to a circular coil, of one turn or more, the terminals of a 
battery placed at a considerable distance from every part of the 
apparatus being used in the experiment. It is easy to prove by 
separate experiments that the current in the part of the circuit 
consisting of the battery itself, and the wires connecting it to 
the circular conductor, produce no appreciable effect if the wires 
are twisted together, and are both joined as nearly as may be at 
the same point to the coil. The effective part of the circuit is 
then onl}^ the coil, and it is this only we mean when we refer in 
what follows to the ‘‘circuit.” A magnetometer is placed with 
the centre of its needle on a horizontal magnetic east and west 
line passing through the centre of the circular conductor, which 
is so arranged that the distance of its centre from the magneto- 
meter needle can be altered at pleasure. It is found by observing 
the deflections on the magnetometer that the magnetic forces 
produced at the centre of the needle are very nearly in the 
inverse ratio of the cubes of the distances of the centre of the 
needle from the centre of the coil, when these distances are 
great in comparison with the dimensions of the circular con- 
ductor. The same result may be obtained for a plane conductor 
of any other form by so placing it that the east and west line 
through the centre of the needle passes through the plane of the 
conductor within dr near the circuit, and taking the distance as 
that between the plane and the needle’s centre. Now, by equa- 
tions (9) p. 9 above, this is precisely the result that we should 
have obtained for a small magnet placed as specified above with 



EQUIVALENCE OE A CUEEENT AND A MAGNET 


105 


regard to the circuit ; and it is possible so to adjust the moment 
of the magnet that its action and that of the current may be 
identical. 

It is further found experimentally that if we have a magnet 
and a current which produce the same magnetic force at distant* 
points upon an east and west line passing through the circuit, 
the magnet and the current produce the same magnetic effect at 
all other distant points. Finally, by altering the area of the 
circuit in any ratio, we find the magnetic force at every point 
altered in the same ratio. Hence the equivalence is completely 
proved. 

We shall define the current strength in a given circuit as 
proportional to the intensity of the magnetic field which the 
current produces at a given point; and hence it is not necessary 
to prove that the moment of the equivalent magnet must be 
proportional to the current, since we know that the magnetic 
field due to a magnet at a given point so distant that the effect 
of distribution of magnetism does not enter into account, is pro- 
portional to the magnetic moment of the magnet. We shall find 
that this mode of measuring current-strength gives results con- 
sistent with those obtained from the definition based on the 
electrostatic system of units, viz. the quantity of electricity 
which passes across an equipotential surface in the circuit per 
unit of time. 

We here define unit current as that current which flowing in a 
circuit of unit area can be replaced by a magnet of unit magnetic 
moment. This definition depends on the unit of magnetism 
already defined, and, when the latter unit is 1 C.G.S. unit of 
magnetism, we have by the definition 1 C.G.S. unit of current. 
We shall find other, but equivalent, definitions of unit current. 

The magnet equivalent at distant points to the plane circuit 
may bo supposed broken up into an infinite number of equal 
short magnets uniformly distributed over the circuit with their 
centres in and their lengths at right angles to its plane. If the 
aggregate magnetic moment be the same as before, the same 
effect will be produced, since the position of the equivalent 
magnet within the circuit and its form do not affect the force 
which it produces at distant points. But this converts the equi- 
valent magnet into a uniform magnetic shell the strength of 
which is, by the definition of unit current just given, simply the 
strength of the current. 


* “ Distant ” here, as elsewhere in a similar connection, means that 
the points are at distances from the circuit great in comparison with 
any of its dimensions. 
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Proof of Ampere's further proposition that any finite linear 
circuit Carrying a current is equivalent to a magnetic 
of Equiya- shell, can now be proved at once. For let ABG be 

‘ J.6J1C6 01 8j ^ ^ 

Linear the circuit, in which we shall suppose a current of 
Current 
and a 
Magnetic 
Shell. 



Strength 7 to be flowing. We may construct, as 
indicated in the figure, a network of conductors of 
which the circuit is the bounding edge, having each 
mesh so small that it may be considered plane. Bound 
each of these meshes a current may be supposed to flow 
in the same direction as that of the current in the 
boundary. It is clear that this will give two equal and 
opposite currents in every conductor which is common 
to two meshes, and thus the system reduces simply to 
the current in the original conductor which forms the 
boundary. Each of these small circuits may, however, 
by the proposition just proved, be replaced by a small 
magnet, or by an infinite number of equal infinitely 
small magnets uniformly distributed over it, and the 
aggregate of these small magnets gives a magnetic 
shell bounded by the circuit. 
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the portions RT^ &c. are each traversed twice but in opposite 
directions, so that the work done in traversing them in one 
direction cancels the work done in traversing them in the other. 



In the same way, we can prove that if the circuit pass n times 
through the path, the work done in carrying the pole round the 
path is 47r;^y, For, consider the case represented in Fig. 23, in 



which the circuit passes twice through the path, and join the two 
points Qy S of the path by the line QS passing between the two 
portions of the circuit. The work done in carrying a unit pole 
round the path is plainly equal to the work done in carrying it 
round the two closed paths RQSPy QRSQy since SQ is traversed 
in opposite directions in the two cases. But in each case the 
work done is 47ry, and hence the whole work done is 2 X 47ry. 
Hence, proceeding in the same way for further interlacing of the 
circuit with the path, we obtain the general result stated above. 

Any combination of the two kinds of interlacing will give a 
result which can be calculated according to the circumstances of 
the case by combining the two results just found. 
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BIOT AND SAYAET’S EXPEEIMENTS 

Ampere’s theorem is confirmed by quantitative experiments Magnetic 
on the magnetic effects of a long straight conductor carrying Eielcl of a 
a current. With the arrangement of horizontal conductor and Bong 
horizontal needle, it is found as has been stated (p. 102) that, Straight 
according as the conductor is above or below the level of the Conductor 
needle, the latter is deflected in one direction or the other, and caiTyinga 
hence when the conductor is in the same horizontal plane with 
the needle, no deflection -is produced. If the free period of 
oscillation of the needle be observed when the conductor is 
present in the same horizontal plane it is found to be the same as 
when no current is flowing. 

These results show that the current produces then no com- Direction 
ponent force in the horizontal direction on a magnetic pole, and of Force, 
it follows that the resultant force is in the vertical direction. 

The force on a magnetic pole is therefore at right angles to the 
plane through the conductor and the pole. 

The same thing is shown by the fact observed by Ampbre, that 
the position of the needle is at right angles to the conductor in a 
plane parallel to it when there is no force acting on the needle 
except that due to the current ; for this proves that there is no 
component in the plane through the current and a magnetic pole 
on which the current acts. 

It is found that the magnitude of tbe magnetic force due to 
the current in a straight conductor,, at points not opposite the 
ends, and at distances from the conductor small in comparison 
with its length, varies inversely as the distance of the point 
considered from the conductor. Its direction is, as we have seen, 
at right angles to the plane through the conductor and the point 
considered. A magnetic pole free to move in a circular groove . 
with the conductor for its axis would move round the groove in 
the same direction and would be acted on by the same force, 
which would be everywhere tangential to the groove. In fact 
the lines of magnetic force round the conductor except near its Conductor, 
ends, are circles having the conductor for their common axis. 

These results for a straight conductor are proved by a number 
of simple experiments. That the intensity of the magnetic field 
varies inversely as the distance from a thin conductor was shown 
by Biot and Savart,* who placed a horizontal conductor at right 
angles to the inagneiic meridian, and at different distances above 
and below the centre of a horizontally suspended needle, and 
observed the periods of oscillation when the needle was under 
the influence of the earth’s force alone, and again when a current 
was made to flow in the conductor. If T, T’ he the periods in 
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the two cases, M the magnetic moment, ^ 

inertia of the magnet, the intensity of tli© 
is given by the expression ] 

The law of variation of force with distai^oo xs 
the following elegant experiment 
Maxwell.^ A conductor is placed in a vertiical 
light carriage of non-magnetic material is siisipeti 
free to turn round the conductor as* an 
when a magnet is fixed on this carriage thei*® n 
to turn the carriage round the conductor. Gone: 
formly magnetized bar magnet attached to 'fclao ce 
be regarded as composed of two equal ano. op 
poles at its extremities. The moment routicx 1:110 
must he equal and opposite to the momenl3 o:s:ert 
whatever the position of the magnet on 1 :li <3 cj 
Let 1^2 be the forces on the poles at 
through them and the conductor, th <3 o.is'tan 
from the conductor supposed to be a thin -w-ire, 
round the conductor give 

^ 

and therefore. 



or the forces have opposite moments and a,x*e 
distances from the axis. 

We may deduce the results stated abovo^ for 
conductor from Ampere^s theorem of the eqtni'valc 
and a magnetic shell. We have seen that tlie 
only by its bounding edge and the strengtli of 
we consider an infinitely long straight oondu* 
current 7 , the equivalent shell is geometric de 
edge, and we may take the shell as a plane smrfg 
any position we please. Let the shell be a-t rig 
plane of the paper, A (Fig. 24) the projection o; 
JB of the shell, P the position of the mn^notic 
its distance from the plane of the shell, and ( = 

of C7from A. Let B be the projection of an el err 
the distance CB = y, the distance of the clement 
of the paper Zy and its area dydz. The mdins ■\* 
the element has for length (y^ -[- ^2 and tb© 
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element at right angles to the radius vector is adydzj + dF^. 
Hence the solid angle subtended by the element at P is 
ad^dz\(y^ The total solid angle © subtended at JP 



Fig. 2L 


by the shell, supposing the positive side turned towards P, is 
given by the equation 


f adydz 

+ a^f 


2tan->- . . (2) 

a 


Hence for the potential P at P of the magnetic shell we have 


2 tan-i- 


where for tan-i l\a is to be taken the angle between 0 and 7r/2 
which has bja for its tangent. 

The same result may be obtained geometrically with great 
ease thus : — The solid angle subtended at P by a plane rectangle, 
of finite breadth and infinite length, is the area of the lune cut 
out of the unit sphere (centre P) by planes drawn through P and 
the edges of the rectangle. If 6 be the angle between these 
planes the area is 47r X d/27r = 2d. Thus,*if by the addition of 
a rectangular strip the edge of the shell were brought to (7, 
the solid angle would be 2 X 7r/2 or tt. But for this strip, 
B = tan”^ bja. Hence the actual solid angle is tt - 2 tan“^ bja. 

The components of the magnetic force at P are - dVjdaj 
- dVjdb respectively. Hence the resultant magnetic force at P 
is [{dVIday + {dVjdbyY = ox if r be the distance 
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of Y* from A it is 2y/r. The direction of the force is therefore 
in the plane of the paper, and at right angles to FA^ and/Vo??^ 
that side of the plane through F and the conductor on which G 
lies, for we have 

- dVIda = - 2y5/(«2 + ^2)^ _ dFjdb = 2yal{a^ + b^), 

and the equation of the plane the projection of which is FA, is 
bx — ay — O^iixho taken from F in the direction F C. The x and y 
direction cosines of a normal to this plane are respectively pro- 
portional to — b and a, as are also the component forces parallel 
to X andy. By experiment it is found that the direction which 
the current must have in order that a positive or north-seeking 
pole should move as here specified is from below upwards 
through the paper. This agrees with the rule at the foot of 
p. 103. P is thus on the positive side of the shell. 

We may proceed from the experimental fact, that the intensity 
of the magnetic field at any point is inversely as the distance, r, 
of the point from the straight conductor, to determine whether 
the current has a magnetic potential or not. First defining the 
unit of current so that the magnetic force is 27 / 7 *, taking the 
origin at A^ and the axes of x and y along AB and parallel to 
CF respectively, and putting x^ y, z for the coordinates of the 
point P, we have for X, X, X, the components of force at P, the 
values X = — 2yy/r2, Y ~ ^yxjr^, X = 0, and hence 

+ Tdy + Zdz = - 

that is, the expression m the left is a perfect difEerential of the 
function —y tan~^y/^ -j- G, which is therefore the potential atP. 
This is a many valued function of x^y^ z \ but since we have to 
deal only with the difference of potential between two points, 
that is with the work done in carrying a unit pole from one to 
the other, the expression will lead to no ambiguity. 

We have here to take into account, as pointed out above, the 
difference in the work done in any closed path according as the 
path does or does not pass round the conductor. The work done 
in any closed path is zero, if the path can be supposed shrunk in 
upon any point within it without cutting the conductor, for, 
clearly, the work done in carrying a unit pole from any point P 
to another point § is equal and opposite to the work, done in 
carrying the pole from § to P along the remaining part of the 
path, ^ 



WORK IN ('ARRYINO POLK ROUND OURRKNT 

On the <vth(n‘ liniid if the palli ombraco the (londucior tliis 
roaHonin^ dot^H noi, hold. It Ik (dour tbat the W(»rk done in 
(larryinii; a unit i>nl(‘ onc(^ round in aoirc.lo of whit^h tlio conductor 
iH th(^ axin, aay ffUlVT in Fiji’*. 25, Ih 47ry. For the forca^ at each 
point iH tan|i;(uitijil i.o tlu‘. circle, atid haa the value ^y/r, while the 
u'n^th of path in and th(‘H(* ^ive the product 47ry. Ijot now 
the ^iven c1ohc<1 path, whi<‘h may or may not he in a plane, for 
example IHIRSP in 25, l)e, connected with the (drcle by the 



litU'H (^Tand A7‘, I'he work done in each of the oloHCtl patlm 
iSRQ7VKS\ iSrfFTQ/% w 5<ero ninee rnuther ombraoeK the coti- 
ductor. Hence tln^ whole work done in thoHC two patha ia 55oro. 
But if the polo ht^ carried round thene patliH in the order ntated 
above, the whole work <loue iu the Hum of the work done in 
(’arrying the poh^ round the {drcle TlJFWf^ and round the given 
cloHed path in the* direc’tion PQRR^ Hince the work done in the 
patliH AVand QVm zero, theH(» being traveraed twice in opposite 
diretdionH. Memu^ th<^ work done in the i\hXh PQRR embracing 
the conductor is also nuint^rically d^ry. 

TiuH metlu)d of proof ItuulH alno to tlie remdt, already proved 
above! (p, 107), that the work doju' in carrying a pole round a 
conductor whether Htraight or md ia dn-y. For if we Huppone the 
coiulnctt»r iidiuitely thin and to have Unite curvature, and take 
cloHcd circular path infinitely near it, the pole will be aided o!i 
only by tlie portion of tlu! (’ondnetor which in near it as companul 
with tht! roHt of the circuit, and this may be coumdered an a long 
straight condmdor. I'hi! work done in carrying a unit pole 
round the circular path is Any, Then by connecting with tlu! 
circular path any oilier path embracing the conductor, tlu! work 
done in carrying a pole rouiul it may be proved, m above, lo 
be 4?ry. 

If the circuit be not inlhutcdy thin the actual conductor may lie 
Buppoaed made u|) of an inbnite number of fdamcnlal cimductors 
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coinciding with the lines of flow, and for each of these the work 
done in carrying a unit pole round a path embracing it is 47r X the 
current in the filament. Hence in a closed path embracing the 
whole current y, the work done upon a unit pole traversing it is 
47ry. Thus the theorem is extended to non-linear conductors. 
The case of interlacing of the path and the conductor may be 
dealt with as before (see p. 108). 

If the current strength per unit area at right angles to the 
direction of flow at any point be denoted by and zw, zz, be the 
direction cosines of that direction, then we may call Iqy mq^ nq 
the components of the current along the axes. Denoting these 
by zz, Vy Wy we have for the component of flow in any direction of 
which the cosines are X, ft, v, the expression Xzz + 

If now we take any closed path round a conductor, or portion 
of a conductor carrying currents, and take the line-integral of 
the magnetic force round the path, and the surface integral of 
the current across the surface, the theorem just discussed may be 
thus expressed 

4^1 (^u + f.v + vta)dS = J[a J + ^ | + y g) * . (4) 

The second integral may be transformed by the following 
process, which may also be employed to transform the expression 
on the right of (49), p. 33, and so give the values of in 

terms of the components of vector potential. Let ABO, Fig. 26, 



be one face of a tetrahedron the other three faces of which are 
OABy OBC, OCJ, and have edges OAy OB, OC in the direction 
of the axes of .r, ijy z. 

Taking + round the closed path AB^ 
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we see at once that it can be converted into the corresponding* 
integrals round the three paths OABO, OBCO, OCAO^ since the 
integral along each of the lines OA, OB, 00 is thus taken twice 
in opposite directions. Thus we obtain 


K‘£ + + ’S)'- = /(«t + 4') " + /(4 + 4) 

OBC 

+/( 4 + 4 )''' 


OAB 


OCA 


Now consider any one of these three integrals, say the first 
taken round OABO. Let a, 3, y be the components of the 
magnetic force at 0. Then the values of the first two components 
at any point distant bx, from 0 in the plane are 


. da ^ .da , 
a + ^bx + 

dx .. dy 


Q i d^ ^ , d(3 . 

+ da: + y-by. 
dx dy 


If we take the tetrahedron so small that its edges OA, OB, 00 
are by, the integral round OABO may be found by taking 
the values of the components at the middle points of OA, AB, BO 
as the mean values over these distances. Thus we get for the 
integral 


+ ■(“ + ‘a** + 

+ (s + 4 + i I - (s + 4 1 

which reduces to 


In the same way we obtain corresponding results for OB 00 
and OOAO, But if ABO be taken as dS we have area OBO—MB, 
OOA^fidS, OAB^vdS. 

Hence 

4,(.. + - »(| - f ) + .( J - I) + .(f - %) 

1 2 
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and therefore 

47 ^^^^ dz^ 

’■-lirrS)} <=> 

= i 

47r ydx d^/ , 

equations which will be found of great importance in the sequel. 

There is one remark on the equivalence of a current and a 
magnetic distribution which ought to be made here, though we 
have not space to deal fully witli the matter. The mutual action 
between a current flowing in a conductor and a distribution 
of magnetism is independent of the nature of the medium in 
which they are placed, if that medium be the same throughout, 
but this does not hold for the mutual action between two dis- 
tributions of magnetism.* 

The value of the magnetic force at any point, by definition, 
does not depend on the nature of the medium at the point in 
question, but only on the magnetization elsewhere. In a uniform 
medium, which has imbedded in it a conductor carrying a 
current, the potential at any point may he taken as made up of 
two parts, that which would be produced by the circuit alone, 
in a medium of unit inductive capacity, and that due to the 
magnetization which the medium receives in consequence of its 
specific inductive capacity differing from unity. Now the second 
part of the potential is single valued, and hence the line-integral 
of its variation round a closed curve is zero. If the induced 
magnetization of the medium is solenoidal (as it always is 
when K is uniform) and the medium extends indefinitely in all 
directions, no force due to the magnetization of the medium is 
experienced by a magnetic pole placed anywhere ; hut the action 
is precisely the same as if the circuit and pole were situated in 
air. Of course if the medium is different in different parts, as 
fur example when it consists partly of iron, partly of air, the 
magnetization of the different parts must be taken into account 
in assigning the value of the magnetic force at any point. In 
the case of solenoidal distribution this is effected by taking into 
account the virtual surface distribution, resulting from the dis- 
continuity of the magnetization at the separating surfaces. 


* Neglect of this difference in the two cases has led to the assign- 
ment of wrong dimensions to unit quantity of magnetism in electro- 
static units. See a discussion in the TKil. Mag., 1882. 
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We come now to the action of a magnetic system upon a 
current. The theorem of the equivalence of a current to a mag- 
netic distribution establislied above leads of course to the 
conclusion that whatever process, or function, is available for 
the calculation of the forces acting on the magnetic shell, is also 
available for the calculation of the action on the current when in 
the field. This will be manifested as certain forces acting on the 
conductor which we have now to investigate. Effects of the 
electromagnetic action on the current itself will be discussed 
later. 

The function from which we determine the force acting on a 
magnetic distribution in a magnetic field is the expression for the 
potential energy which the system possesses in virtue of its being- 
in the field. We have found for this in the case of a shell of 
strength qf) 



where V is the magnetic potential (due to the distribution pro- 
ducing the field and not at all to the shell itself), at the element 
(IS the coordinates of which are y, z, and the integral is taken 
over the surface of the shell. But, if there be none of the 
magnetism producing the field' at the shell itself, v^e have for the 
components of magnetic induction at {x, y, z) c ^ — dVjdx, 
dFjdi/, — dVldz\ and therefore, writing for (56 the current 
strength y, we get instead of (6) 

£ = — -y y y* {la mb nc)dS (6') 

If the surface, as supposed here, do not pass through mag- 
netized matter, a, y coincide in value with b, c\ but it is 
easy to see that a, bf c ought to be used in the integral in the 
general case. For let the surface bounded by the circuit be 
taken so as to pass through a portion of another medium. Then 
since 

J j (la -j- mb + nc)dS 

has the same value for all surfaces having the same bounding 
edge, it is an expression which gives the same value of E ah 
positions of the surface. 

The integral in this equation is the value of the magnetic in- 
duction through the shell, and here and in what follows we 
denote it by N. It is to he taken positive or negative according 
as it passes through the shell from the negative to the positive 
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or from tlie positive to the negative side, that is, according as its 
direction agrees with or is opposite to that in which a right- 
handed screw would move through the circuit if the handle were 
turned round in the direction of the current. Hence 


E = - 7^ ( 7 ) 

Case of If the circuit is imbedded in a medium of magnetic permeability 
l\irme- differing from unity, the magnetkation of the medium must be 
ability dif- ta,ken into account in finding the potential energy of the system, 
tereutfrom have simply as above to calculate the value of for the 
Lmty. circuit. It will not be necessary however to deal practically 
here with any such case. Those in which movable coils con- 
taining iron cores have to be dealt with do not cause any 
difficulty, since the magnetism of the core forms in each case 
part of the distribution producing the field. 

Now the magnetic forces acting on the shell are such as to 
diminish its potential energy ; and hence, if dyjr be any small 
change of position or configuration of the shell, and ^ the cor- 
responding force producing it, we have for the work done by this 
force The sum of this and the change in the value of the 

potential energy is zero, that is 

+ dE = 0 (8) 


or, y remaining constant, 

(IN 




(80 


Force on The direction of the electro-magnetic force is therefore to increase 
Eleiiient of N ; that is, the circuit if free to move as a rigid whole will 
Circuit, change its position so as to increase N, and, what is here of great 
importance, if flexible, will alter its form so as to include a greater 
value of N. It is clear, then, that no force acts on an element of 
tlie circuit in the direction parallel to the magnetic force, for a 
displacement in that direction would not alter the value of and 
the resultant electro-magnetic force on each element is therefore 
at riglit angles to the magnetic force. 

But the element itself, in the general case, is inclined to the 
direction of the magnetic induction. Let the angle between the 
latter direction (taken as that in which a north-seeking pole tends 
to move through the circuit) and that of the current in an 
element ds of the circuit be 0 ; and let the element be moved 
through any displacement at right angles to the line of mag- 
netic induction at its centre. The change in N is yB sin 0 ds d\fr. 
Thus we have for the force on the element 


^ = yB sin ^ ds 


( 9 ) 
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The direction in which the element tends to move may be 
remembered by the following rule. Let, as supposed above, a 
human figure stand on the magnetic shell which replaces the 
circuit, so that, when the face of the figure is turned in the 
direction in which the current is flowing, the positive direction 
of tlie magnetic induction is from the feet of the figure towards 
the head. Then the element, if free to move, will do so towards 
the figure’s right hand. Or, if the figure swim in the circuit so 
that the current enters at the feet and leaves at the head, and 
look in the positive direction of magnetic induction, the element 
will tend to move towards the left hand. 

The direction of the force on an element of the circuit is shown 
in Fig. 27. The corresponding reaction is discussed below 
(Section II.). 


B 



Fig. 27- 


Denotiug by m, n, the direction cosines of ds, we have 
sin 6 = {(nio — nby + "■ 

Hence (9) becomes 

^ ec y{(7}ie — nbf + {na — Icf + {pia -- Ihf^ds . (9') 

If o* denote the area of cross-section of the conductor at the 
element da^ taken at right angles to the direction of y, then 
Vj w, the components of current, are defined by the equations 

/y/cr, nyfar == u, v, w. 

Substituting in (9') and resolving ^/<r along the axes, denoting 
the components by X, JT, X, we find instead of (9') 

X VC — wb \ 

Y = (9") 

Z ub - va ) 
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KLKrTItOM At; X F.TK* Til Kflli: V 


V, Zy rh‘«'friiiniigiiiiii* tVtm^s pi^r tiiiif t»f 

mliiJK **ti flit* iMini|tni»»r : w«’ limi liiinii tifiiTti! in 
nrii»m on non-linr^ir roiolnriitr’i. 

Dintiiic- With U* fho t»f tlo» micl flrhi, oiin^ 

tiou mnfit ht^ fitb'H, uiiilo JiNin^ ihi*i !>%|*rrf»«io!i fur fho radoiiliitiini of 
h«tw(nm thi^ ftm‘r un l!n’ rirruit (n inoi'inlnro ili«» h»i,tieiitiiiry iif whirh 
hotrsuttial folluwH from thi'* flonniMii of o«|iuv«ilrn»-«» hm furrow), not 

KnrrgirH tn Jillow it tt> nuiMn ui»y ini«rosi«-!«|iHou iif4 tts iho rtiinxy t»f tlir 
of (Jurrrnt (uirrtnit in th«* hrhl, li iw not th** r>i.«u th-it flu’ro i«4 nny 
and Shrll jijjjtiial polrntiitl rnin^ry of tlir mrrrnt nipi tho iniru'notii' din- 
in HuUL trlbniitni^ ftnrii tlmt* wlirn thr virviut inovi^w in thr fndii in 

ol)nciirnrr t(» nifiKtirtir forri% r\han»liiifi of tliiw |»oloritiHl mnnxy 
nikoH jdnrii in iho HHinr way nw whrii fht^ «h«dl inuu-^ in tin'* lirhL 
The Hindi Hini tinhi rrnminini^ mt-h tinrh-.inyiwi, tho itiH|,'nrt.M nro 
net in rrlutive nnnirsn, mni kinriir mon'icy i« iir.|nii‘int^, ur work 
iH dene { 4 |*ninHt es,lt’ritHl xvmAi%w*^ nl tfio m|»*niwr t»f piilinitiiiil 
energy, wiiirh ho h»r nn oiir knowlmige p^ium «i |*riwont may ho 
reganied an a fniniion t»f llm ronlignmlion of iho wyntom. < ht 
the ntiier hum! tho ns lllmitraled hy tho o^c|»orimtml« of 
Jonie ffeTorred to hnlow V.)» am! alt o^ijiorioin’o of the 

nudion of e*mdnrtorH in ina^tt^dio tioMn* U that tho kinetio 
tniergy iK'iiuired, or i^stternnl wotk domn in iho vn*m of motion of 
tlje (dnnut, In olifainmi nt the of tho hiiitrry or tdiniririil 

generuttir niniiiiiiining the riirrmt, imtl n»» iivaihihlo miorgv in 
gained ttr lent in virtim of geiim«dri»’al i|i?4|4ari>minit. »♦, llitu 
Hiihjeet will hn further dimninHint nmfer indtiriion i»|' mrreiitH in 
Chapter IV. 


IL 

MJfmx (w mnumsTH iw miuiKxrs. 

Mutual I't* la t reiult of eic|soritnetil that the iff|tiiralfniro of ii rtirreiit 
Aotiou of and a magnet-ie Hindi whieh enahloH fho aetloii i»f n nirroiit on n 
Two magnet, or of ii magnet on a ntmtiil, to he |n hIph 

yireuits: aviulahlfi for the d«'tertid«iition i*f tim aotioii »»f riirwit.^ on f»fie 
another,* KxperifntmlHi whirh |>roro thiH w'oro ininlif flrit hy 

It i« to \m eltarly nmlei^tmid llwl e|Mdrti*l«lie iit'li«ii due lii 
differeiieft of I'wtiiiilkl Iwitwwii tt*ljari#nt Ii imt liwre tnkeii 

into wecmnt* Wi» »httl| have ejcainiden kler of estfiililiipil tiliwircwiiiiiti 
md ilictrcKiyttaiiiif} i-ieiioii. 
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Ampere, Weber, and others ; but the best experimental proof of Deducible 
the truth of this proposition is to be found in the uniformly con- from 
sistent results obtained by means of measuring instruments Equiva- 
made and graduated to give absolute determinations by applying . 

it. Weber’s electro-dynamometer was the first instrument of this 
kind constructed, and with it the inventor accurately verified Shells, 
the laws of electromagnetic action which had previously been 
announced by Ampere, as a deduction from his celebrated series 
of four experiments. 

Ampere however, besides giving the theorem of the equivalence 
of currents and magnetic shells, took another view of the sub- 
ject, in which he regarded every element of a conductor carrying 
a current as acted on by every element of the other conductor, 
and the law of action which he gave was a law for the mutual 
action between two elements. This law agrees with experiment 
in so far as it gives when applied over the whole circuit of each 
conductor exactly the electromagnetic action observed ; but it 
is only one of several laws of action between elements which do 
the same thing. The actions in all cases which have been 
investigated have been actions between parts of different closed 
circuits, or between different parts of one closed circuit, and no 
difference in result has been found between these two cases. 

We are in ignorance of how two unclosed conductors, or two 
parts of an unclosed circuit, carrying currents (if such an 
arrangement can really be obtained) act upon one another, but, 
though this be true,/it is allowable in the case of closed circuits 
to establish and use any formula for the mutual action of each 
pair of elements, which is mathematically true in the sense of 
giving the actual forces observed between the circuits. A 
simple expression of this kind is that found by Ampere. We 
shall here give first some account of Ampere’s experiments, and 
show how by means of a certain assumption the law given by 
him can be deduced. 

These experiments were made by means of apparatus invented Ample’s 
by Ampere himself, copies of which are now to be found in Experi- 
almost all collections of apparatus. The chief piece is one for ments : 
enabling a part of a closed circuit (in itself generally nearly a 
closed circuit), to turn freely round a vertical axis. The arrange- 
ment with the movable conductor in position is shown in the 
diagram (Fig. 28). 

Two metallic cups containing mercury are arranged close Apparatus, 
together in the same vertical line at the extremities of two 
projecting arms, and in these rest tlie turned down extremities 
of the movable conductor. This has different forms according 
to the effect to be tested or measured. The two arms carrying 
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the cups are in conducting contact with the mercury, and one 
of them . is generally attached to a vertical metallic tube--fixed 
to a heavy sole plate, the other is a continuation of a wire or 
rod which, insulated from the tube, passes up within it from the 
sole plate. The current is thus led to one cup and from the 
other without the conveying wires themselves producing any 
sensible action. 



The portion of the circuit suspended in the cups in the first 
two experiments was (as shown in Eig. 28) a double rectangular 
frame of wire, the wires of which are insulated from one another 
at the points of crossing. This frame gives two nearly closed 
circuits of equal area ; and round these the current flows in 
opposite directions, so that the suspended conductor does not 
experience any action in the earth’s magnetic field. 

First in Ampere’s first experiment a wire (Fig. 29) carrying a current 
Experi- 



Fig. 29. 
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wfiH oil ilHclf, and tho two porliuiib were kept from 

toudhiii^ by insulating- material between them. This double wire 
bein^ l)r()Ui*'bt near and parallel to one side of the suspended 
li-ani(‘, ihc^ hitter did iiot experience any seiiHible deflecting- force, 
nhovying^ that the effect of; tho current in one direction in one 
portion ol tho doubled conductor neutralized almost exactly the 
c fleet of thi^ opposite current in the otlier 'part. Exact experi- 
meiitH show tliat this neutralization is couiplete, if one conductor 
ho a tube containing- tho other. 

Jin the second exjieriment one of the two portions of the doubled ^econd 
wire was not straig;ht, but (Fig. 30) contained a series of small and Expei-i- 

‘ uieut. 



Fiu. 30. 


rather sharp bends, no ])art of any one of which was far from the 
straight conductor. The siispcndod conductor was still fouiul 
uiiafl*e(!t(KL Tho concluHion from this experiment is that the 
eflect of an element of a straight conductor may be replaced by 
that of a Hiuall crooked conductor having tl,ie same beginning 
and cud as the element has, if the same current flow in both 
casoH. In other words the elfoct of any element may bo con- 
sidered as the resultant in tho ordinarj’- souse of any number of 
component ele.monts at tho same place. 

In Ampere’ s third experiment a conductor which formed an arc Third 
of a horizontal circle was made movable round a vertical axis Experi' 
through the centre of the circle. This was done by supporting the nicut. 
are of wire on tin' convex surface of mercury projecting above a 
horizontal plane from troughs cut in it, and attaching it to a light 
radial arm of insulating material moving about the vertical axis. 

The current passed through the arc from one trough to the other. 

It was found that no magnet, or circuit carrying a current, 
produced any elfect in moving the conductor in the direction 
of its length, that is the resultant force upon it was normal 
to the clement. 
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In the fourth experiment currents were made to pass through 
three similar and nearly closed conductors B, 0 (Fig. 31), 
the middle one of which B was attached to the stand and was 
movable round a vertical axis. The currents in A and C were of 
equal strength and in the same direction; the direction and 
strength of the current in^ were indifferent. Tbe three circuits 
were similar in form, and the two, Ay C, which were on opposite 
sides of the movable conductor B, were of very different dimen- 
sions, but so chosen that each dimension of the circuit B was n- 
times the corresponding dimension of A, and Ijn of the 
corresponding dimension of C. The position of the conductor B 
relatively to C was similar to that of A relatively to B, and 
therefore the distance of any element of C from any element of 



B was n times the distance of the corresponding elements in 
B and A. 

The movable circuit B was thus subjected to two opposite 
force-systems from A and Cy and was found to remain in equili- 
brium under that action. From this it follows that if we assume 
the action on the whole of the movable conductor to be made up of 
the actions on each of its elements of all the elements of the other 
two conductors, the action between any pair of elements varies 
inversely as the square of the distance between them. To prove 
this let be the distance between an element in B and an 
element in Ay and the distance between two similarly 
situated elements, and in C and B ; and let f(r^ be 
the forces between the elements of the respective pairs per unit 
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of length and per unit of current in each case. Now if be the 
length of each of the elements of B chosen, those of the elements 
and c-^ of A and G are respectively d^ln^ nda. 

From the equilibrium of B it is clear that the forces for 
corresponding pairs of elements are equal, and therefore we have, 
if y be the current in A and C and that in B, 


or 




YYifir^ = 


1 


( 10 ) 


that is the law of force is the inverse square of the distance. 

Now, since by the second experiment each element can be 
replaced by its components, we may first resolve each into two 
components parallel to and at right angles to the line joining the 
centres of the elements. Also by the first experiment the forces 
are as the lengths of the elements and as the strengths of the 
currents. Let ds^ ds'.he the lengths of the elements ABj A'B', 
6, 6'j the angles which they make with the line joining their 



it. The last {B'E' in the Figure) is not in the same plane with 
ds sin 6, and gives, if rj be the angle B*EB' between the two 
planes, the components dd sin & cos 77 , dd sin & sin 77, parallel 
to and at right angles to d8 sin 6. We now consider the actions 
(couples excluded) between the different pairs of these elements. 

In the first place we have the two elements ds cos ds’ cos & 
in the same straight line. The only determinate direction of any 
action between these two elements is the straight line in which 
they lie. We suppose, therefore, that when & are both acute 
the force between the elements is an attraction. It has the 
value Ayy^ cos 6 cos 6'dsds^lr^, where ^ is a constant, and r is 
the distance between the centres of the elements. 
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We take next the two elements ds sin 6, ds^ sin 6^ cos which 
are parallel to one another and at right angles to the line joining 
their centres. This force has for value Byy^ sin 6 sin d' cos rjdsds' I 
where ^ is a constant^ and must act in the plane of the elements ; 
for there is no reason why a component at right angles to this 
plane should act towards one side or the other of it. Further it 
must act in the line joining the elements, for to change the sign 
of one of the currents reverses the action, and to change the sign 
of both must leave the action unchanged. We shall suppose 
that it is also an attraction. 

Lastly we have the four pairs of elements at right angles to 
one another. Of these the pair ds sin d, ds^ sin d' sin rj are at 
right angles to one another and likewise to the line joining their 
centres. Now if we make the assumption that the force between 
two components at right angles to one another is in the line 
joining their centres (an assumption necessary for Ampere's 
theory in the cases of the other two pairs of elements), we can 
easily prove that the force between the pair of elements now 
being considered is zero. Suppose that we have such a pair of 
elements a, 3 at right angles to one another, and let the force act 
as shown in Fig. 33 from left to right. No w if the whole system 


t 


Fig. 33. 



he turned through 180° round the direction of a as an axis (or be 
looked at from the other side of the paper), the direction of /3 
will be reversed, and the force will now act from right to left. 

- The system then turned from its new position through 90° about 
the line joining a, gives the original arrangement of the 
elements, witli the force between them reversed. Hence no such 
force can exist. 

The assumption made above is not really necessary for this 
case, since, if there exist a component at right angles to the line 
of centres, it must act in the plane of one of the elements and 
the line of centres, or in a plane bisecting the angle between the 
planes of the elements and the line of centres, and there is 
nothing to determine in which plane it mu si act. 

There remain the three pairs of elements ds cos d, ds’ sin 6’ cos rj, 
dscosd, ds’ Bin 6' sin rj, and ds sin 6, ds’oosB', the constituents 
of each of which are in one plane. Making the assumption 
stated above for these, we see that between the elements of each 
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pair there can be no force, since if a force did exist it would 
not be reversed by the reversal of the cxirrent in cIs sin 6, 
(W sin & sin 77 , or d8^ sin d' cos 77 , for this would merely be equi- 
valent to turning the whole system through 180*^ round the line 
joining the elements. AVe find therefore collecting these results 
a total force of attraction between the two elements dn' of 
amount 

dF = W ds ds' \ (A cos B cos 6^ + F sin 6 sin 6' cos 77 ) (11) 

and it remains to determine the coefficients A and B. 

Now applying the result of Ampere’s third experiment we 
resolve the force on ds into two components, one along ds, the 
other at right angles to it, and equate the integral of the former, 
taken round the circuit of ds^, to zero. Hence 

yy^ dsi^ j^QosWcQS B' ds'-i-B j ~ sin B cos 6 sin B' cos rjds'^i — 0 (IH) 

This expression can be transformed as follows. We have by 
geometry, if the coofdinates of the centres of tlie elements be 
2/j y'f 

- cos 6 — - cos d' = ^ . . . . (12) 

ds a.d ^ ^ 

and = (a; - A- (y — y')'^ + (25 — z')^. 

The last gives 

=: ^ r cos 6 == (j: — A" {y — y') + (-2 — A) — " • 

ds ^ ds as ^ ds 

and differentiating this with respect to A we get 

dr dr d'^r __ _ dxdx' dj/dy' /ion 

ds dA ^dsdA ds dA ds dA ds dA ^ 

where € is the angle between the elements ds, dA. 

But by (12) 

d^r dO d'B' 

r = r sin d — = r sin d' = — sin d sin S' cos 77 (14) 

dsdF ds ds / \ / 


since by geometry 


— r 
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ds’ 


d6’ 


ds 


cos 77 = sin B’ cos 77. 
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Therefore by (12) and (13) 

cos € = — cos d cos + sin d sin d' cos 7? . . (15) 

Substituting from (12) and (14) in (11^) and rearranging, we find 

- 4 «(- 5 ( 5 )>'] - 0 ■ <■«> 

The discussion of the mutual actions of the pairs of elements 
may be avoided and equation (16) proved, in the following 
manner. We have seen that the mutual action of ds and ds’ is 
equal to yy' ds ds'f(6, 6'^ e)lr\ where /(d, d', e) is a function of the 
relative positions to be determined. But by Ampere’s second 
experiment it is the sum of the forces between the elements ds^, 
and the three components dx, dy, dz, into which ds may be 
resolved. Hence/ (d, O', e) ds ds' =^Pdxds' dy ds' -f- R dx ds', 
or 

where P, Q, R depend only on the position of ds'. Thus /(d, d', e) 
is a linear homogeneous function of the direction cosines of ds ; 
and similarly it must be a linear homogeneous function of the 
direction cosines of ds'. To fulfil these conditions and involve e 
it must be made up of two parts, Adrjds . drjds'y J^r d^rjdsds', 
where A and B are constants. Hence Ampk*e’s third experiment 
gives 


^/(^, e,’ ( J)‘ g + 

which is equivalent to (16). 


The second integral in (16) vanishes when taken round the 
circuit of s', and we are left with the equation 


= 0 . . . . (16') 
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Now the integral in this equation does notin general vanish,* and 
therefore A — Hence substituting in (11), and using (15) 
we get 

dF ~ Byy^dsdfs' -i I cos e + ? cos 6 cos . . (17) 

Ampere’s expression for the action between the elements. j* 
Ampere assumed B to be equal to 1, which amounted to 
defining the unit of current as that current which flowing in the 
same direction in each of two parallel elements at unit distance 
apart gives unit force of attraction between them. We shall 
show that for agreement with the definition of unit current 
adopted above the value 2 must be given to B. Thus Ampere’s 
unit of current is 1/V2 of the electromagnetic unit of current 
now in ordinary use. 

Returning to equation (74) above for the mutual potential 
energy of two magnetic shells we are led, by the theorem of 
equivalence of currents and magnetic shells, to write for the 
mutual potential energy of two closed circuits 

E = _ yy'j^^ dsdn' J (18) 

We shall inquire what expression for the action between two 
elements can be deduced from the quantity on the right, and 
compare it with that given in (17). Substituting for cos e its 
value given by (13) and noticing that the integral of the complete 
differential dh'\dsds ^ . ds is zero, we get 
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E = 




1 dr dr 
ds ds' 


ds ds' 


■ ( 19 ) 


* This may he seen by considering the particular case of a circuit, 
formed by two perpendicular straight lines, and a circular arc joining 
their extremities, acting on an element ds at the centre of the circular 
arc and in line with one of the straight lines. If the radius of the 
circle he c, and the distance of ds from the straight line perpendicular 
to it be a, the portion of the integral contributed by the latter straight 
line is IjZa-a^^lZc^^ by the other straight line l/c~l/a, and by the 
circle zero. Hence the total integral is not zero. 

t In Ampk'e’s own formula the minus sign is prefixed to the second 
term. This arises from his using the supplementary angle to 

i F. Neumann gave - 77'dsd5'cos e/r as the mutual potential of the 
two elements. The corresponding expression in (19) is due to Weber. 
Either gives the same result for closed circuits as does Ampere’s 
formula. Thus the forces between the circuits may he found from 
(17), (18), or (19). The energy of the system is further discussed in 
Chap. IV. below. 

YOL. II. 
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Amph’e’s 

Expres- 

sion 

deduced 
from the 
Magnetic 
Shell 
Hieory. 


Now let the circuit of ds be slightly deformed in any way 
while that of ds is kept unchanged : r, dT\ds^ drjds'^ ds will be 
afiPected by the deformation. The change in E is dE, and by 
taking the variation of the right-hand side of (19), remembering 
that 

g dr __ dd7' dr dbs ^ _ dh' 

ds ds ds da ’ ds’ ds ’ 

we find 


fl dr 

* ds’ ds 


dhr , dr dhs' 


+ 


ds' ds 


_ r ri |r ^ ^ffl^±dSs. dA 

J J r ds' ds J J r ds ds' ) 


dsds' 


The last integral and the last term of the first integral cancel 
one another, and we have 


_ , r r/l dr dr ^ I dr ddr 1 dr ddr\, , . 

Integrating the last two terms by parts and rejecting the 
integrals, round the circuits, of perfect difierentials, we get 


w//i( 


dr dr 
ds ds' 


d’^r 


^jhrdsds' 


for the corresponding part of hB, Hence finally by (20) 

. . ( 21 ) 

which by (15) becomes 

J P 2 € + i cos d cos Q')hrdsds' . . (22) 

The interpretation of this result is an attraction of amount 
277' (cos € + f cos 6 cos between the elements ds^ ds' in the 
line joining them. This agrees with Ampere’s result and shows 
that the value of JS in (17) is 2. 

Having thus shown the equivalence of the two modes of 
regarding the mutual action of currents, we now give a very 
short account of the apparatus and experiments by which Weber 
investigated the subject. 



WEBER’S EXPERBIENTS 

Weber made his measurements of electromagnetic action by 
means of his electrodynamometer. This consisted of two circular 
coils, suspended by bifilar wires (which also conveyed the current) 
so as to be free to turn round a vertical axis, the other coil fixed 
and arranged so that by levelling the planes of its windings 
could be made vertical. The apparatus was in two forms: (1) 
with the movable coil suspended within the fixed coil, with the 
centres as nearly as may be coincident; (2) with the fixed 
and movable coils distinct so that they could be placed at any 
required distance from one another, and in any relative positions. 
Deflections of the movable coil were measured by the mirror and 
telescope method described above (Vol. L, p. 214). 

By the first experiment made by Weber it was proved that the 
electromagnetic action between the two currents varied as the 
square of the current strength. Apparatus (1) was used, and the 
fixed coil was set up with its axis perpendicular to, while that of 
the suspended coil was in, the magnetic meridian. Currents of 
different strengths were sent through the coils, and to prevent 
too great a deflection, the current through the suspended coil 
was reduced to 1 /246*26 of the whole current by a shunt of thick 
wire inserted between the terminals to which the bifilar wires were 
attached. A magnetometer with magnetized steel mirror in ai 
clamping covering of copper was set up north of the fixed coil, 
at a distance of 68*3 centimetres, and the tangents of the deflec- 
tions of this mirror (read by a telescope as in the other case) 
gave a comparative measure of the different currents used. The 
results shown in the following table were obtained ; and from 
these it will be seen that the mutual action between the systems 
was proportional to the square of the current, that is, to the 
product of the strengths of the two (equal) magnetic shells. 


No. of 
cells used. 

Comparative 
values of 
force between 
coils = A, 

Force on 
magnetometer 
needle in 
arbitrary units 
= J5. 

Force on needle 
found by 
formula 

6 '15534 

Diff. 

J5-515534V.4. 

3 

440*038 

108*426 

108*144 

- 0*282 

2 

198*255 

72*398 

72*389 

+ 0*191 

1 

50*915 

36*332 

36*786 

+ 0*454 


In another series of experiments Weber used the apparatus (2). 
The axis of the suspended coil was placed horizontal and parallel 
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\Yeber’s to tlie magnetic meridian, while the fixed coil was placed with its 
Expert- axis at right angles to the magnetic meridian, and its centre (1) 
nients, the magnetic north and south horizontal line, (2) in the 
magnetic east and west line through that of tlie suspended coil. 
Experiments were made in each case with distances between the 
centres, of respectively 0, 30, 40, 50, 60 centimetres. Tlie current 
from eight Bunsen’s cells was sent through both coils, and also 
through a coil set up about 8 metres from the fixed coil so as to 
act on the magnetometer referred to above, and through a 
reversing key, so arranged that the current through the sus- 
pended coil could be sent first in one and then in the opposite 
direction without altering its direction in the rest of the circuit. 
The object of thus reversing the current was to determine and 
allow for the turning moment of the earth’s magnetic field, when 
the axis of the suspended coil was deflected from the magnetic 
meridian. The corrected results of the experiments are shown in 
the table below, in which the second column for each series of 
positions gives the corresponding numerical values calculated by 
Ampere’s formula (17) above. 


Distance of 
centres 
of coils 
apart. 

Position of centres of coils. 

In magnetic east and west 
line. 

In magnetic nortli and south 
line. 

Couple 

observed. 

Couple 

calculated. 

Couple 

observed. 

Couple 

calculated. 

cms. 





; 0 

22960 

22680 

22960 

22680 

30 

189-93 

189-03 

-77-11 

-77-17 

1 40 

77*45 

77-79 

-34-77 

•-34*74 

i 50 

39-27 

39-.37 

-18-24 

-18-31 

60 

22-46 

22-64 

— 

— 


Here the results for the greater distances agree very fairly well 
w’ith calculation from Ampbre’s formula, and we have shown that 
Ampere’s formula and the magnetic shell theory give identical 
results. 
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It is to be remarked that in these experiments the two coils are Formulas 
not independent circuits ; but that they^may be so regarded is Applicable 
plain from the fact that the remaining portion of the circuit, if to Action 
the wires are close or twisted together, is of no effect since it can between 
be altered at pleasure without affecting the action between the 
coils, provided the current be maintained constant. meats of 

But the deflections d, 6' in the two cases agree closely for the , 

greater distances with the formulas Uirrent. 


tan 6 = ■ 


(■ + s>- 


tan 6' = • 




which express the action between two magnets of moments M, 
M'j in the “end-on” and “side-on” positions and at distances 
d apart, great in comparison with the dimensions of the 
magnets.* 

Elaborate experiments have also been made by Cazin, Boltz- 
mann, and others in veritication of the theory. For these the 
student should consult Wiedemann, Elehtricitilt^ Vol. HI. 

It is an experimental fact that the action between two long 
parallel conductors carrying currents is an attraction when the 
currents are in the same direction, and a repulsion when the 
currents are in opposite directions, and that if the conductors are 
not parallel there is attraction between them if the directions of 
the currents in the portions forming equal acute angles with one 
another are both towards or both from the shortest line joining 
the conductors, and repulsion if the direction of one is towards 
that line, and of the other from it We have not space here to 
go into calculations regarding such cases, but their general nature 
may easily be seen by considering the magnetic fields produced 
by the currents, and the consequent motions of the conductors 
according to the rules given above. In both cases the lines of 
force are closed curves surrounding each conductor, and it is 
obvious that if we consider each circuit completed by a return 
wire at a great distance, the magnetic induction through each 
will he increased or diminished by llie approach of the con- 
ductors if the currents are in the same direction, and diminished 
if they are in the opposite direction. The same will clearly be 
the case if the two conductors considered be parts of the same 
circuit. The action of a current in a straight conductor, on an 
element of a parallel conductor, is sliown in Fig. 34, which with 
the statements made above explains itself. 


Forces 

between 

Straight 

Con- 

ductors. 


See pp. 72 — 75 above 
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Applica- 
tion of 
Ampere’s 
Formula, 


to find Ac- 
tion of a 
Thin Sole- 
noid. 


We give here the application made by Ampere* of his formula 
to the calculation of the force on an element of a conductor, and 
the turning moment on a given finite conductor produced by a 
simple solenoidal electromagnet, that is, a succession of infinitely 
small circuits arranged equidistantly at infinitely short distances 
apart with their centres on, and their planes at right angles to a 
given curve, and carrying currents such that the product of the 
area of the circuit and the current strength is the same in each 
case. The solution of this problem is of the greatest importance 
in Ampere’s theory of magnetism, in which he supposes all 
effects of magnets to be produced "by currents flowing in mole- 
cular circuits within the body. We shall see that the arrange- 
ment specified above is equivalent to a uniformly magnetized 



magnet, having a strength of magnetic pole equal to the sum of 
the products of current and area for the circuits round unit length 
of the given curve forming their common axis. 

Let ds be an element of the closed circuit, and consider its 
action on an element ds^ of another conductor, the current being 
unity in each case. If the coordinates of ds he .r, y, and the 
origin be taken at the centre of ds\ the direction cosines of ds 
and r are dxlds^ dyjds^ dz/ds, and yjr. zjr respectively. The 
expression for the action between the elements may be written 


r- \ 


d^r , ^dr dr\ 

’’Wd? 


* “Th6orie des Pheiiomfenes electro-dynamiques,” Mimoires do 
VInstituty YI., 1823. The proof of Ampere/s formula, and the appli- 
cations here given, have been very elegantly treated by quaternion 
methods by Professor Tait : see his QicaternionSy 2nd edition, p. 249. 
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which by (14) becomes 


2dscy 




= ''Id^dsW'^h ^ (r*"i cos 6’). 
ds 

Hence the component of this action along the axis of ^ or dX 
is given by 


dX — 2dsds^r-lx^ (r-h cos 0') . 
ds 

But if X, jot, v be the direction cosines of ds' 


(23) 


cos 6' = X 1- yut'Z -|~ I/-. 

r r r 


Hence (23) becomes 


dX — 2dsds' - 


But 


'a[|{a(*' + » + “))] 

“■MO + %-!© + ';£(?))■ 

X d d lxy\ , 1 f di/ . dr\ 

y d A? J~ Is VTs j (■'*' Is )’ 


(24) 


and 


xd /A 
^ ds^ 


?6‘\rv dsxr^J H\ ds ds) 
Substituting in (24) we find 


dX = dsds 


+5 {-"S - ^S) 


■fi\ ds ' dsjl 


- (25) 


The first term disappears when integrated round the circuit of 
ds. Hence 


Compo- 
nents of 
Action of 
a Closed 
Circuit. 



136 


ELECTEOMAGKETIC THEORY 

Similarly we obtain 


(26) 


Ampere’s 
Directrix 
of Electro- 
Dynamic 
Action- 


Denoting the integrals (divested of the multipliers X, ji, v) in 
these expressions by A-, C, w^e have 

X = dsXfjiC - vB) '\ 

Y = ds\vA -\C)> (27) 

X = dd(kB — iiA) ) 


These equations give \X + fiY + vZ = 0, as they ought, since 
the component force along dd is zero. Their form also shows 
that the resultant force on dd is at right angles to the line the 
direction cosines of which are proportional to A, B, (7, that is, 
its direction is at right angles to the plane through dd and that 
line. The resultant of A, B, C, Ampere called the directrix. By 
comparison with (9) above we see that it is the magnetic 
induction at dd produced by the circuit. 

Equations of precisely the same form as (27) hold of course for 
any assemblage of circuits. In that case however A, B, C, are 
sums of integrals of the form given in (26). 

Compo- The component force in any plane maybe found as follows, 
nent Ac- Let <p be the angle between the given plane and the plane con- 
tion in taining dd and the directrix. Then clearly the angle which the 
resultant force, B, makes with the given' plane is 7r/2 — 0, and the 
Plane, component is R sin <p. Squaring equations (27) and adding wc 
find R = ds'D sin cd, where <o is the angle between dd and the 
directrix, and I) = ,JA^ + . 52 + If i/a be the angle between 
the directrix and the given plane, we get, by projecting unit 
distance along the directrix on a line at right angles to dd^ and 
then at right angles to the given plane, for the final projection 
the length sin <a sin (j>. But the same line projected directly 
gives sin yjr. Hence sin cd sin (/> = sin -v/r. The component force 
in the given plane is therefore ddB sin to sin </> = dd/J sin >/a. If 
d, c be the direction cosines of the normal to the given 
plane, sin — aAlD + hBjD + cCIDy and the component is 
dd{aA bB -Y cC), or ddU where 

U = cfA + bB + cC (28) 
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From this we obtain the remarkable result that the action in 
the given plane is independent of the direction of ds' if only the 
element lie in that plane. 

To apply the results found above to the problem of the 
solenoid, let the circuit be small and plane. The values of the 
components J, C can be calculated approximately for this case 
as follows. Let MFQNy Fig. 35, represent the circuit, and let it 



he cut by planes passing through the axis of z. Let two of these 
planes meet the circuit in il/iV, PQ, and Omn, Opq be their traces 
on the plane of x, y, meeting the projection of the circuit in mn, 
pq^ we have for C the equation 

<=’> 

taken round the circuit. Clearly this may be written 

c = (30) 

if a be the angle which Omn makes with O.r, and n the distance 
from 0 of the element of the projection corresponding to ds. 

Now since the circuit is small we may suppose the elements 
mp, nq, intercepted by the planes, to be at a small distance hn 


Calcula- 
tion of 
Result for 
a Small 
Circuit. 
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Calcula 
tion of 
Result for 
a Small 
Circuit 


Applica- 
tion of 
Result to 
Solenoid 


apart, corresponding to a small distance dr between the actual 
elements 3£F, NQ, We then find the value of C by calculating 
the sum of the contributions to it corresponding to the pairs of 
elements mp, nq of the projection on the plane of Mow 
taking the area swept out by the radius vector as positive when 
the end of the radius moves from m to p, and therefore negative 
when it moves from q to % and taking a between the extreme 
tangents drawn from 0 to the projection, we get 


(7 = 



{u + §//) 2 \ 
(r 


da 




( 31 ) 


Mow therefore dr — {^udu + ^d 2 )lr. Letting* 

fall a perpendicular OE from <9, on the plane of the circuit, and 
calling its length and its direction cosines I, we have 

OGr = hfn. But if EMS be drawn parallel to the plane of y, 
we have by the similar triangles MHG^ diji^z — OG) = dtiju. 
Hence dr — { 2^2 + z(z - kln)]dulur == — zhjn)dulur. Substi- 

tuting in (31), and taking mean values of r and z, which since 
the circuit is small, may be those for the mean point of the area, 
we have, if S be the area of the circuit 


and similarly 



(32) 


Now consider a solenoid, as defined above (p. 134), made up of 
such circuits uniformly arranged along a common axis, and such 
that the current and the area in each case have a constant 
infinitely small product; then taking the circuits as infinitely 
close, denoting by g the sum of the products per unit of lengtli 
of the axis, and by an element of the axis, we have gds for the 
sum of the products for the element ds. Hence, to find B, C 
for this part of the assemblage of circuits, we have to substitute 
gds for S in (32). Doing this, and denoting by A’, E, 6', the 
values of A, B, (7, for the whole assemblage of circuits, we 
have 
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Now we liave here 


(33) 


/, n = dxids, dyjds^ dzjds^ and h — xdxjds ydy Ids + zdzjds. 

Hence substituting and integrating from one end of the axis of 
the solenoid to the other, we find 



where the suffixes distinguish the values of the quantities for the 
two ends of the solenoid. 

These values of A', 6" are proportional to the direction 

cosines of the directrix for this case, and substituted in (27) give 
the components of the force on dd. It is evident that the force 
on ds‘ depends only on g and the positions of the ends of the 
solenoid. 

If the axis be a closed curve or extend to infinity in both 
directions, the values of C are zero, and hence by (27) the 

solenoid exerts no force on dd. 

If the axis extend to infinity in the direction of integration the 
first terms in (34) are zero, and we have 

i?' = — gyxlr-^, 6?' = - gzjr^ . (35) 

Substituting these values in (27) we see at once that the action 
is at right angles to the plane through ds' and the extremity of 
the solenoid. Let now the conductor be straight and infinitely 
extended in both directions. Then changing the origin to the 
extremity of the solenoid, taking as the plane of xg the plane 
through the conductor and the end of the solenoid, and the 
direction of the conductor as that of x, we find — gxjr^j 
B' = gyjr^^ (7' = 0, X = 1, ^ = v = 0. Hence the resultant 
force is = gds'al{a^ + .'i;-)f, where ^is the constant value of^. 
Writing dx for ds\ and integrating over the whole conductor 
from — cxD to + o=>, we find the value 2gla for the total force. 
Tliis result shows that the action between the conductor and the 
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Finite 
Solenoid 
equivalent 
to Two 
Singly In- 
finite 
Solenoids. 

Action of 
a Solenoid 
on a 
Finite 
Conductor, 


Turning 
Moment 
on Finite 
Conductor, 


depends 
only on 
Position c 
ends. 


extremity’’ of the solenoid is the same as that (p. 112) between 
the conductor and a magnetic pole of strength g. 

Returning to (35) it is clear that if we had another solenoid 
wdth value of g numerically the same but opposite in sign, and 
extending to infinity from the point .^ 2 , should have 

for it 

A' = gxjr^, B’ = C’ = gz^r^^ . . (36) 

and these two solenoids acting together would be equivalent to 
the finite solenoid already discussed. 

We can now consider the action of a finite solenoid on a 
conductor of finite length s' carrying a current of unit strength. 
The component forces on the element els' are by (27) and (34) 



If we no longer take the origin at ds'^ but transfer it to the 
extremity xi, yi, Zi of the solenoid, and take the line joining its 
ends as axis of .r, the calculation of the action on the conductor 
will be simplified. The coordinates of ds' are now — - yi, - Zi, 

which we shall write .r, y, z. If / be the numerical value of the 
distance between the ends of the solenoid, X 2 = — x ^ 1. Sub- 
stituting these in (37) with the values dx, dy.^ dz for \ds'^ ixds', vds'^ 
we get equations adapted to the calculation of the force com- 
ponents for the whole conductor. 

We shall apply these to find the moment tending to turn the 
conductor round the line joining the extremities of the solenoid. 
The moment, dM, of the forces on ds' is Zy ■— Yz. Calculating 
this by equations (37), modified as just described, we find after 
reduction 

where 6 . 2 ^ dj are the angles which the radii drawn from the 
extremities of the solenoid make with the axis of x. Integrating 
from one end of the conductor to the other, and distinguishing by 
accents the angles for the end where the integration terminates 
from the angles for the end at which it begins, we get finally 

31 = g (cos $'2 — cos — cos ^2 + cos 61 ) . (39) 
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This result, derived from Ampere’s formula, agrees with that 
which we should obtain from equation (8) above, by considering 
the solenoid as an infinitely thin uniformly magnetized bar magnet. 
The turning moment of such a magnet on the conductor may be 
obtained most simply as follows. The magnetic held of such a 
magnet may be regarded as produced by equal and opposite 
quantities of magnetism at its extremities. Take the line joining 
these as axis, and draw lines from the ends to an element ds of 
the conductor making with the positive direction of the axis the 
angles di, ^ 2 , and let the element make angles with these 
lines. First suppose tlie conductor wholly in a plane through tlie 
axis. Let tlie strength of each pole be m, then considering the 
action lirst of the positive pole (distant from the element), the 
force on the element is mth sin and its direction is at right 

angles to the plane in which the conductor lies. The moment of 
this force round the axis is therefore mds sin sin Simi- 

larly the other pole gives a moment — mds sin ^2 sin $ 2 /^ 2 * 
total moment is therefore mdi,(Qin 6^^ sin — sin 6l sin 4>^lu. 
But rdOJds == sin <f)i, r.^d6Jds == sin Hence the moinent 
may be written m (sin B^ddi — sin and the total moment 

is therefore 


m (cos ^'2 ““ — cos dg -f- cos . . . (40) 

which if m be taken equal to q agrees with the value given 
in (39). 

If the conductor ho not in a plane through the axis, we may 
resolve any element ds into two coinpononts—one in such a plane, 
the other at right angles to it. The latter component will be 
acted on by a force passing through the axis, and therefore 
having no momont round it. Each element having been thus 
dealt with, all the components in planes through the axis may by 
rotation round the axis be transferred without alteration of 
turning moinent to one such plane. They will therefore give a 
continuous curve in that plane, the values of dg? 
which are the same as for the actual conductor. 

By (40) and the equation of the lines of force of such a magnet, 
(18) Chap. I. above, wo obtain the following interesting result.l Let 
the lines of ibreo bo revolved round the magnet so as to generate 
coaxial surfaces. Then the turning moment on a conductor 
carrying a given current in the field of the magnet, is the same 
whatever be the length and position of the conductor provided it 
terminate in the same two of these surfaces. The moment is 
equal to the dilference of the parameters of these surfaces, and is 
therefore zero when both ends are on the same surface. 
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By the process just employed^ we can show that the moment 
on a conductor in the field of a single magnetic pole, tending to 
turn it round any axis through the pole, depends only on the 
position of its ends. For each element can be resolved into 
two components, one in a plane through the element and the 
axis, the other at right angles to that plane. The force on the 
latter passes through the axis, and gives no moment. The 
former gives (supposing current and pole both unity) a moment 
— sin ed6, where B is the angle which the line drawn to it from 
the pole makes with the axis, and dd is the change in B between 
the ends of the element, for this is the same both for the element 
and its component in the plane through the axis. Hence inte- 
grating along the conductor from to^ B^ we get cos B^ - cos 
for the total moment. This is zero if Bi = dg, that is if the 
circuit be closed. 

We obtain the same result for each of any number of magnetic 
poles, and hence if we have any number of magnetic poles in one 
line, the moment wliich they exert on an unclosed conductor in 
their field is '2dm cos {B 2 — ^ 1 ), the sum being taken for every 
element, dm^ of magnetism in the magnet.^ Hence for a closed 
circuit this sum is zero round the line in which the elements lie. 

It follows by equality of action and reaction that the couple 
which a straight linear distribution of magnetism experiences 
round its own line as axis, or that on a single pole round any 
axis, in consequence of the action of the current in a closed con- 
ductor in the corresponding field is zero. 

We can employ the result obtained above to find the equation 
of the lines of force of a uniformly magnetized magnet, or indeed 
of any straight linear distribution of magnetism. For let there 
be a single magnetic pole at a given point. Let the conductor 
be supposed made of flexible material, and to be held fixed at one 
end and laid along a line of force. Then let the other end be 
carried round the axis on which lies the magnetism, and be 
stretched and guided so as always to rest on the surface swept 
out by the line of force. No work is done against or by the 
action of the field, since the conductor is nowhere made to cut 
across lines of force. Hence for a single pole we have the equa- 
tion, cos B^ — cos ^2 == force is a straight 

line through the pole. In the same way we find for any as- 
semblage of poles in a straight line the equation of the lines of 
force 

2 (cos — cos dg) = const (41) 

It has been shown (p. 118 above) that an element of a circuit 
carrying a current in a magnetic field, in which the induction at 
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the element is B, is acted on by a force at right angles to the 
element and the direction of the magnetic induction, of amount 
By sin 6ds where ds is the length of the element, and d the 
angle between its direction and that of the magnetic induction. 
We may of course suppose the induction at the element to be 
due to a single magnetic pole of proper strength, and properly 
situated in a field of uniform permeability. The reaction of the 
element on the magnetic system in the general case, and in this 
on the pole will therefore be By sin 6ds. 

If we suppose the action on the element to be a single force 
of magnitude By sin 6ds applied at the element itself, the 
reaction on the pole will be an equal and opposite force at the 
element, and this is equivalent to an equal force at the pole and 
a couple. The moment of the integral couple due to the whole 
circuit is zero as has just been seen. We njay therefore use the 
elementary forces on unit pole to calculate the magnetic action 
of the circuit upon it, that is the magnetic field-intensity which 
the circuit there produces, with certainty that no action between 
the pole and the circuit will be neglected, although these, or any 
other terms which integrated round the circuit give a zero result, 
are left out of account. 

Thus we take as the intensity of the field produced at the pole 
Ky the element tlie expression By sin 6ds. But B is ^iK where 
H is tlie intensity of the field produced at the element by the 
pole, and if a spherical surface of radius r equal to the distance 
between the pole and element be described round the pole as 
centre, we shall have = 47r, or 


B = 


1 



. . (42) 


and Bysin0<is= y sin Ods/r^. The direction of this force is at 
right angles to the plane through the element and the line 
joining its centre to the pole. To specify the direction of tlie 
field-intensity due to an element let an observer be supposed 
immersed in the current in the element, so that it flows from 
his feet to his head, and have his face turned towards the pole, 
then the latter, if positive or north-seeking, will tend to move 
towards his right hand. 

It is to be observed that this result illustrates the fact stated 
at p. 116 above, that the action of a circuit on a magnetic pole 
and therefore on any other distribution of magnetism is in- 
dependent of the nature of the medium occupying the field. 

It also gives another definition of unit current (which may be 
compared with that given at p. 105), as that current which 
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flowing in a thin wire forming a circle of unit radius acts on a 
magnetic pole placed at the centre with unit force per unit 
length of the circumference. Since the forces due to all the 
Second elements are in the same direction, the force at the centre of a 
Definition circle of radius r carrying a current of strength y is 25y//r. 
of Unit current is therefore that current which flowing in a circle 
Unit of unit radius produces a magnetic field intensity at the centre 
Current, of 27r units. 



CHAPTER IV 


GENERAL TEEORY OF CURRENT INDUCTION AND 
ELECTROMAGNETIC ACTION 

Section I 

LAGRANGE^ S DYNAMICAL METHOD 

Since between a conductor canning a current and 
a magnet, or between two conductors carrying currents, 
mutual forces exist, we are constrained to admit that 
the system in eacb case is a dynamical system, that is 
to say is subject to ordinary dynamical laws. One 
general principle which we find fulfilled by all natural Laws 
systems is the law of Conservation of Energy. This is by Natural 
however not generally sufficient by itself to completely ^System, 
explain the properties of a material system, and we are tion of ' 
compelled to have recourse to the results of experience 
to supplement it. A case in point is the theory of Second 
thermodynamics. Here the foundation consists of the Q^enno- 
two so-called laws of thermodynamics, mz, the principle dynamics, 
of the Conservation of Energy applied to a system 
taking in and giving out heat, and doing work against 
external pressure ; and the famous second law founded 
on an axiom derived from experience. Whether the 
attempt to dispense with the second law of thermo- 
dynamics, by an appeal to the dynamical principle of 
Least Action, be successful or not, it will remain true 
that the law of Conservation of Energy is by itself 
insufficient to account for thermal phenomena. The 
VOL. II. L 
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same holds in other parts of physical science. The 
principle of Conservation of Energy does not in general 
suffice to enable the relations of which it is a con- 
sequence in any particular case to be deduced from it. 
In the electrical application we have to appeal to 
experience to guide us in forming an expression for the 
kinetic energy (or that part of the kinetic energy whiich 
comes within our cognizance by the outward effects of 
its variation) in each of the cases we have to consider ; 
and hence, by assuming that we have to deal with the 
mutual actions of the particles of a material system, 
deduce the actions between two mutually influencing 
circuits, or between different parts of a system of 
mutually influencing circuits and magnets. In the case 
of a circuit and a magnet this proceeding is valuable 
rather for the sake of comparison with that of two 
mutually influencing circuits ; since in the former case 
we have to reach the expression for the energy from 
the observed forces, instead of as in the latter finding 
the kinetic energy from general considerations, and 
deducing from that the forces between different parts 
of the system, and the electromotive forces in the 
circuits. 

In considering the motion of a material system we have to 
deal with a. body or number of bodies, the parts of which vary 
in configuration within certain limits, determined by the con- 
ditions which the connections of the system fulfil. Thus, for 
example, a simple disconnected particle is free to move in all 
directions, while another, constrained to remain in a straight 
groove in a fixed support, can only be displaced along the 
groove. These limitations of the motions of the different parts 
are expressed by certain equations, commonly called the kine- 
matical equations, which lay down the geometrical conditions 
which the coordinates of the different parts fulfil. From these 
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equations the same number of coordinates can be determined in 
terms of the remaining coordinates, so that the former are given 
in terms of the latter, which thus become the independent 
variables. The system is said to have as many degrees of 
freedom as there are of independent coordinates. For example, 
the kinematical conditions imposed on a rigid body prevent 
the different parts of the body from receiving any change of 
relative configuration. The body is however left free to move 
as a whole in any one of three mutually rectangular directions in 
space, or to revolve round any one of these lines as axis, or to 
undergo any displacement compounded of these motions of 
translation and of rotation. It lias therefore six degrees of 
freedom. Again, if a given point in the body, say, its centre of 
mass, be constrained to remain in a certain plane, this single 
kinematical condition limits the motion to rotation round some 
axis through the centre of mass, and to translation of the body 
as a whole along the given plane. Thus the equation of con- 
dition removes one of the degrees of freedom. 

Now Lagrange has given a method of expressing the motion 
of the body by just as many equations as there are degrees of 
freedom. The possible displacements of the body, whether 
translations or rotations, are indicated by variations of certain 
coordinates \j/, <p, &c., along each of which acts a force ” of 
corresponding nature given, as explained below, by proper reso- 
lution in that direction of the actual force system. The word 
^‘coordinate’’ has here an enlarged or generalised meaning, and 
the word “force” lias a corresponding range of interpretation. 
Its meaning is thus defined : — Let dxl/^ denote a displacement of 
the type -v/r, and let ^ denote the corresponding force. Then 
is the work (in the ordinary dynamical sense) done in the 
displacement supposed taking place alone. Thus if is an 
elementary rotation is a couple, if d\lr is a quantity of fluid 
past a cross-section in a pipe, ^ is the flowing pressure at the 
cross-section, and so on. 

This system of generalised coordinates and forces has 
been extended to phenomena outside the range of ordinary 
kinetics, for example to electricity and magnetism. Thus we 
are led to regard quantity of electricity, conducted past a given 
cross-section of a conductor, as a coordinate, and the electro- 
motive force producing the current as the corresponding force. 
Thus current is regarded as the rate of variation of the electric 
coordinate with the time. For this idea we are already prepared 
from what we know of the phenomena and energetics of electric 
currents. We shall return to its discussion after giving a short 
account of Lagrange’s dynamical method. 
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s We shall denote by B, &c., (jb, d, &c., the generalised 
coordinates and velocities of a material S 3 ’'stein at any time, and 
suppose these connected with the Cartesian coordinates 
^ 2 ) ^ 2 ? and the corresponding velocities .^ 2 , ^ 2 ? Hi 

of different points of the system, by the equations 




( 1 ) 


with similar equations for the other points. Here and in what 
follows the symbol 9 denotes partial differentiation with respect 
to any specified variable supposed explicitly appearing in given 
expressions for the quantities differentiated, while d is used to 
denote total differentials, and total differentiation with respect 
to an}^ variable. Thus equations (1) presuppose that 
Hi Hi can be expressed in terms of the generalised co- 

ordinates i//*, 0, 6, &c. without involving Ip', d:c. Now if 
^ 2 , &c. be the masses of particles having the coordinates 
H H) Hi Hi ''V® have for the kinetic energy 


T = 11,7/1 (^2 . 

Substituting from (1) in this equation we get 


( 2 ) 


T = ^ + &c, (3) 

where {-p, p), (p, p), &c. denote coefficients which are functions 
of the coordinates p, p, &c. Thus the kinetic energy is a homo- 
geneous quadratic function of the generalised velocities. 

-‘^ 1 ? ^ 11,^11 ^ 2 i ^ 2 i denote forces, according to the 

ordinary signification, which act on the particles m,, &c * 
then in any possible displacements bx^ by^, bz^, bx.,, biUy bz,,, 

01 these jparticles, the work done by the forces is 


Sr = l{Xbx + J% + Zbz) (4) 

Now by (1) 


&c. &c. &c. 



( 5 ) 
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Substituting from (5) in (4) and collecting terms we find 


dyjy' 




;)H+ (- 


1-^ + r.^ + F-^ 

d<p^ d<t> 0 ^ 


where 


+ &c.} 

= + &C. . . . 


( 6 ) 


m 


'dcj^ ' a 0 ' dcf>^ 

&c. &c. &c. j 

The time integral of any force ^ over any interval r we shall 
denote by so that we have 



Thus ^ is equal to the total momentum generated by the force 
in the time r. The use of the time-integral is, in general, con- 
fined to cases in which a finite change of momentum is produced 
in what may in the particular circumstances of the case be 
regarded as an infinitely short time. It is usual to say that then 
the force is an impulsive one ; and the time-integral is called the 
impulse of the force in the interval r. The work W done by an 
impulse is of course given by 

w 

Now let denote a value of intermediate between the 
velocity at the beginning of r and the velocity at the end, such 
that the work done is (yj/') . % If r be very small, (yjr) is the 
arithmetic mean between these two velocities. Eor let i be the 
time from the beginning to any instant of the interval t, the 
velocity at that instant is given by 

= -^0 + 

where yj/^ is the initial velocity, and 67 is a constant depending 
upon the conditions to which the coordinate is subject. It is to 
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be remarked that the effect of the impulsive force in altering- the 
velocity is given h}^ the second term on the right, only^ if the 
interval t is exceedingly short. If the interval is finite the 
system will after time t have moved from its initial configura- 
tion, and G in this case will be a variable quantity coming witliin 
the integration. Denoting the time-integral in the last equation 
fiy we have for the rate of working at time the value ^ 
X Hence the whole work done in the interval r is 

+ C'ti) ill = + cj 

= t'f'o + + %) ■ • (9> 


which proves the statement as to the value of (4r). 

The work done by the impulse may thus be written in the 
form Similarly if the other generalised component 

forces act, the whole work done will be 


^ + f (<^> + i^(p) + &c. 

Workdone Hence the work done in setting the system into motion from 
in Origin- I’^st is 

ating a ^ + &c.) 

given 

Motion and this is equal to the kinetic energy which the system has, 
from viz. 

Eest. 

T = I {{ylr, yj/) + ,+ 2 (<jf), (^yjr + (10) 

If &c., as here, be such as to produce from rest the given 
motion of the system, it is usual to denote the momenta which 
they produce by 77 , &c. Thus we have the equations 

I = >1^) + (0, ^ + &:c. j 

V = (p)i^ + (^, <^>) 0 + &c. > . (11) 

&c. &c. &c. ) 


Greneral- where of course ( 1 //*, 0) = (cj), yj /) ; &c. The quantities on the 
ised Com- right are called the components of momentum ; and are obtained 
ponents of from (10) by differentiation with respect to 0, 0, &c. Thus we 
Momen- have 

titm. ^ dT ar ^ ai' „ 




( 12 ) 
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By means of these equations another mode of expressing T which 
is very useful is obtained. Clearly dTJd^, &c. are linear func- 
tions of yj/', (p, &c. and tlie coefficients (^j/J (p), &c. Hence 

by equations (2) yjr, <p, &c. can be expressed as linear functions 
of Tj, &c. and the coefficients. Thus by substitution in (10) 
the kinetic energy can be expressed as a homogeneous quadratic- 
function of the components of momentum 77, &c. Denoting 

the kinetic energy, when thus expressed, by iw, we have 

Tm — + [^>5 + + -f* }■ (13) 

in which the coefficients are distinguished from those in the 
otlier expression by square brackets. Tm has been called the 
reciprocal f unction of T. 

Multiplying equations (12) by respectively, adding 

and remembering that T is a homogeneous function of the 
velocities of the second degree, we have 

+ + + (14) 

Hence denoting for clearness the kinetic energy expressed in 
terms of the velocities by Tv we may write 

+ ^ + + + . . . (15) 


Differentiating this expression for Trm remembering that 77, 
&c. are functions of yjr, <j), &c. given by (10), we find 

+ = -?A + f + + &C. 

dylr drj dy/ dyj/ dyj/- 

since £ = dT^ldyp. The equation just obtained gives 
d Tm • 9 Tvi 






dr] 


~ (pj See. 


(16) 


These equations give the velocities produced by impulses 
equal to rj, f, &c. when the kinetic energy is known in terms 
of the latter quantities. 

Again, (15) gives by differentiation with respect to any co- 
ordinate, yjr say, 


dTm , di 




dTv 




drj 
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wliicli by (16) becomes 


^Tm bTv (17) 

0 ^ 

This relation, which is very important, holds of course for every 
coordinate. 

It niaj’- be noted that the differentiation of (15), by which (17) 
is obtained, is performed upon Tm with respect to yjr regarded as 
occurring explicitly in Tm, and in which is £1 function of the 
velocities and coefficients of Tv given by (10). This amounts to 
partial differentiation of Tv with respect to yfr, and therefore yp-, 
&c. on the right of (15) are in this operation not regarded as 
fanctions of \l/‘. 

We may now establish Lagrange’s equations of motion. By 
the Second Law of Motion for a system of particles of masses 
<&c. we have the equations 


~ ^ 1 ) = Tg, &c. ^ . . . . (18) 

whore y, z, denote the component accelerations. If the 
X> articles are free AT, JT, Z, &c. are the components of the forces 
applied to the individual particles ; if they are not free, then 
these are the forces which actually produce the accelerations, 
that is the forces due to the externally applied forces and the 
constraints introduced by the connections of the system. From 
(IB) and (7) we obtain 


&c. j 


Now 



&c. 

&c. 


..d.v 

d 

d.v \ 



dt V 


have 



da; 

do; 

d d.v 

0i 

dyp 

” dir' 

dt d\p 

dyp' 


. d.v 

d 



“ dt 

V d^ 


. d d.v 
di d\p 


. d.v 


. ( 19 ) 


Hence 


. • (20) 
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Dealing in the same way with the other quantities on the left 
lin (19), and adding we find 

^ £ (i “ + 4o.) - (, ^ + fc) } 


■<S:c. 

■\Ve have therefore finally 

cld^_d_T 
(It dxj/' dyjr 

(It dcf) 

&c. I 

which are Lagrange’s celebrated equations of motion.* 

If the forces &c., have a potential F then ^ = - dVjd^^ 
4 > = - dFIdcp, &c., and since dFjd^ = 0, &c., we may, putting 
T - F^ write (21) in the form 

dt dyi/" d\jr 

i A -A 

dt d(p 

&c. i 

The meaning of the differential coefficients is to he here most 
•carefully observed, otherwise the reader to whom this subject is 
new may very readily fall into error. If tlie process given above 
be attentively examined it wull be seen that the substitution of 
dd'ldyjr for daldyj/, &c., in obtaining (20) presupposes d, &c. to be 
expressed as in (1). Thus we replace differentiation of any 
variable .'r, with respect to any one of the new independent 
variables, xj/ say, hy partial differentiation of d with respect to ■yjr 
^supposing d expressed as in (-1). This gives dT/dip' as the 


== 0 
== 0 


I 


( 22 ) 


ddT dr , ,,, 


■ &C. 


I 


Equation 


* This simple mode of deducing the equations of Lagrange from the 
•equations of motion of a free particle was given first I believe in 
'Thomson and Tait’s Natural Philosophy (second edition), vol. i. part i. 
p. 302. 
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equivalent of md'dx/dyp- + &c., where T is expressed, as in (3),. 
as a homogeneous quadratic function of the velocities obtained 
by taking the squares of equations (1). 

Again the reader should mark the substitution 

dd _ d d.T 
dxjr “ (U dyj/ 

This replaces the expression on the right by the partial dift-er- 
ential coefficient with respect to yj/^ of d expressed as in (1). 
This can be justified as follows. Writing for d.v/dyj/, we have 

dtdy^r dt 


But by (I) 


dyjr 




dw 


(j> + &Q. 


the value just found for dwjdt. Also by multiplying as^ 

just found, by the value of d as given in (1) we get the result of 
differentiating with respect to ^ the expression given in (3) 
for T. 

Meaning of It is important to notice that dTjd^j.Sic, in (21) are forces 
Terms in depending on the appearance of the coordinates in the co- 
Lagrange’s efficients of the terms of the value of T as given in (3) and 
Equations, therefore depend on the relations to which the coordinates are 
subjected. If- the particles are perfectly free and are referred to- 
Cartesian coordinates these forces are zero, since then the co- 
eflScients do not involve the coordinates. The second terms on 
the left in (21) express generally the external forces required on 
account of the geometrical relations of the system. 

It is also to be noted that these substitutions are not affected 
by the explicit appearance of the time i in the ecpiations con- 
necting tlie Cartesian with the generalised coordinates, and that 
the equations therefore hold for this case also. 

As stated above Lagrange’s equations are as many in number 
as there are coordinates left undetermined by the kinematical 
conditions, and the determination of the state of the system is 
reduced to the solution of these equations. It is very remarkable 
that these coordinates, as is evident from the process of deriva- 
tion given above, may be of any physical nature whatever, and 
connect the corresponding, physical state with the motions of 
particles composing the system. If we are given a sufficient 
number of kinematical equations Lagrange’s equations enable us 
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to determine an}’ required physical state of the system, although 
T\'e have no means of obtaining any knowledge of the actual 
motions of the parts of the system, from general considerations 
regarding which these equations have been deduced. 

Lagrange’s equations can be put into a remarkable form, due 
to Sir W. Rowan Hamilton, which is frequently more convenient. 
Recurring to the components of momentum 77 , <S:c. given by 
( 11 ) we see that 

£ clTy, _ £1 1 

Itl^~ 

&c. &C- j 

Hence using ( 21 ) and (17) vre have 

(It dyjr 

4- ^ = * 
d:c. &ts. 

These are Lagrange’s equations as modified by Hamilton. They 
express that the force applied in each case is equal to the time- 
rate of increase of the corresponding component of momentum, 
plus the rate of increase of the kinetic energy per unit of increase 
of the corresponding displacement. The term dTmld^ is in 
another form the force required to balance the force of type -jr 
arising from the kinematical conditions to which the system is 
subject, and the time-rate of gain of momentum is equal to the 
difference between this term and the applied force. 

To apply Lagrange’s equations to electrical and magnetic 
phenomena we have to consider what terms enter into the 
expression for the total kinetic energy :7’ of a system of current- 
carrying conductors. If we denote by r, &c. the generalised 
coordinates of the system of conductors irrespective of currents, 
and by ^|/', &c. the electrical coordinates, we might expect T 

to be made up of three parts given by the equations 

Ti = Ma + + i)Pq + 

^2 = + - • - - + (t. « ’W + - • ■ ■ 

^3 = (f)/’) iJ'P 4- • - • ■ 

so that Pj denotes the ordinary molar kinetic energy of the con- 
ductors, ^2 eleetrokinetic energy of the system, and ig the 
energy depending on products of velocities corresponding to the 
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ordinary coordinates, and velocities corresponding to the elec- 
trical coordinates. There is no reason to believe that the part 
exists,* and as we are not concerned with the part in electrical 
investigations, we have only to consider Tc^. 

The question at once arises: what are to be considered the 
electrical coordinates of the system ? Now all experience shows 
that the state of the system (that is the electric condition of the 
conductors and the electric and magnetic states of the field; 
remains unchanged, when the currents are kept constant, and 
the configuration of the conductors is maintained unaltered. 
Hence we are led at once to take the currents in the several 
conductors as yjr, 0, &c., and to conclude that the coefficients 
(yjr, ^|/'), ... (0, 0) ... in 5^2 depend only on the coordinates 
g, &c., which fix the configuration. 

In what has gone before we have regarded the energy of a 
magnetic field as potential energy ; but we shall now find that 
energy appearing, with changed sign, as the electrokinetic 
(mergy, or that part of it determined for us by the coordinates 
which we have adopted as fixing the state of the system. There 
is not here an}" contradiction, only a change of point of view. 
The fact is, that everything points to the conclusion that what 
we are in the habit of regarding as potential energy is really 
kinetic energy. Every increase of scientific knowdedge of matter 
furnishes additional proof that all its properties have their ex- 
planation in motion, and the conviction is being more and more 
forced upon every physical student that the ordinary division of 
energy into potential and kinetic results from our incomplete 
knowledge of the material system considered. If we had perfect 
knowledge of the coordinates of all the parts of the system at a 
given instant, and further knew fully the conditions to which 
these coordinates are subject, we should ipso facto be able to 
define the configuration at anytime of any portion of the system, 
and to state how at that time the whole kinetic energy is divided 
between that portion and the rest of the system. Thus the 
ordinary transformation of potential into kinetic energy, and 
vice versa^ is only a process of redistribution of kinetic energy 
between the different parts of the system. 

It can in fact be proved that if a dynamical system be specified 
partly by a certain group of position coordinates of type 0, and 
partly by velocities of other coordinates of type 0, so that the 
kinetic energy is the sum of two parts the first of which 

is expressed as a quadratic function of the velocities of type 0, 
and the other as a quadratic function of the momenta corre- 


On this point see Maxwell, El. and Mag. vol. ii. § 573. 



KJNOUATION OF CUOUDINATFH 


Hpoiuling’ tf) vtilututitmuf typt^ tho filtarution of tlu^ poHition 
(‘oortluiatoB will tak(^ placo junt an if tho wyst,(‘Ui had a quantit)^ 
of kinotio tinori^y 7*^, ami a quardity of pottaitial (‘iioixy 7'^. 
\Yi} HUppoHo that thoro in no potiaitial t?iior^y, no that if 7',/, ho tho 
(^u^iXy 7V oxprtiHHod in ttirnus of tho volocntit'H of typo wo 
havn fjy tapiationn, for tho motion eorroMpunduix to 

any c/>“Oour<iinato 


dd(n + n) jm + n) 

di Btji dtp 


Now* hy (17) ahovii 07'^%/> - Hinoo dT^/dtp 

^ 07’^; de/) -s(), wo may writo ('25) in tho form 

dd(n~~n) Bin ^ 

di dtp dtp .... 


or 


d dn Bn Bn 

di dtp dtp dtp 


whi<‘h ax***'*-*^ axaotly with the oquatimi xlvon by (22) abovo for 
(ho nnditm oorniapomUng to a ooordiaato wlmn tho potontial 
onorgy of tho i^yHtom in n. 

It iSiay bo romarktHl hero that If n quantity of potontial onorgy 
F oxiatod, thon writing 

1/ n-- n F » 

wai whcnthl hav© initoiid of (2ti) 


r/ a// ^ a// 

di d^ dtp 


m 


llonoo in tho oa«o in whioh tho kitmtb onorgy in oicproHNod in 
tonuH of volooitiw aorrofiponding to eortain ooonlinatoa and tin* 
momoiitii t'orr©»|K)ndiiig to oiirtain (dharw, wo can nao tho mudilicd 
Lagrangiiin fiinctkm // ifwtcad of and In prarlMCily tlio hiuih» 
wav. Thin viiry important thoorinu m duo to Itonth.* 

Tlw idiovo inviiifcigation ilmwa how witlicmt knowlttg one aot 
of wii oiin «iill oi:pri«8 the energy, anti lind tho 

tatuiitioni of mtition for thtMo ooordifiatoa wo do know, and wtdl 
iliuHlriittifi tho viinv anggontod that ordinary pf»tttnt{id oiit'rgy 1 h 


I^jnmitiun 
of (^)or- 
dinatt'H. 
Korin of 
bagr!in^a‘’H 
Ktpiations, 


Ignoratbn 
of Caor» 
dinatr«, 
llontli'n 
Mmlitiod 
Korni of 
tho 

Liigran- 

gliin 

Kuiiftioii. 


htMlUtj tf p. 6L 



158 


CUREENT INDUCTION AND ELECTROMAGNETIC ACTION 


Eleetro- 

kinetic 

Energy. 


General- 
ised Com- 
ponents of 
Electro- 
magnetic 
Mo- 
mentum : 


Or, Mag- 
netic In- 
ductions 
through, 
the 

Circuits. 


merely the kinetic energy corresponding to the ignored or 
unknown coordinates. 

We shall find however that the electrical and configurational 
coordinates of the system give an expression for the electrokinetic 
energy in terms of the current strengths, which completely 
accounts for all ordinary phenomena of the electromagnetic 
field. We assume according to the theory given above that 
the electrokinetic energy T is given by the equation 

T — ^ {L-y i/i + + ••• + -^2^2" 4* 

•in which we have adopted the notation for the currents 

in the circuits specified by the suffixes, and J/ig) &o. for the 
coefficients, which as stated above, involve only the configura- 
tional coordinates. W e shall see presently that Z^ Z 2 , &c. are what 
have been called the coefficients of self-induction for the different 
single circuits, and JZ^g, ilZia, M^Zi the coefficients of mutual 
induction for the pairs of circuits indicated by the suffixes. 

If we identify, as we shall presently, the electrokinetic energy 
with the intrinsic energy of the magnetic field as defined in 
Chap. III., but with its sign changed, and denote the magnetic 
inductions through the several circuits by W 2 , &c., we shall 
have the equation 

+ Nicole +...) . . ( 30 ) 

Hence by (70) we get 

iVi = = Ail + J/i2i2 + + + . . . ' I 

W2 = ^ = 3/21^1 + + -f + • • • [ 

Nh = ^T- = + 4/fcy2 "i" + + *•• 

oi/ii 


where ~ Mq-p. N^, N^, &c. are the generalised components 
of electromagnetic momentum for the system. 

If all the currents be zero except for example, then Nf^ be- 
comes so that Zjfc is the induction through the circuit 

numbered Z, per unit of its own current. Through the other 
circuits the inductions are respectively ^c. so that 

any one, say is the induction through the circuit ^, in con- 

sequence of the existence of the current in the circuit k Thus 
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Mik is tlie magnetic induction through the circuit i per unit of 
current in the circuit that is, it is what is called the coefficient 
of mutual induction between the two circuits. An expression by 
which 3Iih can be calculated is given bj’’ (18), p. 129 ; this is also 
available for the calculation of Li or Lh according as both ds and 
ds' are supposed to belong to the circuit i or the circuit k. Equation 
(18) shows that Mpq = which is also evident from the simple 
consideration, thiit when there are only two circuits and 
the mutual electrokinetic energy is proportional to each of the 
current strengths, and therefore to their product, and to a 
coefficient depending on the geometrical arrangement of the 
circuits. 

Using Lagrange’s equations of motion and introducing Lord 
Rayleigh’s Dissipation Function we have, since the coeffi- 
cients in T do not contain the coordinates y, for the impressed 
electromotive forces in the different circuits the typical equation 


But 


(32) 

(It d^k 
F = 


where Rh is the 
Plence 


resistance in the circuit indicated by the suffix k. 

=Ek- Jtjcp, ( 33 ) 


As an example let the system be composed of two circuits 
only ; and denote the currents in them by 7 ^, the respec- 
tive coefficients of self-induction (or the mductances of the 
circuits as it is now usual to call them) by Zg, and the co- 
efficient of mutual induction by M. For T we have the 
equation 

-f Z^ygS) . . . ( 29 ^ 


* See Lord Rayleigh’s uTlieoo'y of Soiond, vol. i. p. 78. The 
Dissipation Function is such that when differentiated with respect to 
a velocity taken as independent variable it gives the applied force 
required to overcome the dissipative resistance to motion. The time 
rate of dissipation of energy due to any dissipative force is the product 
of that force into the corresponding velocity. Since we know that the 
rate of dissipation of energy in any circuit is the form of the 

function is in the present case obvious. 


Case of 
Two 
Circuits 
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If A’l, ^ 2 , be the electromotive forces, ^2 “^be resistances., 
equation (dB) gives for this case 


E, - ‘i(L^, + My,)=E,y, 


. (33'> 


The electromotive forces of the type dNiddi are the parts of 
the impressed electromotive forces which are employed in 
working against the electromotive forces due to induction. Thus 
— dIT-kjdt is the type of the actual electromotive force due to 
induction. 

The inductive electromotive force is thus equal to the time-rate- 
of diminution of the electromagnetic momentum, and is a 
reaction against the applied electromotive force analogous to 
the inertia reaction of a particle against an applied force pro- 
ducing acceleration. It is such an inductive electromotive force 
which renders the rise or fall of the current in a circuit gradual 
when an external electromotive force is applied or removed. 

Again the forces which must be applied to work against the 
similarly reacting internal electromagnetic forces are 


diCi 


8^2 


&c. 


where .-Tg, &o. are coordinates determining the geometrical 
positions of the circuits. Thus the mutual electromagnetic forces 
having equal and opposite values to these, are equal to the corre- 
sponding space-rates of increase of the electrokinetic energy. 

The following dynamical illustrations of inductive action 
between two circuits have been suggested by Clerk Maxwell 
and Lord Rayleigh. They are exceedingly valuable as helping’ 
the mind to picture the kind of dynamical action which must 
go on in the medium surrounding the circuits. 

Maxwell constructed a dynamical model which is shown ii^ 
Fig. 36. Two equal vertical wheels a and 6 having a common axis- 
are bevelled and toothed so that an equal third wheel cis geared 
with them, and mounted as described below with its plane at 
right angles to that of a ox h. a is fast to the horizontal axle, 
which also has rigidly attached to it a cross of four bars of 
which two only are shown in the figure. These are furnished 
with sliding weights so that the moment of inertia of the cross 
may be altered at will. One arm of the cross forms an axle 
round which the wheel c turns freely. The wheel h is mounted 
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on a loose sleeve turning on the axle of a. A and B are two 
pulleys grooved and fitted with rope brakes so that any required 
resistance to their motion may be applied. A is fast to the axle 
of the wheel a, B to the sleeve also carrying li. In what follows 
we shall by the “wheel designate the whole system rigidly 
connected with the pulley A, and so on the other side by the 

wheel 

Tlie tlieory of this machine will form a good illustration of 
Lagrange^s dynamical method. The kinetic energy T is easily 
found. If A and B have angular velocities and &)2 iii the same 



Fro. 36 . 


direction, and a bo tbo radius of two equal circles round them 
which have contact with r, the tangential velocities of the two 
points of contact will,^o cui<r, The arithmetical mean of 

these must- clearly be the tangential velocity of the centre of 
the circle of contact of c. The angular velocity of tbo cross is 
thus mean of the aiigular 

velocities of the wheels. The angular velocity of the wheel c 
round its axis is clearly | since <2 is its radius. Putting 

then m/c% for the respective moments of inertia 

VOL. II. M 
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round their axes of the three wheels A, B, c, and the cross, 
we have 

T = 

-f- \{nil^ — 

Replacing the coefficients of < 0^(02 by Z^, Z 2 , 2M respec- 

tively, Ave get 

T = + 2JfG)i0i)2 + ^20)2^) 


which is of precisely the same form as that given above for the 
electrokinetic energy of the currents in two circuits. 

The wheels A and B correspond to the two mutually in- 
fluencing circuits, and their angular velocities to the currents in 
them, while Zi, Zg, M represent the coefficients of induction. 
The rotating arms and attached masses, carried round by the 
wheel Cy and forming the connecting link between A and j?, 
correspond to the medium in which the circuits are situated, 
and through which their mutual action is propagated. 

D 3 uiamical To make the analogy between the action of the mechanism 
Equations perfect, we shall suppose the resisting forces applied to A and 
of Model B to be proportional to the angular velocities. We shall there- 
analogous fore denote the resisting couple on A by Zicoj, and that on B by 
toEqua- where R 2 are constants. If then 0^, ©g denote the 

E^M F couples applied to A and Z, we have by Lagrange^s 

for Two eg.^ations 


Circuits. 


T. (-^2®2 Hh — 02 ^26)2 


. . (33") 


which mutatis mutandis are precisely the equations of inductive 
electromotive force (33') given above for two circuits. 

The interpretation of these equations is very simple. For 
example Mdcii 2 ldt is the applied force necessary to overcome the 
reaction on A produced by the acceleration in Z ; or in 

other words if this acceleration exist in Z, a force Md(ii 2 ldt must 
Analogue applied to A to prevent it from moving. Similarly for the 
of other wheel. 

“Make" Interesting conclusions can easily be deduced from equations 
Pri*- (33"), and the reader will do well to verify them by careful con- 
"•'^eration of the mechanism. First let ©2 = 0, and let the 
'•.em be started from rest by imparting a positive angular 
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acceleration by means of a couple to A. At the beginning 
<t »2 = 0 and therefore 


dcoi 


'2 + = 0 . 

dt dt 


Thus the angular acceleration of J? must be opposite to that of 
Aj and a negative angular velocity will begin to be generated in 
B. This will continue to increase so long as Mdoijdt is greater 
than numerical value, since ~ -^ 2^2 positive. At 

the beginning when coi = 0, daijdt is greatest, and da^ldt has its 
greatest negative value. The changes afterwards may best be 
studied by integrating equations (33"), which may be done by 
alternate elimination of coi and C 02 . Precisely similar equations 
[(65)] for the electric problem, are integrated on p. 180 below, and 
may be there studied. It will be seen that if be maintained 
constant, 002 rises to a maximum, and gradually dies away to 
zero as oji "approaches its steady value. The wheel A then 
rotates at constant speed while B remains at rest. 

This corresponds precisely to the gradual rise of the current 
in the primary circuit to its final steady value while the back' 
ward induced current in the secondary rises to a maximum and 
thereafter dies away to zero. 

If after the steady state has been reached A be retarded, it is 
clear from the differential equations that B will receive a 
forward acceleration dcojdt, and will acquire a velocity in the 
direction of motion of A, which, as A comes gradually to rest, 
will rise to a maximum, and then gradually die away to nothing. 
If A be suddenl}^ arrested the forward acceleration of B will, in 
consequence of the angular momentum of the rotating mass, be 
correspondingly great, and a great resisting force applied to B 
may be overcome. 

This corresponds precisely to what takes place when the 
primary circuit is broken. The electromotive force in the 
secondary circuit is greater the more sudden the break in the 
primary, and depends also on the nature of the circuits and 
their surroundings, in a manner which suggests some motion of 
the medium analogous to the angular momentum of the system 
set into motion by the bevel wheel c. 

Again, let the coefficient B 2 be so great that even with a very 
small value of ojg the value of i 22<»2 considerable, then dajjdt 
is comparatively small, and consequently by the first equation 
dcijdt has a much smaller positive value for the same applied 
couple than in the case in which A? has a considerable back- 
ward acceleration. The reason is of course that now the wheel 

M 2 
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Dynamical 
Analogue 
of Leyden 
Jar in 
Secondary. 


A cannot turn without carrying the massive cross with it. On 
the other hand, if the wheel A be stopped suddenly the stress 
thrown on B will be very great, and it will be forcibly moved 
forward. 

This corresponds to a very high resistance or air-break in the 
secondary, so that a spark is prevented when the circuit is com- 
pleted, while the sudden breaking of the circuit sends a current 
through a high resistance, and a spark across an air-space as in 
the secondary coil of an inductoriiim. 




Y 

Fig, 37. 


The charging and discharging of a Leyden jar in the secondary 
circuit may be represented by the mechanism. An arm attached 
to the wheel B bears at each turn upon a spring attached to the 
framework. This spring resists the motion of the wheel until 
the arm is released after turning through a certain angle. Thus 
if the' motion of A is sufficient the wheel B will be turned 
against the spring until the latter slips and recoils, while B runs 
on, to come round and repeat the same process so long as the 
acceleration of A endures. 

The bending of the spring is the analogue of the charging of 
the Leyden jar, the slip of a sudden discharge by a spark. The 
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amount of bending wliicli the spring is capable of sustaining 
before slipping answers to the capacity of the jar. If it is so 
great as to entirely prevent the slip, the deflection will attain a 
maximum, and then be gradually undone as the couple on B 
diminishes and the spring brings the wheel back. This is 
analogous to the silent -discharge of the jar by backward con- 
duction through the secondary coil connecting its coatings. 

Lord Rayleigh has employed Huyghens’ gearing (represented Lord 
in Fig. 37) instead of the differential gearing described above. Rayleigh's 
The two equal pulleys A, are loose on a round steel spindle. IhusU-n- 
Over them passes an endless cord which carries at its two bights u .> 

two equal movable pulleys D as shown. To these are attached 
equal weights A) B. This gives a system practically without '' 
potential energy, since whatever motion takes place, one of the 
weights must rise just as much as the other falls, and the 
weight of the cord may be neglected. 

The expression for the kinetic energy is of the same form as Dynamical 
before. Let m bo the mass of each movable pulley and attached Theory of 
weight, m'/jj- the moment of inertia round its axis of each of the Hl^stra- 
four pulleys, supposed here for simplicity all equal in every 
respect. Then if 6)^, C02 be the angular velocities of A and B, 
and a their common radius, the linear velocity of each weight 
is + 6)2), and the angular velocity of each of tlie pulleys rX-. i, 

C and T) is 4(<«i ~ 0)2). Hence for the kinetic energy 
whole system we have 

T = + <oi + rr ' 


or 


T = + Uilc^) (a)j.2 + + {ma^ 


OD 

C^“J 



Thus we have 




T 

— Ag = \ma^ 4- M = ma^ - 

f # 

and the same equations as in (33") above. 

The action of the apparatus is very similar to that of fep 
differential gearing, and we have the same analogies, ■^gmar 
velocities of A and B represent currents in the prij^py aif^ 
secondary circuits respectively. lYictional resistance ^^ ay^b^ 
applied to A and B to resist their motion as before, 
play the part of the resistances of the circuits. Y^tev^ 
friction there is at the bearings serves this purpose ‘^^far as 
it goes. ^ 



JP/iil. Mag. July 1890, p. 30. 
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D 3 mamica,l If the system be at rest a sudden motion of A in either direc- 
Analogues tion produces in consequence of the inertia of the masses JiJ, 
of simply a turning of their pulleys and a moving round of the 
“Make” cord, and therefore a backward motion of the pulley JS. As A 
and ^ goes on moving however, one weight rises and the other falls, 
“Break.” the attainment of sufficient velocity of the system as 

much cord is gained by the rise of one weight as is required for 
the fall of the other, and there is no motion of the cord on ii, 
which has come to rest. Thus we have the rise and gradual 
dying away of the induced current in the secondary as that in 
the primary attains its steady state. 

Again if A is suddenly stopped the masses (7 and 1) will go on 
moving, and the motion of the cord will be shifted to the pulley 
which will now turn in the same direction as A did formerly. 
This illustrates the induced current in the secondary on break of 
the primary. 

A condenser in the secondary may be represented as before by 
a spring pulled out by the pulley as it turns, and let slip when 
a certain amount of stretching (representing the capacity of the 
condenser) has been attained. 

Relation of We shall now investigate the relation between the coefficients 
Induction of self and mutual induction and the intrinsic energy (supposed 
CoefiQ- in Chap. III. above to be potential) of the system, as found by 
cients to the analogy between a circuit carrying a current and a magnetic 
Energy of shell. The value to be given to the energy on the assumption 
System. jg wholly kinetic will then immediately appear. 

Electro- It is a well-known experimental result that any variation of 
motive the current in a conductor, or any displacement or deformation 
Forces of of the circuit, produces an electromotive force in the circuit 
Induction, itself and in any neighbouring circuit. We shall suppose that 
these electromotive forces are, in the case of variation of the 
Self- current, proportional to the rate of variation, that is, considering 
Induction, circuit in which the current at any instant has strength yi, 
we suppose the electromotive force in the circuit itself to be 
Adyjdt, and in a neighbouring circuit Cdyjdi. A and C are 
coelficients which do not depend on the currents, but only on tlie 
configuration of the system. If yg be the current in tbe neigh- 
bouring circuit at tlie same instant" tlmn the electromotive forces 
due to the variation of the current in the second circuit are 
Bdyjdt in the second circuit itself, and C'dy^jdt in the first. 

The proof of the validity of all these assumptions is to he 
found in the cumulative evidence afforded by all the experi- 
ments which have been made on the effects of varying currents, 
and the agreement of the consequences of the theory with 
observed facts. 
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Again, it is found that if the first circuit be deformed so that 
A vanes, an electromotive force of amount y^dAjdt will, during 
the change, exist in the first, and, in like manner, if the second 
circuit be deformed, an electromotive force of ^monnt y^^dB ! dt 
will exist m the second. 

Let now the first circuit be held fixed and the second be 
displaced relatively to it, while the currents are not allowed to 
vary. The circuit being changed in position without alteration 
of the current, the coefficients C, C' are altered in a short 
interval of time, dif, by the respective amounts dC, dC\ We 
shall suppose that this gives rise to electromotive forces of 
amount y<idC{dt^ y-^dCjdt^ in the first and second circuits re- 
spectively. 

The existence of the two last electromotive forces might be 
inferred with a certain amount of probability from the first, by 
supposing the circuits and currents to be first completely given 
in some specified arrangement, then the currents to fade away in 
the given system while currents replacing them grow up in 
another system of circuits representing the former in its displaced 
or deformed state. 

^ Thus the inductive electromotive forces are : — in the first 
circuit 


or 



in the second circuit 


, dA , /^,dy^ , dC' 


{Jy^ + Cy ^ ; 


|(-Br.+ evO. 


These electromotive forces fall to be added to the impressed 
electromotive forces in the circuits. Thus we get, applying 
Ohm’s law, which we here assume as holding whatever the 
origin of the electromotive forces may be, 


A + |(^yi + C'-ii) = 


■ • ( 34 ) 


Now in the general case deformations and movements of the 
circuits take place under the action of external ponderomotive 
forces applied to the system, so that work is done by these forces 
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on the system, or by the system against these forces. The 
amount of this work is to be found as follows. Let E denote 
Analysis the quantity, called (p. 129 above) the potential energy of the 
of Energy system, which gives the internal ponderomotive forces on the 
of System, circuits ; then regarding the two currents as two mutually 
acting magnetic shells, we see, as in the case of the two mutually 
acting magnetic systems discussed at pp. 35, 36, that E is made 
up of three parts, one depending on the first circuit alone, 
another on the second circuit alone, and the third on the mutual 
action of the circuits. By the expression for the mutual 
potential energy given on p. 129 above we can easily see (and 
the proper expressions will he developed presently), that the 
parts of the energy due to the existence of the separate circuits 
apart from their mutual action, may be written \yiL\, 
where L\, L\ are coefficients depending only upon the configura- 
tion of the system. The mutual potential energy is y-^y^M' 
where — M' denotes the integral in (19), p. 129. The value of E 
is thus given by 

E = ML\ + + y,y,M' .... (35) 

Calcula- The work done by external forces in time di is equal to the 
tion of increase of potential energy, depending on deformation or dis- 
Work of placement, which takes place in that time, and is 
External ^ ^ ’ 

Forces and \y^dlj\ “f" yiY^d'^d.^ • 

Energy 

furnished (Of course if this expression is negative it really expresses 
by Genera- work done by the system against external forces.) Thus there 
tors in is furnished by the generators and external forces energy 
Circuits, amounting to 

^tion of 

Principle This is used in generating heat of which the dynamical equi- 
of Conser- valent is increasing the total intrinsic 

^Energy^ (potential) energy of the system by an amount £?E- Tims we get 

+ -^ 272 )^^ + + yidL\ + ly^^dM') 

= (%i" + + ^E. 

But substituting in this the value of {R^x + given 

by (34) we find 

\{^^dL\ + y^dL\ + ^y^^dW) 

= yi %. (^yi + + 72 J (-872 + + dE (36) 
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If the system be put through a complete cycle of changes of 
configuration and current, so that the physical state of the 
system at the end is the same as at the beginning, E must have 
the same value as before, that is, (££ is a perfect differential. 
We are at liberty to suppose that tlie cycle does not include any 
change of configuration, and in this case we have by the last 
equation 


- - (7i^ + y20)dyj_ + (y,B + y,C')dyo . . (37) 

The quantity on the left is a perfect differential, and therefore 
by the ordinary criterion 

^ (38) 

that is, the coefficient of induction of the first circuit on the 
second is equal to that of the second circuit on the first. Hence 
(37) integrated on the supposition that the configuration is not 
altered, gives 

- E = + iBy2^ + Cy^y^ • - ■ ■ (39) 

there being no constant or arbitrary function of integration, 
since E vanishes when and 73 ^-re zero. 

If now the configuration only varies 

— ^E ~ -|~ y^djB -}- 

Equating this value of — dE. to that given by (36) for the case 
in which are constant, we find 


y^dA + y^dB + 2yiy/7(7 = yi^V + 2yy4M\ 

H!ence 

dA = dU, dB = dL\. dC = dM\ 

Thus we conclude 

A = L\, B C^3r (40) 

since if we diminish the area embraced by each of the circuits 
A, and B, L\ vanish together, and as we separate the circuits 
towards an infinite distance apart C and M decrease together 
towards zero. 

We see now by equations (33) and (34) that if we suppose the 
energy electrokinetic we have only to put 

- E + constant (41) 
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and the typical Lagrangian equations (21) or (24) with tlie 
potential energy taken as zero will give the electromotive niui 
electromagnetic forces of the system. The value of the con- 
stant is not required and we may take it as zero if we please. 
Thus the value of the electrokinetic energy of the system may 
be regarded as simply - E. 

Equation (41) is in form apparently a statement of the con- 
servation of the energy of the system; but it is to be carefully 
noticed that it only furnishes a value of T which used in the 
Lagrangian equations with the value of the potential ener^J;'y 
taken as zero, gives dynamical equations expressing the results 
of experiment. 

It is clear from equations (33') and (34) and the results ex- 
pressed in (40) that 

= = .• . . (42) 

By the equivalence of a circuit and a magnetic shell, the 
expression for the magnetic induction through any circuit 
A due to a current in any other circuit B is given by 



where F, G-^ R are the components of vector potential produced 
by the current in B at an element of A, and the integration 
is taken round the circuit of A. 

If u, V, be the components of current in the first circuit as 
these are defined on p. 114 above, this equation may be written 

iV, = 1 f(Fu+ Gv+ IIw)dti .... (430 
7i J 

where dzi is an element of volume of the first conductor and tlie 
integration is extended throughout the whole space in which the 
current is not zero. 

By (50) and (51) of Chap. L above, (43) and therefore also 
(43') can be written 


= Taf (44) 

where d is the angle between two elements ds-^, ds^ of the respec- 
tive circuits, r the distance of these elements apart, and the in- 
tegration is taken round both circuits. Similarly we should 11 nd 
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for tlio ninp^netic induction J \^2 through B due to the current in A 
the equation 

-^2 = 71 j *1*2 (-tS) 

Those equations may be written 

Ni == 3fy2, = i/yi (46) 

if 

2f H f f (47) Ckaieral 

3 3 ^ Expres- 

i,r • 1,1 1 11 1 1 1 . n 1 sioiis for 


3f is what has been called above the coefficient of nautiial Coelfi- 
induction of the two circuits, and may be interpreted as the dents of 
magnetic induction througli either of tlie circuits due to unit Induction, 
current in the other. 1. Mutual 

The part of the electrokinetic energy which depends upon the Induction, 
existence of one current-carrying circuit in presence of the other 
is thus 

^^7172 = 7i72 J (4R) 

But the current in any one circuit produces a certain magnetic 
induction through its own circuit which may be calculated thus. 

Suppose the circuit to be built up of coincident iilaments each 
cotitaining an element of current dy, and consider the increase 
^/iVof magnetic induction through the previously existing circuit 
due. to the addition of a single such filament, we Inive 

dl^= f 4 + dlAf\ls 

3 \ ds ds d,sj 

or, since Vj = {ydxjds^ ydf[ds, ydzjds)! arm of crosa-'Sedion 

ytlN = j{udF + vdO + mlH)dti .... (49) 

Since all the filaments are coincident the components of vector 
potential at any element of the added filament due to the current 
in the previously existing circuit are H. Hence the in- 
duction through the filament is iV, and we have 
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or 


Ndy = J (Fda + Gdv + mzc)ds .... (50) 


But if be the electrokinetic enersfy so far as it depends upon 
this one circuit alone, and <5^7^ be the increase of 'J\ due to the 
addition of the filament carrying the current dy^ then since 
by (29') 

we find from (49) and (50) 


dT^ l{Ndy + ydN) 

= hj -h udF i- vdG + %odH)cldi 
= i ^d{F'u + (?B + Hte)dm. 


Hence 


y; = j /" {Fu + Gv + Hiv)ddi 


^ + ^ ; 

wis clb cls 




Here A, TI are the components of vector potential at any 
element ds of the circuit produced by the current in the circuit 


itself and therefore we can write 

T, = V// ^ (51) 

2. Self- where ds, ds', belong to the same circuit. Thus for the coefficient 
uduction. of self-induction we get 

Z=jJS2^dsds' (62) 


In Chapter VI. we shall proceed to. the calculation of the 
values of L and M for circuits of different forms and arrange- 
ment. 

The coefficient of self-induction for an}^ circuit may be defined 
as the coefficient of mutual induction between that circuit and a 
coincident circuit. It has therefore the value just given in (52) 
in which ds^ ds' are now to be taken as elements of the two 
coincident circuits and the integrations are performed round 
these circuits. 
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This idea of two coincident circuits gives an easy method of 
deducing from the expression for the mutual energy of two 
circuits the energy due to the existence of a single circuit alone. 
For let ds' be any two coincident elements of the two circuits' 
and ds\ any two other coincident elements, and y, y, the 
currents in the circuits. Then if the circuits be deformed, and 
still kept coincident, the alteration of the mutual energy will be 
yy'^m, in consequence of the action between the two elements 
dSy ds\^ and consequence of the action between the two 

elements ds', dsp where m ~ cos c = cos e dd dsj/?\. 

The whole alteration of energy is therefore yy'd(m + ??q) = 2yy'§»z, 
since obviously m = This gives 2y^dm if the currents be y 
in each case. 

On the other hand the alteration of energy due to the deform- 
ation of of these coincident circuits alone is y^dm, or half 

the former amount. Hence if the currents be equal the work 
done in establishing either circuit alone, or its intrinsic energy, is 
half that spent in establishing either in presence of the other. 
But the latter is 


yiJ’J = y’i. 

Hence the energy in the former case is Jy^A. 
From the value of JV given in the equations 



(53) 


Calcula- 
tion of the 
Values of 
j, a, K 
- in the 
General 
Case. 


which applies to two linear circuits (not necessarily of uniform 
cross-section) very important expressions for G, R can be 
deduced. Denoting by 2 ^', v\ tv% and da' components of current 
and the cross* section at (.-r', /, /) of the conductor carrying the 
current y', we can write the first equation in the form 


F 


r ds r ds r ds' 


dsd'Si’ 


where f?a}^(= dn' da') is an element of volume of the conductor, 
and the integration with respect to that conductor may therefore 
be taken as one throughout its volume. If then the circuit 
giving rise to F, G, JR at the point y, z) of the other be non- 
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linear, and we assume that it can be regarded as an assemblage 
of elementary circuits bounded by lines of flow, we have 



where % denotes summation of the integrals obtained for each 
elementary circuit. But clearly by integrating with respect to 
ddi'y taking the corresponding values of v', w' throughout the 
non-linear conductor, we get rid of the summation and find 



cU 


By comparison of this with the second value of JV given in 
(53) above, we obtain 

. . ( 54 ) 


where the integration is extended throughout all space in which 
the current (u', v', w') differs from zero. To each of the expres- 
sions under the integral sign in (54) might of course be added 
any term which gives a zero result when integrated round the 
circuit ; but it will not in any of the following developments of 
the subject of electromagnetism be found necessary to do so. 

In the case of a system of currents, however complex, pro- 
ducing the components jP, G, H of vector potential at the point 
{x, i/y z), the expressions (54) will evidently still hold, for we 
liave only to sum the values of each of these expressions as found 
for each circuit; and this is done equally by extending the 
integration throughout all space, taking at each point the actual 
values of the components u\ v\ w' there, due to the whole 
complex system. This system will include any circuit coinciding 
with that through which the magnetic induction is taken, and 
carrying any current, and this includes the latter circuit with the 
current which actually exists in it. Hence we drop the accents 
in (54) and write 

&=:jldss, . . . (55) 

General 'vhere w, v, lo denote the components of current at the element of 
/"alues ot volume dzi, and r the distance of that element from /r, y, z, and 
P, R the integrals are taken throughout the whole space in which 
for any currents exist. 
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The medium has been here supposed to have unit magnetic 
inductive capacity. If however the magnetic inductive capacity 
be /X (and be uniform throughout all space not at an infinite 
distance from the system) the equations become 

■ G = = . . (550 


II: the value of /x be different in different parts of the field these 
C(iuationa must be modified by the addition of integrals over the 
separating surfaces, but into these cases we cannot here enter.* 
It may be remarked however that in the case of continuous 
variations of fi from point to point, if the magnetization of the 
medium be lamellar and the medium fill the whole field, equations 
(55') still hold, v/hile they must be corrected by certain simple 
integrals over the separating surfaces when different parts of the 
field are filled by different media. 

By equations (5) p. 116, we have by differentiation and 
addition 


dii I I 9 m ; 

dy ^ 


(56) 


From this we can show that the values of F, G, II given in 
(56) fulfil the equation 


da: dy 



(57) 


To find the value of F at the point {x + dx, y, we may suppose 
the whole system of currents displaced through a distance dx in 
the opposite direction. This will bring the point {x + dx^ y, z) 
to coincidence with y, z)^ and the value of ¥ at the latter 
})oint will then be that previously existing for the former. 
But the values of u and ¥ at any point will have become 
n + dujdx ; dx^ and ¥ + dFjdx . dx respectively. In the same 
way we may deal with Q and H. Hence we have 
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See a paper by Prof. Schuster in the Phil. Mag. for July, 1891. 



176 


Two 
Unde- 
formabla 
Circuits : 
Change of 
Electro- 
kinetic 
Energy. 


Electro- 

magnetic 

work 

done. 


Whole 
Energy 
spent in 
any change 
accounted 
for. 


CUREENT INDUCTIOlSr AND ELECTROMAGNETIC ACTION 


4 - 4 - 4 - 

ds dy dz jr 


^ ¥zj 




0 (5S) 


It is to be noticed that, if (56) do not hold in any space, 
(57) will not either. In general (56) does hold (and the current 
therefore is analogous to the flow of an incompressible fluid), but 
there are exceptional cases in which it does not. Eor example it 
does not hold throughout any portion of space enclosing a 
critical point, such as a source, or place where electricity is 
supposed to be generated, or a sink, where electricity is supposed 
to be destroyed. The corrections however in such cases are 
easily made. 

We shall now illustrate the dynamical theory set forth above 
by applying it to a few important particular cases. 

First take the case of two circuits specitied above by equations 
(29') and (33'). 

We shall suppose the circuits rigid so that Xi, are invari- 
able. Then if the circuits be subjected only to those changes 
which take place from their mutual action, and dT be the change 
in r which takes place in a small interval of time dt 


dX == -CiVirfyi + + y^dyi) + y-cf^dM + Xjy/yj (59) 

If a typical coordinate x, fixing the relative positions of the 
circuits (say in the case of two plane circuits maintained parallel 
to one another, the distance between them) be altered at the same 
time by an amount dx^ the work done by electromagnetic forces 
has the value dTjdx . dx. Calling this dPF, and putting dM for 
the corresponding change in M, we obtain 

dJF = y-^y^dM (60) 

This work is spent in producing kinetic energy in the displaced 
conductors, or if these are not free, in moving them against 
external resistance, or in both ways. 

The work done by the impressed electromotive forces over 
and above that dissipated is 

(A'l - Hiydyidi + (Aj - 

which by (33') has the value 

+ 72 ^ 71 ) + ly^^dM + L^y^dyo 

or by (59) and (60) the value dT +• dfF, so that the energy is all 
accounted for. 
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^ Ihus tlie impressed electromotive forces working against tlie 
inductive electromotive forces do* an amount of work which is 
accounted for by an increase dT of the electrokinetic energ}-, 
and an amount of workc?7>r done in displacing the circuits. The 
former quantity dT may be separated into two parts, (1) the 
work done against the inductive electromotive foroes which 
depend only on changes of the currents, and (2) an increase of 
electrokinetic energy^ amounting to y^y<^dM arising through 
alteration of the relative positions of the circuits. If the con- 
ductors are displaced from rest to rest again, so that y^^ have 
resiiined their steady values dy^ — 0, dy^^ — 0, and the energy 
tiirnished by the batteries is 2y-^y^dM of which one-half is ac- 
counted for in dT, the other in dlV which has its equivalent in 
work done against the external resistance by which the con- 
ductors were brought to rest. This result was published by Sir 
William Thomson in 1851. 

According to Ampke’s theory of magnetism each molecule of 
a magnetized body is supposed to be the seat of a current of 
electricity which flows in an infinitesimal circuit. When the 
positive faces of these circuits are turned in a common direction, 
or, if one direction preponderates, the circuits produce by their 
cuinbined influence a magnetic field, the intensity of which is 
finite in amount. If the arrangement of the molecules of the 
body remains unchanged, and the currents in them are unaltered, 
the resulting magnetic field is constant. 

Since there is supposed to be no progressive change in the 
internal state of a body permanently magnetized, and there is no 
experimental evidence of such a change, there is neither con- 
Humption nor production of energy in any of these circuits, so 
that both the electromotive force and the resistance in each are 
supposed to be zero. A theory of electric currents will be 
developed presently, which will throw some light on the state of 
the medium within the magnetized body in relation to these 
currents : at present we shall take Amp^re^s theory for granted. 

Let us, then, consider as another application of the dynamical 
theory, the case of the mutual action of an ordinary circuit and a 
magnetic shell. As we have seen (p. 104) a magnetic shell is 
equivalent to a current of strength equal to that of the shell 
circulating round its edge. Hence putting y^ for this current, 
and T\ == 0, 7^2 == have instead of (330 above 

I . . . . (61) 

l(Z2y, + i/yO = 0 ) 
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CUKUKNT IKIUH'TION AND KLKCTiUKMA(;NliTJO ACTION 


Ah ijcfuiv \V(^ Mippt»siu|i; 1‘U .Ln iiivuriuhlo, 

(/'/'■. /.,■)/, '/yi + ■>/(y-"'yi + + ^-ay-y^yii 1 /(•,.>•) 

'Ill'-- yiy/-ii- / 

Tins energy funnHhed hy the battery w 


A^yp/yj + .^/yp/y*i + yi7-/d/ 

.•ni<l hy th<‘ other eireiiit nu entu'gy in gjvern But, inultiplieti l»y 
y,, tht‘ Heeuiul of (hi) given 


Tims 


Lr/yfy.^ 4“ 4'* 

^/r /.jyp/yi *+• 3/yp/y.j 


and (IT + fHF in ugaiu exaetly eipial to tho whole energy 
furniHlu‘d l)y the haltrny. 

If tlie {'ImngeH ans (‘Htiunited for the Hyntein when brought to 
rant, ss 0. The other eurrent y.j dooH not, however, reinuin 
eouHtant, and wa havt^ to intpiire whnt in itn effect njuni the 
inngiH't. We know tluit the mouiant of a hanl ninguot in not 
mudouHly altered hy a <UH|daeentent |)roduoad hy the nintiiul 
forecH when ih imxhu'ate in uniount ; ainl the sninU ultarutiou 
gtuiarnlly tdmerviul ih opponite to that which would 1)0 produi*ed 
hy the iuduelive ehiingf^ in y.^. We are hul to eunehide tlmt y.^, 
on whielu ueeortling to AinpiU'e’H theory, tho intonHity <ff magnet- 
izutiiui dapendn, inunt remain practically coiiHtant. Writing, 
th(U}, tin* K(‘con<l of (01) in th<» form 


4“ d/yi Lny-J 

wlu*.re y'u in the initial current hchu'c the magnet wan hnmglit 
into the fudd of tho circuit, we Ht*e that if tho dymunituU tlu’ury 
in applieahlo to thm cane, MyJL^ muKt !m a (juantity nmali In 
caunpariHon with yh. Thin given dy,^ a Ninall cpnintity oi' tho 
Hccuml order, ainl nmkoH the value of dy\ the change in tln^ 
electrokinetie (Uiergy, depend only on the term Aiyp/yi, whi<'h in 
'/oro If the HyHlem in nut iti relative motion. TIuib the fact, tlmt 
the mtschanical value of a eurrtmt in a (*on<luctor in not aff<‘cted 
hy bringing penananent magnctH into itn mughhourhood, in imt 
contradicted ly the clynamical theory, if tlm HtippoHiiioii here 
nmde an to the value of J/yj/A| ia actually true. 

In HUi^port of tluH Huppumtion we have the coriHideratiou tliat 
it leadn to the rcHult, prohabla on oilier groundi4, that the numher 
of molecular circihtH in an ordinary magnet in exceedingly great. 
Let tiH HUppoHc tlmt, iimtoad of a Kimple magnetic ahell, wo Imve 
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a Holonoid luado up of equal distinct circuits, in each of which a 
current y Hows. If the number of circuits per unit of length be 
n., the coefficient of self-induction is (Chap. V.) Airn^J, where A 
is the area of the circuit, and the total induction through the 
solenoid (neglecting the effect of its ends) is if I be its 

length. If the circuit carrying the current consist of turns 
of wire closely surrounding the solenoid, the induction through 
it and the solenoid is (Chap, VI.) AitnalyAn Thus the maximum 
value of J/’ is ^Ttii\)!A. Thus wo get J//Zo = n'jiilj that is the 
ratio, which the theory indicates must be vanisliingly small, is 
(npial to tlie ratio of the number of turns in the circuit to the 
number of cirenits in the solenoid. 

It is also necessary, us we shall see below, in order that the 
Ampbreaa curronts may give an iiuluctivo magnetization in iron 
agreeing with experiment, that the self-induction of each mole- 
cular circuit be groat, that is AjL.j. must bo small. If the current 
ilow in a ring channel this condition, as IVIaxwell* has pointed 
out, may be fulhllod by supposing the radius li of the mean line 
of the channel great in comparison with r the radius of tlie 
channel, since depends on log IHr (see Chap. VI.). 

Considering next the case of two mutually acting magnetic 
shells ; we have the same expressions for (IT and dW as in (62), 
l)Ut equation (01) becomes, since now ^ 0, = 0. 

hyi’hi + = o 

l-fy-i'hi + — 0 . 

Tims Hubstituling in (62) we lind 

r/r = (63) 

which is 0 (pial and opposite to the work done by the electro- 
mnguetio forces in moving the conductors. Thus the electro- 
magnetic work (lone on the conductors is at the expense of the 
t*kHd,rokinetic energy of the system. 

We consider next the march of the current in two mutually 
indiicmcing circiiitB invariable in form and position. The equa- 
tions are by (38') 

iyj -j- 3/ :^^ + _ A' = 0 ) 

; > ■ ■ ■ («) 
'-'??+ + 

m. and Ma<j. voL ii. § 844. 

N 2 
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These may be written 

f , V . . . (65) 

<'4 

Oporathi;:!; on the lirst equation by + iih, and ou the 

Heeoncl by Mdjdt^ and subtracting we get 

(/n/>o - ilP)—; + {LJh + AAy % + - 0 (G6) 

f Dif- “ 

uatioiis solution of this e([uatiun is 

11(^1 — l'\ == “f* (67) 

where a, /3, are the roots of the quadratic 

(XiZa - + AZ?2).r + == 0 . (68) 

By eliminating in the same way yi from (65) wo should obtain 
an equation for precisely similar to (66). Hence 

1^272 - ^'1 = 

*i(.''he roots of the quadratic (68) are both real, eiuce 

{LJL, - 

or which is the same 

(ZiA\ 2 + 4A\)- > 4(Z,Z, - :i/-)AiAV 

Neither of the currents can ever become infinite, so that a and 
^ must both be negative as well us real. The necessary con- 
dition for this is 

Xiii’2 + > {(/lA*, + LJ{,Y - 4( AiZ, - -V^)Aiii’2}4 

which is true if Z 1 Z .2 > ilA This we shall see later is always 
the case. 

We suppose now that both circuits are closed at the saim^ 
instant, which is taken as the siero of reckoning for t. Thus we 
must have when Z = 0, yi = 0, y.^ = 0, and therefore (67) and 
(69) become 

- E, = A, + B,, ~ - A. + IL. ' 
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PEIMARY AND SECONDARY INDUCTION COILS 
Hence (67) and (69) maj’ be written 

Riji ~ ^i(l - eP«) 4- A^ieo-t - em) 1 

Rm = R^O- - + Y2(f«* - €^i) J ■ ■ ■ 


(70) 


By calculating dyjclt, dyjdt from these last equations, substi- 
tilting m (65) and putting if = 0 we could determine A-^ and U. 
It will however be simpler to determine these coefficients for 
cadi particular case to which we apply the equations obtained. 

^ One very important case is that of a primary and secondary 
circuit, the former of which includes a battery of electromotive 
force the latter no electromotive force. W^e shall suppose that 
the first of equations (65), (70) refer to the primary current, and 
the second of these, with = Oj to the secondary circuit. 

Putting = 0 in (70) differentiating and substituting in (65) 
we get, for ^ = 0 


0 


which -give 


•/ = ^ {r 4- ^2^1 \ 

a-ar ^ Xlij-Il/s/ 
, E 

a'- (3 ijDs - .1/2 


(71) 


We can now find the whole quantity of electricity which flows 
through the secondary circuit at the completion of the primary. 
For by the second of (70) 


/ CO ^00 

jodt = Jo = Ao — 

0 " 0 






But referring to the quadratic which determines a, we see 
tliat a/3 = {L-Jj 2 - Hence substituting the value of 

Ai^ from (71) in the last equation we find 



E. E 

A 


(72) 


It is to be noticed that the integration is taken from 0 to oo, 
to cover the whole variable period of the current, although as a 
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matter of fact tlie current in the primary has become constant, 
and the secondary current has ceased, in a very short time as 
compared with anj" ordinary interval. 

The result in (72) can be at once obtained by direct integration 
of the second of (65). For if y be the final constant value of y^ 
we have 

M-i 4- 1., f + /.*„ r yJt = 0 

0 dt 0 " 

and since 70 =* 0 both when / = 0, and when t = cc^ and 
y = this gives 
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M 


K If 


as before. 

Tlie whole quantity of electricity which xiasses in the secondary 
conductor when the primary circuit is broken can also be obtained 
by direct integration. In this case the primary current is initially 
7 and finally 0, the secondary both finally and initially 0, and 
instead of the last result we get 



M 

III 


JL IL' 

B, • 


(73) 


Thus the quantity of electricity which passes at break is equal 
and opposite to that which passes when the circuit is made. 

If the break of the primary circuit occupies a time t we have 


M r % (It + /« r % <tt + r = o 

J 0 d/‘ 0 J 0 

or - My + L.y. + A = 0 . . . . (74) 

0 


Install- If the break take place so quickly as to be practically instan- 
tauooius taneous the third term will be zero in the last expression, and the 
Break, value of the current in the secondary at the end of the break 
will be 

72 = ^y 

The current thus rises quickly in the secondary to this value, and 
then gradually dies away, the energy being consumed in pro- 
ducing heat By (290 above the energy initially is 



ALTERNATE CURRENT TRANSFORMER WITHOUT IRON 


183 


and at any time when the current is yg is ^£ 272 ^- The rate at 
which the energy is being dissipated in heatls^Ay.,-.. Hence we 
have 

4fe+j>,r.-o. 

Integrating this and remembering that the initial value of 7 ., is 
y^[j hi have 


M E -i-t 




(76) 


which gives the mode in which the current dies out. 

A very important practical case is that in which the electro- 
motive force B in the primary circuit is a periodic function of the 
time. We shall suppose that the function is a single harmonic 
term sin nt^ and that there is, ns before, no electromotive 
force in the other circuit. By (33') the equations are 


Z/At + M'^- + Rai = E, sin ni) 

i/i. + ,„4. + . 0 j 


(77) 


To eliminate y^ we operate as before on the first of these by 
7ih + h/Ijdt^ and on the second by Mdjdti and subtract. The 
resulting equation is 
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hi. 


dir 


a ^ sin {nt - e) 


where 


sin ^ = - ny(li% + 1 

coae= RJiR^ + nUi^)n 


(78) 


(79) 


and for brevity ti, are put for 

RJtJ{LJ:,_ - M 2 ), Et,{Ri + - 3P), respectively. 

A particular solution of (78) is 


?! = /*! sin (ni - B^) 


(80) 


Solution 
of Dif- 
ferential 
Equations. 



184 


CURRENT INDUCTION AND ELECTROMAGNETIC ACTION 


Current in 
Primary 
Circuit. 


Current in 
Secondary 
Circuit. 


Phase- 

Difference 

between 

Primary 


where and are given by the equations (found by substituting 
from (80) in (78) and equating coefficients of sin nt, cos nt^ on the 
two sides of the resulting equation) 

^ tan e + an I .... (81) 

Hence if ^ be as before the roots of the quadratic 
+ a.v + 

the complete solution of (72) is 

71 = -h ^ sin {7it - ^i) (82) 

Similarly by operating on the second of (77) with + L^dldi^ 
and on the hrst with Mdjdt, and subtracting the first result from 
the second, we get 

where have the same values as before, and <?2 = Bq2J7iI 

{LiL^ — If^). Since this equation is derivable from (78)^ by 
putting 72 for 71, for <?i, and 7r/2 for the solution is obtained 
at once thorn (80), (81), and (82) by making the corresponding 
changes. Thus we get 


7o — -f- J]c}€^^ -]-* sin (jit — <9o) 

{( 62 - + 

where 


m 

Since a and /3 are negative the exponential terms in (82) and 
(84) are only effective for a short time after the circuits are 
closed, or after some change takes place in the impressed electro- 
motive force. Except in these circumstances, therefore, they 
may be neglected. 

By inspection of equations (78), (82), (83), (84), or by direct cal- 
culation from (81) and (84), we see that the difference of phase, 
between the primarj^ and secondary cuiTents, is 7r/2 — e. 

If we put If = 0, in the first of (77), that is, if we suppose the 
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primary aud secondary currents without mutual influence, that 
equation becomes 


L 


1 


dt 


+ A'lyi = -£*0 sin nt 


(85) 


of which the solution is obtained by the method pursued above, 
p. 183, for the solution of (78), and is 

^ t E 

where L . (^86) 

tan 6 = ^ r 

Ai ; 

This result is of course also deducible from (82) by putting 
J/ = 0 in that equation. It is of great importance in the theory 
of alternating machines. It is hardly necessary to remark that 
if M = 0, the current is always zero in the secondary circuit. 

In consequence of self-induction the phase of tlie current in 
(86) differs by S from that of the electromotive force, and the 
resistance is virtually (though not really) increased from to 
The latter quantity is now very commonly called 
tlie impedance of the circuit. 

The result of (86) enables us to state the effect of the 
presence of the secondary circuit on the current in the primary 
in a very simple manner, due to Clerk Maxwell.* Inserting in 
(82) the values of a, and c-y, and attending only to the 
harmonic term, we can ■write the equation in the form 


71 


sin {lit — dj) 




(87) 


Thus the resistance has been virtually increased by the amount 
n^JSnU\{R^ + and the self-induction virtually diminished 

by the~amount 

Similarly, we see by (84) and"* (86) that the current in the 
secondary circuit is the same as if the circuit were independent 
and contained a harmonic electromotive force of maximum 


and 
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Currents. 
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Virtual 
Resistance 
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* “A Dynamical Theory of the Electromagnetic Field,” MaxwelPs 
CollcQtcd Papers, p. 547, qv Phil. Trans. R.S. vol. civ. (1865). 
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amount -f- and liad a resistance + nHPR^j 

{Ri^ -f- n-L^), and a self-induction R — n‘^IPLil{R-^ -f n^L^). 

Auutlier important case is that of a number ot conductors each 
having- self-induction, but without mutual induction, joined so as 
to form a multiple arc between two points J, B, of a circuit in 
which is a simple harmonic electromotive force.* 

We may suppose that a simple harmonic difference of potential 
is applied to the points A, B. If the inductances and resistances 
of the different circuits be A 2 , • - • ^ A * • • ? 

the currents in the different conductors at an instant at which the 
impressed difference of potential in sin nt are given by the 
o<] nations 

at 

■ df 


In%+ Bnyn= 

(If 


By (8G) the solution of the typical equation 

j/h. + Ry = sin nf 
(If ^ ^ 


where 


— y/e ^ iSin {nt - e) 


tan e — 


^0. 

n' 


. (89) 


Using tills solution in each of (88) and adding the values of 
■y, we get (neglecting the exponential terms) for the total current 
at time t the equation 

\ ,sin(n/-«) . . . (90) 


* Lord Rayleigh, BMl, Mag. 1886. 
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I£ now we put 


R' 


nil 




It 


1K^ + 




nL 


7?2 -p ^2/2 




(00) may bo written in the form 

^ at'-- 

where 


'^y = sin {nt -6)^ 

^ (Rf- + rrL'^^)^ 


tan e = ^ 
R' 


. ( 01 ) 


By the principle of continuity this must be the current in the 
main conductor connected to A and R, 

Comparing this result with (86) or (89) we see that the total 
current is the same as if the point A^ R, were joined by a single 
conductor of resistance R' and inductance R. We may call these 
the equivalent resistance and inductance of the multiple arc. 
The angle S measures in angle the lag in phase of the total 
current in the main conductor behind the impressed difference of 
potential. 

Another important case is that of a condenser. charged to any 
given potential, and then discharged by having its plates con- 
nected by a wire of given inductance L and resistance 11. Let 
the capacity of the condenser be 6> the difference of potential 
between its plates at time and the current at the same 
instant y. We shall suppose that the current has the same value 
at each instant at all parts of the conducting wire, although this 
will not be the case in a coil so arranged that the adjacent parts 
are at considerably different potentials, and have therefore 
sensible electrostatic capacities. The energy of the distribution 
on the plates is \ OV^^ and that of the current in the connecting 
wire Hence the total electrical energy is 'hCV^ + -?,Zy-. 

The rate of diminution of this must be equal to the" rate at vdiich 
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energy is dissipated in the form of heat in the circuit, 
we have 


ClZ 


Hence 


or since y = — CdP'/dt 

+ r = 0 (92) 

dt 


Solution 
for Non- 
Oscillatory 
Discharge. 


The solution of this equation is 




2L 




_JL(rt2 


. (93) 


which if the exponents within the brackets are real represents a 
discharge continually progressing towards equalization of the 
potentials of the plates. 

Solution If the exponents are imaginary, which will be the case if 
for < 4:Lj the solution becomes 

Oscillatory __ 

TOscliarge. T = . .4 cos (i . ^ - h . . (94) 

\ 2 tlj 0 J 


where A and e are constants to be determined from the initial 
circumstances. For example if 7^ = and dV\dt = 0, when 
^ = 0, we have 


= V, 

tan e = 


1 - GR^ / 


R^G 


(4i - C«2)i 


■ (95) 


Thus we have the very remarkable result that the discharge is 
oscillatory with a period of magnitude T = ^’kL! ^ ^LjO — if 
the inductance L is sufficiently great, and with a diminishing 
amplitude the logarithmic decrement of which is RTI4:L. The 
current is zero when the difference of potential is a maximum or 
minimum, since then dVIdt = 0. 

That the discharge might be oscillatory in certain cases, that 
is, that the condenser might become charged alternately positive 
and negative many times in succession was suggested by 
Helmholtz in his famous essay Die Erlialtung der Kraft from 
certain anomalous phenomena of magnetization produced by 
Leyden jar discharges. The above theory is practically that 
given in 1857 by Sir William Thomson, who at the same time 
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sug-gcsted, that it might be tested by examining* in a rotating* 
. mirror the image of a spark imodnced by the discharge of a 
Leyden jar. This was done by Feddersen and the theory com- 
pletely verified in 1859,* A short account of his and other 
experiments on transient currents, proving* the validity of the 
theory stated above, will be given later. 

It is to be noticed that in the investigation given above the 
energy of the initially charged condenser is supposed to be 
gradually dissipated in Imat produced in the conductor joining* 
the plates. It has been found by Hertz that when an oscillatory 
discharge thus takes place, there is a radiation of energy into the 
surrounding medium, which theory indicates must at a consider- 
able distance from the condenser travel outwards with the 
velocity of light. No account of such radiation is taken here. 
The whole subject will be dealt with iu a later chapter. 


Pogg, Ami. Vol. lOS, (1859) and Vols. 112 and 113 (ISGl). 
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CHAPTER V 

aENEEAL ELEOTROMAGNETia THEORY 


Section I 

IJSfDUGTl VE ELECTROMOTIVE FORCES IN A CONTINUOUS 
MEDIUM. ELECTROMAGNETIC THEORY OF LIGHT 


We now proceed to tlie determination of inductive electro- 
motive forces, first, in the circuit of a conductor, second, in a 
continuous medium. If Nj^ denote total magnetic induction 
through the circuit we have seen (p. 159 above) that the electro- 
motive force in the circuit is - INj^jcIt. We have by (49) of 
Chap. T. above 

^ 1 : = / = j 

Now the value of Nj^ may be altered in two ways : — (1) by 
motion of the circuit ; (2) by variation of the currents in the 
circuits producing the magnetic induction. The currents being 
expressed in terms of the time, the time-rate of the latter 
variation has the value 



since while it is taking place we suppose ch'/ds, &o. to be 
constant. 

To calculate the time-rate of variation of Nj^ due to motion of 
the circuit, let the resultant velocity of any element ds of the 
circuit be (j, with components .-r, y, z. If 6 be the angle between 
the positive direction of B and the direction of motion of ds, the 
direction cosines of a line at right angles to both ^ and B are 
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//i — fV/ (\r ffz (tjf ~ /a/' 

vB Hiu tfB sin yB sin 

and tlio }K)sitivc diivotiuu oT this line is that in which a right- 
han(h‘d serew wnuld advance, if the handle were turned round 
i) from the direction B to the direction q. llcncc the revolved 



part ih' of at right angles to the plane of B Juul y, is 
given hy 

,/B Hi.i + 1 

The vclocdty with which this conipoiumt cuts nonually across 
the lines of juagnetic; induction is ysln^; and lienco for the 
lime-rate of tlm variation of duo to the motion of </«, wc 
have 

By sin -• ~ rS 

Thus for the total time-rate of vuriution of A';, we get iinally 
the equation 


wdiore 


dF 

a-v/r 

07 

d.f 

da 

a^//> 

a? ” ” 

0// 

dll 

dxlr 

d i 

d7 , „ 


Kquatit 
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in which for the sake of generality the components ~ 0^/3.r, 
— of a single valued function — -v/r of the 

coordinates have been introduced. They contribute nothing to 
the integral in (4), which is taken round the circuit, yj/' may be 
taken as the potential of any electrostatic distribution which may 
exist in the field. 

jP, Q, i2, are called the components of the electromotive force 
at the element ds. We shall denote their resultant by E, and 
ask the reader to carefully distinguish between it and the line 
integral of electromotive force round a circuit, which is com- 
monly called the electromotive force in the circuit. We shall 
denote the latter by E. The direction of the electromotive force 
E, at ds, is that of the current which it tends to produce. Thus 
when a portion of a circuit is displaced in consequence of the 
mutual action of the current and the magnetic field the direction 
of the electromotive force is such that the current is diminished. 
Simple example, let the circuit consist of a pair of parallel 

Cases of CD, bridged across at one end by a fixed conductor, 

Induction, and elsewhere by a movable cross-bar or slider EF^ and let a 
1. Rails current flow round in the direction of the arrows. Let also to 
and Slider fix the ideas the plane of the rails be horizontal, and the direc- 
in 

Uniform 
Field, 


Fig. 39. 


tion of the magnetic indpction be upward. Then the slider if 
free to move will do so towards BD, and the resulting electro- 
motive force will tend to produce a current in the opposite 
direction to that shown by the arrows. 

If the slider be at right angles to the rails, and have a length 
/ from rail to rail, and a velocity Vy and B be the (uniform) value 
of the induction, the time-rate of change of the total induction 
through the circuit is Blv, and this is the line integral, E, of the 
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^'It'ctroniotivo force round th(>i cinniit". If <h be an elenicrit of 
Kui^'th ol file nlider, r jh tlio integral electromotive force in 
(/^•) HO tlint Be iH the value of E at the clement. 

It Ik to ho (>hH(‘.rv(Hl that the <‘.xprcHHion Iiore given for tlic 
total (d(H;tromotiv{^ force p] in completes, and includen the elf cot 
not only of change of the part of the total magnetic; induction 
through tin; cinmit due to current-H in other eireuitn, but also of 
the part of tin; induct, ion dno to the current in the circuit moved. 
TIuh latter part will In; z(;ro if there be no current in the dis- 
phiee<l circuit in<le|n;iident of induction. If then a portion of 
tin; cinuiit In; moved l)y ext<;nial force in any direction the 
<;lt;(;tromotiv(; forct; H<;t up will produce a current in the ojjpoHite 
dinad.ion to that wlUndi ilowing in the<ir(‘uit would have produced 
hy miitual axdion tin; motion of the (dcnnuit. 

In tin; preceding Htattuncuit the ind\ic.tion thioiigh a cU>K(nl 
cinuiit liUH Innui r<;gardt'd aH undergoing variation. It in not 
howevi;r nec(;HHary for the production of electromotive force nt a 
inunt, that. th(;r(; nhould In; a cIuhcmI conducting circuitj nor that 
any actual curn;nt. Hhould flow. \Vher<;v(;r a portion of matter, 
wheiinu' (Hunliuding or innulating, in in motion in a. magnetic 
Ihdd, in Hindi a manner that it cutH aeroHH ]in(;H of magnetic 
fortM% there inductive t;h;(dr<miotive force Ih produced. If the 
moving Hulmtunce in a portion of a linear <;ondu{‘tor, a diiTerein’e 
of potential lnd.W(;en itn extremiticH iHprodnciHl, whicdi it in always 
conHiHUmt with <;xneri(‘nee to take an the line-integral of E along 
the coinlmdor. ThiH ditlerence of potential of eourne teinlH to 
prothun; a backward (‘urrent in the eotnluctor, and thuH to annul 
itMclf. An eh‘cin<; Held in thuH produced which Ih maintaim;d hy 
the. induct iv(; action. 

A Himph; hut very important cane of thiH kind in furniHlnul hy 
a mtaal ‘link H]uin rouinl an nxin ho that itH jdam; cutH acroHH the 
linen of magmdic induction. If the diHk he circular and Kpin 
round ilH trcntri; with its plane at right anglcH to tin; magnetic 
imlnction B, HuppoHcd uniform, a difference of potential will he 
pr<Hluc(*d h<d.W(;cn itn centre and itn edge, which can he meaHured 
hy mcaiiH of a HuHicimitly Hminitivi; eleetronudm-. If w be the 
angular velocity, and r the railiuH of the dine the value of E at 
a point on any ratlluH at a diHtaiu-e from the (‘entro in ?r:rB. 
Hmict; tin; total dillVrence of pot(;ntial hclwcmi the centre and 
the ourer <;xtrmnity of the radniH \h 

ifcB f — A«;B/*“. 

J 0 

Or, if p he the velocity of the rim of the dink, the dilferenco of 
potential between the rim and the centre in A^vB, 

VOL. II. 
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With the disk in this state no work is spent in driving it 
beyond that expended in OA^ercoming friction. If however the 
value of B is not the same at every point of the disk, internal 
currents will be set up in the metal, the mutual action between 
which and the magnetic field will oppose tlie motion. Thus 
energy Avill be consumed in driving the disk across the lines- of 
induction in the field, and this will have its equivalent in heht 
produced in the metal. For 'example, very marked heating 
effects can be produced in a copper disk by placing it so that a 
portion of it only, between the centre and one part of the rim, is 
in an intense magnetic field, and rotating it rapidly in that 
position. 

If an external circuit be arranged by connecting one end of a 
wire to the edge of the disk the other to its centre, a current 
will flow for wliich E will have the value ^vr'B just found, and 
the resistance will be the sum of the resistances of the wire and 


the disk. The latter would in an actual case be difficult to 
reckon, as the current would spread laterally in the disk about 
the radial portion connecting the contacts, and would depend on 
the positions and nature of the contacts themselves. 

But if an electromotive force equal and opposite to that due 
to the rotation be placed in the wire, the current will be reduced 
to zero, and the latter electromotive force will be obtainable in 
absolute units by calculation from the rotation and other cir- 
cumstances of the disk. This process has been applied to the 
determination of resistances in absolute measure (see Chap. XII.). 

On the equations (5) above of electromotive force. Clerk 
Maxwell has based a very remarkable theory of the propagation 
of disturbance in the electromagnetic field. It will be con- 
venient to give a short statement of this theory here, reserving 
an account of its recent experimental verification by Hertz to a 
later chapter. 

We suppose the medium to be at rest and to be isotropic, and 
assume that the equations of electromotive force (5) hold at every 
point of it. Then at any point 


P =- 

i? = - 


dF _ 

~dl dx 

0.S ; 


(G) 


Maxwell assumes that the true curient at any point of the 
medium, supposed partially conducting, is made up of tw-o parts, 
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one the true conduction current (comparatively small in a good 
insulator), the otlier (comparatively small in a good conductor) 
the time-rate of variation there of the electric displacement. If 
E be the electromotive force at the point the electric displace- 
ment there is taken as in the direction of E, and as having the 
value A'E/47r where K is the specific inductive capacity of the 
medium. Thus the components of the electric displacement are 




( 7 ) 


Hence the components of the displacement current are 
given by 


9 = k = rs. 


Att 


Att 


( 8 ) 


where the Newtonian finxional notation is adopted for brevity 
to denote time-rate of variation of a quantity at a given 'point. 
The components of the conduction current at the point in 
question are /^P, IcR where h is the specific conductivity of 
the medium. The components of the total current are therefore 


v = kq+^q 
K 

w =• /cR -j- ^ jR 


(9) 


By (6), and assurnlng that d^jdxj &g. are independent of the 
time, and tlierefore play no part in periodic phenomena, we may 
write 


u = — JcF — r- P 

47r 

V hG — G 
An 

w = -m-rH 
An 


( 10 ) 


But assuming that displacement currents produce magnetic 
effects according to the same laws as those which hold for 
ordinary conduction currents, we have by (5) of Chapter II. and 
(50) of Chapter I., since a = pa, &c. 

0 2 
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4iriJiU ~ 


dc 

dy 


dz 


^ 1 

(da 


a fdF 

dE\ 

d1/ 

\ d.v 

- 

dy) 

1 

1 

|fO 

i 

dx) 


= ^ ( 11 ) 


where J denotes dF/dn: + dGjdy + dHjdz, and usual the 

operator + 07%^ + d'^jdz^. Similar equations are found 

in the same way for v and w. Thus we have the three equations 
of currents 

•- 4 ( 5 '^’®)! 
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Equating these values of u, v, to those given in (10) 
we tind 


, jdJ3[. r- 7 ‘>TT 


djr\ 

doj 

dj 

3y( 

dJ 

dz , 


• • (13) 


These are MaxwelPs differential equations of propagation of an 
electromagnetic disturbance of any type.* 

Discussion It is easy to see that the quantity J which appears in them 
as to must be zero in the case of a periodic (listurbance. For equations 
of (13) differentiated with respect to a;, y, z, and added give 

4^Mf+irMjf=0 (14) 


of which the solution is 

/= (7+ G'exp. (~47ri?r7Ar) .... (15) 


* JPhil. Tram. JK. S. vol. civ. (1865), or Reprint of Scientific Papers, 
vol. i. p. 678 ; also EL and Mag. vol. ii. p. 396 (Sec. Ed.). 
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But if F, G, are periodic functions J must also be a periodic 
function, which is inconsistent with (15). J must therefore be 
zero. When h — 0, that is, when the medium is an insulator, 
the solution of (14) has the form 

/= c+at 


and thus again if F, 6r, are periodic functions J must be zero. 
Thus in the propagation of periodic disturbances the terms in- 
volving J in equations (13) may be disregarded. We might of 
course iDy equation (57) of Chapter IV. have taken I to be zero 
at once, since we have assumed all the laws of induction 
established above to hold in wholly or partially insulating 
media. 

If F, 0, II be solutions of equations (13) their differential 
coefficients of any given order, and any linear function of these 
linear differential coefficients, are also solutions. It will be 
useful to verify this for the value of a given by (50) of Chapter I. 
We shall thereby obtain the differential equation for the pro- 
pagation of magnetic induction. We have 


. , . ,9 /9ir 


ha 

dz 


) 




Hence adding and rearranging we get 
. da . ^ 


^ d 
~ 

^ \hy dz} 


I. by (13) 




f) 


= VV. 

Thus we have the three equations 

,da . dy-a ™ ^ 


( 16 ) 


Differen- 

tial 

Equations 
of Propa- 
gation of 
Magnetic 
Induction. 



198 


GENERAL ELECTROMAGNETIC THEORY 


Again the first of equations (9) differentiated with respect to 
the time gives 

. irrk • .. 

^=-Kf + f 

and the first of (12) gives likewise since / — 0, 


Differen- if we suppose that = 0, at every point considered. 

tial Thus we have 
Equations 

gation of ^ ^ 

Electric and 

“fiT' («') 


which are the differential equations of propagation of electric 
displacement and therefore also of electromotive force. 

We select equations (13) for solution and suppose a periodic 
disturbance produced in the field to he propagated along the 
axis of z, and the wave front at each instant to be a plane 
perpendicular to the axis of z. These conditions render //, 
independent of x and y, and since therefore 

dz'^ dz dz\dx by) 
the equations become 


Solution 
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These equations have the periodic solution 

{Fy G) = (i^Qj exp. i{mz — m) , . . . (18) 

where i ~ V — 1, and is the period of vibration. Substi- 

tuting in the differential equation, we find the equation of 
condition 

- n^XfJL — ^Trkfijii — 0 . 

Thus since we suppose n to be real, is essentially a complex 
number, and therefore so also is m. If we write m — q — joi 
we get by squaring and equating real and imaginary parts 

^2 _ ^2 _ pq = — 27r/cfiu. 

From these equations, remembering that^^ must be a positive 
quantity since jp is real, we obtain after reduction 

nsfjJLc , r 

P^- sJk^ + - KY 

I /^C\\ 

? = v'a:^ + + k]^ 

where the positive sign is to be given to the radicals in each 
case, and p is made negative for the reason stated below. Thus 
the solution becomes 

{F, G) = (Ji, i5o) exp. i[{q - pi)z - nt\ , 

= G^ exp. pz exp. i{qz nt) . . (20) 

We are only concerned w'ith the real part of (20) and hence 

(F, O') — (Fq, G^ exp. ^ 2 : cos [pz — nt) . . (20^ 

Thus the zero of time is so chosen that Gq are the maximum 
values of P\ G, at the point 2 : = 0. 

If the disturbance is not to increase in intensity as it travels 
out from the source p must be taken negative, and thus q is 
positive. Hence for the wave length X, and velocity of propa- 
gation F the values are obtained 

X = ‘i.Ttjq = ( >/a' 2 -I- 16ir2A^//<2 + 

r=nlq= l/|^ ( _|. i(3„2^o/„2 + i')i| 
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and for tlie ratio, at a given time, of the amplitude at any point 
+ X to the amplitude at any point 2 :, 


exp.^A = exp. 


2rr{s/K'^ + — .K)^ 

+ A')^ 


• - ( 22 ) 


Perfectly From these results we see that the wave length and velocity 
Insulating of propagation are less, and the rate of diminution of arnplitnde 
Isotropic with distance from the source is greater, the greater the cou- 
Medium. diictivity, other things remaining the same. 

Further if /c = 0, that is if the medium is an insulator, wo 
have 


0, q ~ n\/ A'fi, ^ — 


A) 


. (23) 
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Tn this case the electric displacement and magnetic induction 
agree in phase, while the displacement current and magnetic in- 
duction dijSEer in phase by a quarter period. 

We obtain of course similar solutions for the propagation of 
electric displacement and magnetic induction. For the case 
supposed of a plane wave advancing parallel to s, we may, (if we 
put z= 0 for each quantity separately, so as to coincide with a 
maximum value of the quantity at = 0), combine all the solu- 
tions for them in the single expression 

(A, G, f, ff, a, i) = (Ao, (?„, /o> ffo, «o, pz exp. i {qz - nt) (24) 

where q have the values given in (19) and for which X and V 
are given by (21). By the equations connecting/, with F, (7,. 
it is seen at once that the resultants of these pairs of cornponentH 
are in the same direction. But with regard to the magnetite 
induction we have, by (20) 


a = 

b = 


dE 

dG 

dG 

dy 

dz 

dz 

dF 

dir __ 

dF 


d.v 

dz 


= -{p + iq)0 
= (v» + eW’ 


. . (25) 


Thus if 0, be the angles which the resultants of F, and a 
and b respectively make with the axis of x, we have 

tan ^=~ = -~:? = -cot<]f) (2G) 

a G 

Hence the direction of the magnetic induction is at right angles 
to that of the electric disturbance which is propagated along 
with it. 
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So far we have followed on the whole the theory as given by 
Maxwell himself, but a very symmetrical and instructive form 
of the equations of propagation which has been used by 
Heaviside and by Hertz in their investigations must not he 
passed over. By equations (9) above, and (5) of Chapter II. 
we have, when there is no electromotive force due to motion of 
the medium 



+ 

a: 

0' 
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fdy 


V 

4:77 
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47r 
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But we find alsd by differentiating equations (50) of Chapter 
I., and using (9) above 


fi da 
477 

Itt dt 

I 

477 d£ 477 / j 

By differentiating the three equations of (9) with respect to .r, 
z respectively, and using the relation [at once obtained from 
(5) of Chapter IL] dicjdx + do/dy .+ dwjdz = 0 we find the 
condition 


477^0/ dz) 
J^/0P dR 


477 \ dz 


d.T 


) 


. (270 


^ ^ 0^ 

0:r 0y dz 


= 0 


• • (28) 


which expresses that there is no electrification at the point 
(.r, y, z),^ 

A similar condition 


0^1 

0.r 


r + l' = o- 

0y dz 


(280 


is fulfilled by the magnetic force H, since that being purely 
inductive, must, like the magnetic induction B, and the electric 
force E, satisfy the solenoidal condition at every point except 
at the (vortex) origin of the disturbance. 
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There is thus a remarkable correspondence between the two 
quantities E and H, as shown by the foregoing equations in> 
volving their components P, P, a, /3, y. This is brought out 
more distinctly by Oliver Heaviside (who first employed a 
similar set of relations for the investigation of electromagnetic 
waves) by the introduction of a non-existent factor,^ on the left 
of (27') to correspond to k in (27), so that (27') becomes 



1 _ dq\ ) 

47r \ 0y dz ) > • • • (27") 

&c. ) 


Thus the quantities on the left of (27), which are the com- 
ponents of electric current, correspond to those on the left of 
(27 ") ; and hence Heaviside has called the latter, from analogy, 
the magnetic currents, and g the magnetic conductivity."^ By 
means of this analogy it is possible to obtain a set of electric 
theorems from the magnetic theorems given above, and we 
shall return to the subject later. As one result we are able 
to infer in the next section of this chapter from the value 
found for the electrokinetic energy, the existence of an exactly 
analogous quantity of electric energy. 

By means of these equations we can at once investigate the 
propagation of electric and magnetic force. By differentiating 
the first of (27') with respect to the time, the second of (27) with 
respect to -sr, and the third of (27) with respect to y, subtracting 
the result of the last of these operations from that of the second, 
and having regard to the relation, dald:s + djS/dy + dy/dz = 0, 
we find 

( 29 ) 

and similarly we obtain two corresponding y and z equations. 
Tliese are precisely equations (13) 

In exactly the same way we obtain the equations 

+ JTm— = V-P I _ _ . (290 

&c. <S:c. ) 


* The reciprocal of this would be the specific magnetic resistance, or 
magnetic resistivity. This is the proper magnetic analogue of electric 
resistance, not that popularly regarded as such. See Heaviside “ On 
the Self Induction of Wires," Thil. Mag. Aug. 1886. The reader should 
consult also, on the subject of this chapter, Heaviside’s numerous 
papers in the Phil. Mag. dJidi Electrician jpassim^ during the last six 
or seven years. 
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which are the equations of propagation of electromotive force. 
The solutions and results given above (18) . . . (24) are mutatis 
mutandis at once applicable. 

Heaviside uses equations equivalent to (27) and (27^) above 
as the starting point of his very important and interesting 
researches regarding the propagation of electromagnetic waves. 
They have the advantage of giving the directly observable 
physical quantities E, H instead of the more abstract G, 
which are attended, as he puts it, by a parasitical ‘yjr, the meaning 
of which is not clearly detinable. 

Equations (27) and (27') are of the same form as those used 
by Hertz in his presentation of MaxwelPs Theory, and, with 
h = 0, are those from which he deduced his solution of the 
problem of the radiation of electrical energy from a simple 
dumb-bell shaped vibrator.* 

In the case of an aeolotropic medium the resultant electric 
displacement is not generally in the direction of the resultant 
electromotive force. We shall suppose that the rectangular 
components of the displacement at any point are linear functions 
of the component electromotive forces, and write therefore 

' 4?!^ = -f- tQ -f- sF 

47ry — r'F 
47r4 = V Q,-\- 

where the coefficients, apparently 9 in number, are constants. 
There are however in reality only 6 coefficients. For let/, 
be increased by small amounts df^ dg, dh. The work done by 
the electromotive forces in effecting the displacements is 
Rdf + Qdg + Rdh, or, by (27), {Pk^ + + Its')dP 

+ (Pr + Q1c2 -f- Rt')dQ + (Pa + + Rk^dPy and this for 

conservation of energy must be a perfect differential, since the 
whole work in a complete cycle of changes must be zero. The 
conditions necessary for this are expressed by 

d{Pk^ + + Rs') _ d{Pr + qh + -KO 

dq dP 

and two similar equations. These give / = r, 5 ' == s, t' = so 
that we have 

4?/= k^P + + sR\ 

ijrg — rP + k^Q -|- iP > (30) 

4:Tr}i = sP -f- tQ “f" k'^R ) 


* Wiedemann’s Annalen, No. 1, 1889. See also below Chap. XVI. 
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Now suppose the displacement to be taken in a direction in 
which it is parallel to the electromotive force, then since 4?^, 
477(7, 477^ = KF, KQt obtain the equations 


Deter- 

mination 

of 

Principal 

Specific 

Inductive 

Capacities. 


hF + o'Q + sF =-'KP 
tP -{- “1“ = AQ 

sF + tQ + h^F = KF 


which give the equation of condition 


r, s, 

T f 

““ jST 



. . (31) 


a cubic for K the three roots of which Xp X25 A's, give tliree 
directions at right angles to one another having this property. 
Thus if L n-, be the cosines of one of these directions, 
equations just found may be written 


k-J> + = X/ J 

&c. &c. 3 


(300 


from which by substitution of Xp X2, X3 the corresponding 
values of I, m, n can be found, and it is easy to verify that the 
three directions specified by them are at right angles to one 
another (see p. 60 above). Xp X2, X3 are called the principal 
specific inductive capacities of the medium. 

We shall find the equations of wave propagation in such a 
medium on the supposition that the magnetic inductive capacity 
fj, is constant. Taking as axes the directions of principal specific 
inductive capacity we obtain by the process used at p. 196 
above 
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dJ \ 
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Medium. 

dm 

A| 


dj\ 



Kifi. 

' dz), 


Here the reasons assigned atp. 197 above for disregarding / do 
not hold, and it must be retained in the equations. The quantity 
yj/- however is not a function of the time and does not appear. 
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Now ronH”ulfr a pliuu'. wavt' irav(‘irm^ at ri|i>;ht an^lt'.H lo the. 
pliinr Ar 4» m/ -f n: . » 0, with v<‘l()cit.y F. Tluai the (li.stnrhanco 
luay Ih* <*x by tlu‘ (Mjuatioii 

(Aj //) (A 6^,, //jj^ exp. ' "*}“ /^/). 

A 

r.A r.,“ = I/A'oja, l/A'.j/u, we get, by HubBlitu- 

lion o{ thorn' vnluoH of A’, (/, II in (31), (apiatioiiB whieli may be 
ptit in I ho form 


(/”*• r{-)F + -f mO + ////) = 0 ] 

(/‘- p^)f; + r.;-V/(/A’ + mO + ull) ^ 0 - . (33) 

(/*» r,c)II + r,;vi{IF+m(; + nil) 0 } 


'fhoH*' dividt'd by r i\\ t'C-c., mul(ipli('<i by /, w, n, and adchd, 

give 

lyr^ r.^m- r-i-ifi 

V + A' ,v^- ■ 

TIuh may bn written, Hinne ^ + «“ - 1, 


, i ^ ^ yi _ f “ f _ „_.j f 






Ft . 


4 . ^ 

I ” ;/a . 




(33') 


widrh in FreHni'l’K ecpiatjon eonnenting the velocity of light in 
an ii'idtitnipin IhhIy with the tlirection of propagation, when 
rj'4 r./, are the Hquaren of the principal v<dooitieH along the 
lixen. 'rio'^e are the velocitinH of an ordimmj wave in thnyc^ 
ilirertiona, that ih the veliH'itieH in iHOtropic media characterized 
by the etmHtaiitH A‘i, A'yj A‘ 3 * 

Hm ilirectjon of tln^ tdectrie dinplacement may be found an 
fiilhiwa. Ltd X| g, ¥ be iU direction comncH, Tlio componentH 

of current are prtiportional to A"|/*, that iw to Flv{\ 

r;/r/, ///c/, or by (33) to il(F^ - m/ir^ r,/), nl(F^^v,/). 

ileiH't' by (33') IX + ///g 4” dinplaoemont in in the 

plane of tht' wavti frtmt. 

Let the direction t»f pnjpagation be the axiH of then in (33') 
iiltcn'c wt\ rmiHt put « 1,1** m 0. If the dirc(;tion of 
diitplat'ement be that tjf y, m 1 , X p 0. But nince 
g m wiliF^ — c./), auil m we must have F » Uj. Similarly 
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when the displacement is in the direction of iv, V = In the 
former case we have an ordinary wave travelling along 2 ;. But 
by optical experiment it is known that an ordinary ray of light 
travelling parallel to a principal axis of a crystal, for example 
at right angles to the optic axis of a uniaxal crystal, such as 
Iceland spar, is polarized in a plane parallel to the axis and to 
the direction of propagation. Hence the electromagnetic theory 
gives the direction of electric displacement as at right angles to 
the plane of polarization. This conclusion has been verilied by 
the experiments of Hertz. 

We have seen that the velocity of propagation of the dis- 
turbance through an insulating medium is l/VATja. The 
numerical value of this velocity for a medium such as air has 
been obtained in the following manner. If the units of measure- 
ment are electromagnetic the value of /x for air is unity (see 
Chap. XIl. below). Now using electrostatic units we have for 
the force upon a point-charge of electricity q placed in the 
held due to another point-charge q\ at a distance r from the 
former, is qq'jKar^^ if Ks be the value of the specific inductive 
capacity of the medium in electrostatic units. Now changing 
to electromagnetic units and putting K for the corre- 

sponding quantities, we obtain for the numerical expression of 
the same force as before QQlKr^. Hence 

== M 

and therefore for air, since then Ka = 1, 


1 = 12 !. 
K qq 


■ ■ ( 34 ) 


Ratio of if v denote the ratio of the numerical expression of a given 
Electro- quantity of electricity in electrostatic units, to the numerical 
magnetic expression of the same quantity in electromagnetic units. Thus 
V is numerically equal to the velocity of propagation of an 
electromagnetic disturbance in a medium, which has specific 
iLit^of capacity in electrostatic units, and magnetic inductive 

Quantity capacity in electromagnetic units, each equal to unity, or 
= Velocii^ product is unity. The value of v has been 

of Light experimentally determined by a number of experimenters 
working in several different ways with s^kingly concurrent 
results. A complete table of the principal results, with the 
names of the experimenters is given in Chapter XIII., where 
the methods of measurement are described. Here how'-ever 
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we have to note the remarkable fact that the velocity of 
propag'ation thus given for an electromagnetic disturbance, 
almost exactly coincides with the velocity of light ! Maxwell, 
indeed, regarded light as an electromagnetic disturbance in the 
luminiferous ether, and put forward his theory as one of the 
propagation of light pure and simple ; and his views have since 
been strikingly confirmed by experiment (see Chapter XVL). 


Section II 

ELECTROSTATIC AKD ELECTRO KINETIC ENERGY OF 
TEE MEDIUM. MOTION OF ENERGY IN THE ELECT EO- 

magnetic field 

We, have now to consider the energy of the electromagnetic 
field. It consists of two parts, the electric energy, depending 
on the electromotive force, however produced, at each point of 
the field, and the magnetic or electrokinetic energy. The 
former which we denote by Ee is given (Vol. I. p. 3b) by the 
equation 

E« = + iocd^dz . . (35) 

the integral being taken throughout the whole field, that is 
wherever P, <2? ^ differ from zero. .Here it is assumed that F, 
Qj JR are tlie total component electric forces in the field, and that 
these used in the formula for the electrostatic energy give the 
electric energy. This point requires examination. We shall, 
however, infer the existence of the amount of electric energy 
presently fi-oiii the analogy between electric and magnetic 
force. 

A similar- expression can be found for the electromagnetic 
energy T. We have seen that 

T = 

where is the total magnetic induction through any circuit in 
which a current is flowing. Now if F, G, II he the com- 
ponents of vector potential at the circuit, we have by (1) 
above 

■ • ■ »*> 
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where the integral is taken round the circuit in which y/c flows. 
If instead of any current y we substitute its components along 
the axes we get 

T = J J(A + &v + Hw)dxdydz 

where the integral is extended throughout the whole substance 
of the current carrying conductor. If the integration is regarded 
as extending over the whole space in which currents exist we 
omit the symbol of summation, and write 

T^iJJJ(F« + Gv + Kw^dxdydz . . . (37) 

Now we have found that 

_ 1 /dy __ _dH 

^ 47r\dy dz/ ^ dy dz 
&c. &c. 

Hence substituting in (37), rearranging, and integrating within 
a closed surface, we get 

Y = ~ j J J -i- + cy)dxclydz 

+ ^jj - Gy) + HF 7 - Ha) + n{Ga - m))dS . (38) 


The surface integral vanishes when the surface is taken in- 
finitely far from the system of currents, for, in the limit, if t 
denote the distance of from any point of the system of 
currents, a, jS, y are of the order of magnitude Ijr^j while dS is 
of the order r^. Hence if, as supposed, the integral is taken 
throughout all space, 
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= + i^)dxdydz 


(39) 




If, according to Ampere’s theory, we suppose all magnetic 
force to be due to systems of currents, T will include the 
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magnetic energy in the case of permanent steel magnets as well 
as that due to ordinary voltaic currents, or to displacement 
currents. 

Erom this result we infer by the analogy between electric and 
magnetic force contained in equations (27), (27') above, the 
existence of the electric energy stated in (35). 

This expression for T may also be found as follows. By the 
theorem, p. 113 above, as to the work done in carrying a unit 
pole in a closed path round a circuit, we have 

47ryfc = r Hfc cos 
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where the integration is taken round any closed path embracing 
the chosen circuit, Hfc is the magnetic force due to the cim'ent 
in that circuit, and Ok the angle which Hfc makes with ds an 
element of the path. Hence drawing any surface in the field so 
as to form a cap with the circuit as bounding edge, and remem- 
bering that by the solenoidal condition fulfilled by the magnetic 
induction, the total induction through every such surface is the 
same, we have 

1 r tw 

iV'fcyfc = T- / -^fcHfc cos 6-kds (40) 

47rj 


Now let the surface be taken at right angles to the lines of 
induction everywhere. These lines are closed curves round the 
conductors, and each threads through one or more of the- 
circuits. It is possible to divide up the whole field by successive 
surfaces, each having for bounding edge any given circuit, so 
that every one of these surfaces shall be everywhere at right 
angles to the lines of induction. Every one, if it cut through a 
system of closed lines surrounding any one circuit, will pass 
through every point of that circuit. . Of course no one of the 
closed tubes of induction, which the surface thus cuts through, 
contributes anything to the total induction through the surface. 

Let then the direction of the closed curve, round which the 
integral of H cos 6ds is taken, be everywhere at right angles to 
these surfaces, and let B be the value of the induction at any 
point where this curve cuts one of these surfaces. Then, if dS 
be the area of an element of the surface at that point, the induc- 
tion through it is 'EkdS, Thus we get 


N,n -Iff 


BKicCosOjcdsdS , . . . (41) 


VOL. 11. 


P 
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where one integral is taken over the surface and the other round 
the closed curve. But this is evidently the same thing as 

-fcXD 

^JJjBRkCoaekdxdi/dz . . . (42) 


where .-r, y, 2 are the coordinates of the point at which the 
induction is B, and dxdydz is an element of volurne. 

Finally, take any point on one of these surfaces and let B be 
the induction there. For every such point a surface can be 
drawn having any one of the circuits as its boundary, and hence 
by (30) of Ch^apter IV, and (42) above, we have the equation 

+00 

cos + Hg cos (92 + &c.) dxdydz . (43) 

__ 00 

But if H be the total magnetic force at the point, and B the 
angle which it makes with the normal to the surface, we have 

H cos B = Hi cos B-^ + H 2 cos B^ + &c. 

Hence (43) becomes 

4- CO 

cos d dxdydz , . . (44) 
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which is identical with (39). 

If we suppose, what is always the case in an isotropic medium, 
that B and H have the same direction, we have 

-j-00 

= j-S&dxdydz 

— 00 

+ DO -j-OO' 

= — /JJ dxdydz = ~ dxdydz . (44') 

— 00 -CO 


since jm ~ B/H. 

The expressions given in (35) and (39) for the electric and 
magnetic energies suggest at once the idea that energy may be 
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distributed throughout space, so that at auy given point where 
the electric force is E, the magnetic induction B, and the electric 
and magnetic inductive capacities K and p., there is in the 
medium there per unit of volume of electric energy 

and of magnetic (or elec tr old netic) energy. It is to 

be observed, however, that this localization is a matter of 
assumption. 

We may now prove an important proposition as to the energy 
dissipated^in^putting a piece of magnetizable matter through a 
closed cycle of magnetization. It is found by experiment 
(see Chap. XIV.) that if the magnetization of a piece of iron is 
carried through a closed cycle beginning and ending with the 
same values of B and H/the curve formed by plotting the sue- 
cessive values of H as abscissae, and the corresponding values 
of B as ordinates, forms a loop ; that is to say the values of B, 
corresponding to the same values of H, are not the same in the 
forward and backward portions of the curve. This indicates as 
we shall see dissipation of energy in the iron to an amount 
equal to the area of the loop divided by Atv. 

Let the magnetism be produced by a current flowing in a 
given circuit, and let the total induction through that circuit be 
increased by an amount dN, produced by increasing the current 
in that circuit. The energy drawn from the battery over and 
above that dissipated is (small quantities of the second order 
neglected) ydiV", by (33) of Chap. 1 Y, ; and clearly by the process 
used above to find (44) we may prove that 

+ CO 

pdN IJJJ KdBdxdtjdz (45) 

— 00 

The change of electrokin etic energy dTiB given by 

-f 00 

dT=^f f f (RdB + 3dB)d!zdydz . . . (46) 


Hence for the energy spent otherwise than in increasing the 
electrokinetic energy in the medium we have by (45) and (46) 

-f-oo 

idN-dT = '{HcfB - ICHfZB -+- BdR)}dxdi/dz . (47) 
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If the magnetization be carried through a closed cycle, so that 
the medium is brought back to the same state as at first, the 
electrokinetic energy returns to the same value, and the integral 
of the quantity within the inner brackets in (47) which is 
cZ(BH) is zero. Thus the energy furnished to the medium in 
the closed cycle is 


Att 


//7{/h.b} 

— CO 


dx lydz . 


(48) 


where the inner integral is taken with respect to B round the 
cycle. 

If we take the changes per unit of volume at a place where 
the induction is B and the magnetic force H, we have for the 
energy given to the medium, the value Hc?B/47r, and for the 



increase of electrokinetic energy c?(BH)/87r. Therefore the 
energy dT* spent otherwise than in increasing the electrokinetic 
Energy energy is given by the equation 
Dissi- - - 

patedper dT' = - i(HdB + B^H) . . . (49) 

Unit of A-k Stt . 

Yolume in ^ , 

•Closed Hence if PQ (Fig. ^9) be two points in a curve of which the 
Cycle, abscissae are values of BE, and the ordinates values of B, we 
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have for the whole energy T' spent otherwise than in increasing 
Y, in this part of the curve the value 

i ~ i ll' 

that is by Fig. 39 

2’' = A (area - J area 2\rQSJiFM). 

47r 

The second area vanishes wdien Q coincides with P as it does 
when the curve forms a closed cycle, for example the loop P'P". 

If the magnetic permeability is a constant there is no loop, 
and thus the energy dissipated in any cycle of changes is zero. 

On the assumption made above that the electric and magnetic 
energies may be regarded as stored up in the medium, so that 
at any point the amount of electric energy is and of 

magnetic energy HB/Stt, per unit of volume in each case, we 
may inquire how the energy moves in the electromagnetic field 
when any change takes place. We have, supposing that K and 
ju do not vary with the time 






dh , dc 


I dxclydz 


(51) 


But if V, Vj r, be the components of the total current and 

the conduction current respectively (the latter, in the general case, 
not merely generating heat in the conductor), we have for those 
of the displacement current 


Air dt 47r\dy dzJ 

EEE ^ >0 - a ^ ^ 

477 dt 477 \ dz dx j 


P 

a 


477 dt 477 \ 0.27 dy) 


Also if we write equations (5) in the form 


P, R = P' + cy - bi, Q' + az — ex, R' bx — cfy . . (52) 
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we obtain by differentiation, remembering that dajdty 
dcjdij denote time-rates of variation at a given point of space 
the coordinates of which are not functions of the time, 

\ dy ^z) dz dy 

bt dl\dz dx ) dx dz 

di di\dx dy^ dy dx 


Substituting in (51) the values of K{dPjdt)l4:7r^ &c., dajdi^ &c. , 
just found, and using (52) we find after rearrangement 


^(E, + T) 

dt 


-imi 


(22'/3- 




IP a) 


+ ~ P'0) I dxdydz 



cv - hw)x + {ctw - cu)y -|~ {hu^ ao)z}dxdydz 


- 1 JI<:pp+Qs + Rr)dxdydz .... (53) 

After transposition and substitution of the components (p. 119) 
X, X, X, of electromagnetic force for cv — bw^ aw — cu^ }ya~- avy 
this gives by integration over the closed surface 

^ + ///(Xi + JJ! + X3<Wit& 

+ ///(Pi. + Qq ■+- Iir)dxdydz 

= i/J {KR’a - q'y) + m{Fy - R'a) 

+ n{q’a- F^)]dS . . (54) 

where Z, w, n are the direction cosines of the normal to the 
surface element, drawn outwards. 

If m' j n' be the direction cosines of a line at right angles to 
the plane defined by the resultant E' of the component electric 
forces P', Q', P', and the resultant magnetic force H, and drawn 
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in the direction in which a, right-handed screw would move if 
the handle were turned round in the plane of E' and H, from the 
direction of H to that of E', the element of the surface integral 
on the right has the value HE^ sin 6 {IV + mm' -f wi')/47r, 
which shows that the rate of flow of energy per unit of area is 
represented in magnitude and direction by the vector product of 
H and E' (that is the vector HE^ sin 6 at right angles to the 
plane of H and E'), divided by 47r. The component of flow 
across unit of area at right angles to the direction (//, n') is 

thus HE' sin 6{IV -f- mm' + nn')/4n-. The direction of flow is 



opposite to that in which the line {l\m\n') is drawn as specified 
above. Thus in the diagram, if the resultant H be along 
and E' along Oz, the flow of energy is in the direction xO. 

It is to he remarked that the first term on the left of (54) is 
the rate of increase of the electric and magnetic energies within 
the closed space, the second term the rate at which work is done 
hy electromagnetic forces, and the tliird the rate at which energy 
is dissipated, and the rate at which it is espended in effecting 
chemical changes, and the equation asserts that these rates 
combined are equal to that of the flow of energy across the 
surface given by the integral on the right-hand side. This very 
important tlieorem is due to Professor J. H. Poynting.* 


* FUl. Tram. B.S. Part YI. 1885. The following examples of the 
theory and Figs. 42—47 are taken from this paper. 
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It must be noticed that the addition of any term ( l(|)+mx^^n^f/)dS, 
of proper dimensions, to the element of the integral would not 
alter the value of the integral over the closed surface provided 
Xj functions of the coordinates fulfilling the condition 

d^/da;-i~dx/dy'{-dyl//dz=0. That the actual flow across a given 
element of the closed surface is that stated above is not strictly 
demonstrated, but the assumption that it is, is here made. The 
following examples, agreeing as they do with known facts, so 
far bear out the assumption. 

Examples As an example consider the flow of energy at the surface of a 
of Flow of long straight wire of circular section of radius r, in which a 
Energy. 

1 . Long 
Straight 
Wire 
carrying a 
current. 


Fig. 42. 


steady current of strength y is flowing. Since the displacement 
is maintained constant there is no displacement current, and the 
direction of the magnetic force (shown in Fig. 42) is tangential 
to a normal cross-section of the conductor and of amount ^yjr ; 
that' of the electric force is parallel to the conductor, and of 
amount equal to the current per unit of area divided by the 
specific conducting power of the conductor, that is y/irr^k. 
The rate of flow of energy across unit of area is thus 
{( 27 /r) X ( 7 / 7 rr 2 ^)j/ 47 r= 7^/271 VX?, and the direction of flow is, by 
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tlie rule found above, inwards from the surrounding medium to 
the wire. The rate of flow of energy, inwards upon unit length 
of tlio wire, is thus y^j^TrrVCf and across Z units of length is 
yHj’trrVi'-, or y^jR. if R is the resistance of the length I of the 
Avirc. This is the well-known amount of energy transformed 
into heat in the wire per unit of time. 

According to this theory our conception of a current in a con- New Con- 
ductor must not involve any notion of the transport of energy ception of 
actually along the conductor. The manner of arrangement of Curmnt in 
the electric and magnetic equipotential surfaces in the field is ^Yire. 
conditioned by the existence and position of the conducting 
Avire, which tlierefore also controls the flow of* energy. Thus in All Energy 
a metallic conductor there is dissipation of energy received from used 
the medium ; and further, if at any place electrical energy is moves 
utilised in doing Avork, this, by the theory, does not come along li'om 
the conductor but from the surrounding medium, being guided 
to the rcMiuired place by the conformation of the equipotential 
surfaces produced by the conductor. 

Consider as another example the case of a charged condenser ^^j-oucrh 
the plates of which are connected by wires to another pair of Conduc- 
plates, so that the capacity of the condenser is increased. The 
tuboB of force, formerly existing for the most part in the portion 
of the medium between the conducting plates of the original g 

condenser, and entirely depending for their arrangement on ^ 
these plates, Avhich thus localised the energy of strain in the 
medium, have moved out sideways with their ends on the con- 
necting conductors until the state of strain has been set up charging 
between the other pair of plates. Along Avith this motion is into 
produced magnetic action in the medium which dies away as the another, 
motion of the tubes of force ceases. 

As however the tubes of force move out guided by the con- 
ductors, points on the wire connecting the insulated plates must 
he at potentials intermediate hetAveen the potentials of these 
plates, and so some of the equipotential surfaces which pass 
between the plates of the original condenser must cut the con- 
ducting wire. Thus there is, by the theory given above, a flow 
of energy into tlie conducting wire, which, dissipated in its 
substance, gives the heat commonly said to be produced by the 

current. ^ i rm 

Tliis Anew of the matter seems exceedingly reasonable. The 
medium Avas, wo know, in a state of strain between the plates of 
the original condenser, and must therefore have contained a 
corresponding qtiantity of energy; and this state of strain has 
been communicated to the medhim betAveen the plates of the 
other condenser. The result has been a diminution in the 
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cEarging 

through 
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intensity of the strain between the plates of the original con- 
denser, or, as we say, the electric force at each point of the 
medium, or, otherwise, the difference of potential between the 
plates, has been diminished. Now it is very difficult to suppose 
that the energy has been transferred along the conductor to the 
other condenser, and there inserted as energy of strain between 
the plates. In fact we know that, pari passu with the process 
of charging the other condenser, has gone on the growth of 
electric strain in the medium between the conductors j and since 



the energy is undoubtedly stored up in the strain of the medium, 
it is rational to regard the strain as being propagated through 
the medium under the guidance of the conductors which as we 
have seen localise it. 

If the condenser have, as shown in Fig. 43, its plates B 
connected by a wire LMN^ the process of discharge will consist 
in the passage outwards of the tubes of force with their ends on 
the wire at each instant and everywhere at right angles to the 
equipotential surfaces for the time being. The flow of energy 
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is parallel to these surfaces, or rather parallel alike to the 
electric and the magnetic equipotential surfaces. The tubes of 
electric force sink into the conductor, and thus shorten as they 
advance, until at a point on the conductor midway between the 
plates as regards potential, the last remnant disappears laterally 
into the conductor. The magnetic tubes of force which encircle 
the conductor contract down upon it and disappear within it, 
giving up also their energy as they do so. 

Next consider a single voltaic cell, for simplicity a cell con- 
sisting of plates of copper and zinc immersed in a dilute acid 
and connected by a wdre. The arrangement of the equipotential 
surfaces is shown in Fig. 44. All these surfaces are there shown 



passing between the zinc plate and the acid, and closed by 
returning, some (of which specimens are numbered 1 — 7) so as 
to intersect the conducting wire, others (8 — 10) between the 
copper and the acid, and the remainder through the acid. Now 
according to the contact theory of voltaic action there exists a 
certain difference of potential on the two sides of each of the 
separating surfaces of dissimilar substances. According to the 
theory of the motion of energy there ought to he at every such 
surface a gain or loss of energy, from or to the surrounding 
medium. If going round the circuit in the direction in which 
the current (in the ordinary sense) flows, an electric force is 
encountered at any such surface opposed in direction to the 
current, the impressed electromotive force, whatever its origin, 
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does work there and sends energy out from that part of the 
circuit to the medium. Such a surface we have between the 
zinc and the acid in the cell. The line integral of the electric 
force across the surface is the difference of potential V on its 
two sides and the line integral of the magnetic force round the 
conductor is 47r'y. Hence by the rule (p. 215 above) the energy 
sent out per unit of time from this part of the circuit is 
F X 47r7/47r = Fy, which is the well-known rate of working 
against the opposing difference of potential. Part of this passes 
into the connecting wire which forms the external resistance, 
since there the electric force is with the current and is converted 
into heat ; part is sent into the surface separating the copper 
from the acid, and goes to supply the potential energy required 
for the separated hydrogen given off at the copper plate ; the 
remainder passes to the acid to be dissipated in heat or used in 
effecting any chemical change which may there take place. It 
is to be observed that, as before, the quantity dissipated in lieat 
in the conductor is equal to the line integral of the electric 
force along it (that is the difference of potential between its 
extremities) multiplied by l/47r of the line integral of the mag- 
netic force round the conductor, that is by y. 

It must be noticed that the theory appears to negative the 
view that there exists on the two sides of the surface of separa- 
tion of the zinc and copper a finite difference of potential. For 
if the theory be true there is no real transference of energy along 
the conductor, and the energy, if any, received at the ‘junction 
between the zinc and copper ought to produce there some effect. 
The drop in potential from zinc to copper shown by ordinary 
contact methods is so considerable, that, on the supposition of 
its reality, the energy there received should form a large pro- 
portion of the total energy given out elsewhere. No effect is 
however observed. This result does not, in view of the observed 
contact difference of potentials, necessarily decide against the 
theory of flow of energy, as the apparent contact difference 
between zinc and copper involves zinc-air and air-copper contact 
differences of potential which as yet we have no means of 
directly measuring. 

If work is done at any part of the circuit otherwise than in 
generating heat, as for example in driving a motor, or in 
effecting chemical decomposition, there is a flow of enei'gy to 
that part of the circuit corresponding to the difference of 
potential which exists between its terminals. Such a case may 
be taken as^ illustrated by the equipotential surfaces 4, 5, 6 
shown in Fig. 45, preceding to one part of the circuit from 
that part through which pass all the equipotential surfaces, and, 
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whicli is the source of the energy. Along these surfaces energy 
moves from the source and fiows into the conductor in amount 
equal to that locally used up. 

In reality Fig. 44 illustrates a thermoelectric circuit of two 6 . Ther- 
metals A (say copper) and B (iron). One junction is hot, the moelec- 
othor cold. At the hot junction where the current flows from trie Circuit 
copper to iron heat is absorbed, and at the cold junction heat is of fwo 
evolved. In the rest of the circuit heat is generated according Metals, 
to the ordinary law, and it is supposed that the Thomson effect 
is zero, that is, that there is neither absorption nor evolution of 
heat where the current flows from cold to hot or from hot to 
cold in the metals. Thus the equipotential surfaces 1 , 2, &c., 



pass out from the hot junction and intersect the conductor, a 7 ^ Cir, 
number of them concentrating on the cold junction where there ciiit of 
is a finite step of potential downward from the iron to the Two 
copper. The Peltier effect is illustrated in Fig. 46 which s'hows Metals, one 
a circuit of two metals A (copper) and B (iron), as before, but of which 
with a voltaic cell placed in the latter part of the circuit. The includes 
junctions apart from the effects of the current are supposed to Voltaic 
be at the same temperature. At the junction i), which corre- 
spends to the former cold junction, heat i's evolved, at the other, 

C, heat is absorbed. Thus the junction D is heated, and the 
junction G is cooled when the current passes, provided, of 
course, the temperatures he below the neutral temperature for 
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Bearing of the metals in question (see Chap. X.). There is a finite step 
this down of potential from ,5 to ^ at and a finite step up of 
Theory on potential from A to B oX C. Thus the equipotential surfaces 
Peltier ^hich converge on D intersect the circuit only once after leaving 
eiFect. source, while those which pass through C intersect it three 

8. Ther- times, once at (7, and once on each of the two sides of G, Energy 
moelec- fiows out from the cell and from C along these surfaces, and is 
trie Circuit 



received by the conductor at each of the other points of inter- 
section. 

Lastly, a very interesting case is shown in Fig. 47. AB, CJ) 
are supposed to be two metals in which no Thomson effect 
occurs, that is, two metals -of the lead type, while BG joining 
them is a metal of the iron type in which a current flowing from 
hot to cold absorbs heat. ^ is a hot junction, 0 a cold junction, 
each supposed to be at the neutral temperature for the pair of 
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metals in contact. Thus if a current flow from a battery in 
the circuit there is no convergence of equipotential surfaces 
upon B or C, and neither absorption nor evolution of heat at 
those places. If the resistance of BC be sufficiently small there 
will be a gradual rise of potential in the metal from B to <7, and 
the gradient of electromotive force being opposed to the current, 
heat will be absorbed there, transformed into electric energy, and 
carried out through the medium to the conductor where it is 
dissipated. Thus the equipotential surfaces which pass through 
BG will cut the circuit twice elsewhere (besides at the battery), 
once beyond j 5, and once beyond C. In consequence however 
of the resistance of the conductor, there is a fall of potential 
from J? to C supermposed on the rise produced by the Thomson 
effect and a corresponding evolution of heat; and it is possible 



so to adjust matters that the rise shall just balance the fall of 
potential ; and the evolution of heat just balance the absorption 
at every point. In that case we should have the curious case of 
a homogeneous conductor throughout at one potential with a 
current flowing through it. It is to be observed however that 
there is a gradient of temperature along BC^ so that there is no 
real paradox in the result. 

We may apply the theory of the flow of energy to the deter- 
mination of the rate of transmission of electromagnetic waves 
through an insulating medium. Consider a plane wave in which 
the electric and magnetic forces are at right angles to one 
another in the plane of the wave front. Let P be the electric 
force, /3 the magnetic. Then the total energy in unit volume of 
the medium is (ZP^ + If F be the velocity of wave 
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transmission the energy will travel forward a distance Felt in 
time and an amount of energy (ATP^ + fjL^‘^)Fdtl87r will pass 
across unit of area of a fixed plane in that time. But by 
Poynting’s theorem the time-rate of flow of energy across unit 
of area is F^j^kn:. Hence equating these two expressions we 
find 


r._ 

KF^ + p.ti‘^ ■ • 


. . (55) 


But the current, which is one of displacement, is K(dFldt)j4ir, 
where dF/dt denotes the rate of variation of F with time at a 
given point in space, and if we take a distance dz in the direc- 
tion of propagation, and dy in that of the magnetic force, the 
current through the rectangle dydz is K{dFldt)dydzl4Tr, But the 
line-integral of magnetic force round the rectangle, taken with 
due regard to the relation of the directions of the current and 
magnetic force, is 

- + O - ^^dz)dy = - ^^jlydz . 


Hence we find 

dt dz 


(56) 


By the nature of a wave the value of any quantity characteristic 
of it at a given point and instant, is found after an interval dt at 
a distance Vdt in advance of the former point in the direction of 
propagation. Hence if at any point z, the value of the electric 
force be P at a given instant, its value at the same instant at a 
point distant Vdt behind the former point is F — {dPldz)Vdt. 
Hence the change which P undergoes at z in time dt is 
— {dFldz)Vdt. But this is also dFjdt. dt. Thus we have 


and therefore by (56) 


or 


dt dz 



03 

dz 


KVF = 3 


since the arbitrary function of t and constant which enter with 
the integration must be zero, as both P and fi are zero in regions 
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which the wave has not yet reached. Substituting this value of 
^ in (55) we get finally 

V-=~ (57) 

Lfi 

as before. 

It is to be carefully noted that the result expressed in (57) 
which was obtained by a method independent of the theory of 
flow of energy, taken with the value of the velocity of propaga- 
tion found above leads to the theorem that the energy per unit 
of volume at any point in the wave is half electric and half 
magnetic. For we have 

/x32 __ 

Btt' Stt 'Stt' ' ^ 


which proves the theorem. 


Section III. 


MAGMETO-OPTIC ROTATION, 

We give here a short account of the theory of the rotation 
of the plane of polarized light by passage along the lines of 
force in a magnetic field. It was discovered by Faraday that 
a beam of plane polarized light sent through perforated pole 
pieces so as to pass from end to end along a prism of a certain 
'and of heavy glass, placed parallel to the lines of force of a 
DOwerful electromagnet, had its plane of polarization rotated 
hrough an angle, which observation showed to he dependent on 
he wave length of the light and the intensity of the magnetic 
ield. The usual method adopted was to polarize the light by 
neans of a NicoFs prism, and adjust a second prism so as to 
eceive the light and produce extinction of the beam after its 
lassage through the glass with the magnet unexcited, then to 
xcite the magnet and rotate the analysing prism until extinc- 
ion was again produced, noting the angle of turning. 

It was found that the efiEect was produced in a large number 
f substances each of which gave an amount of rotation depend- 
ig in the same way on the wave length of the light employed 
nd the intensity of the magnetic field, but differing for different 
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substances. Measurements made by Verdet gave results agree- 
ing fairly well with the formula 

( 59 ) 

where 6 is the angle of rotation, I the length of the path in the 
medium, H the intensity of the magnetic field, the wave 
length of the light in air, r the index of refraction of the light 
in the medium, and m a constant depending on the nature of tlie 
sub stance. 

The following table gives a comparison of the results with 
the formula : — 


Bisulphide of Carbon at 24°*9 C. 

Line of the spectrum . . . C D E F G 

Observed rotation . . . . 592 768 1000 1234 1704 

Calculated 589 760 1000 1234 1713 

Rotation of ray E 25° 88'. 

Creosote at 24°*3 0. 

Line of the spectrum . . . C D E F G 

Observed rotation . . . 573 758 1000 1241 1723 

Calculated 617 780 1000 1210 1603 

Rotation of ray E 21° 58'. 

Other two formulas which have been proposed may be obtained 
by replacingthe factor of (59) by 1/Xa^ or by 1. These do 
not agree nearly so well with the results of experiment. 

The amount of rotation per unit of ZH for light of given wave 
length and for a given substance is called VerdePs constant for 
that light and substance. It is thus the amount of turning pro- 
duced in unit length of beam when unit difference of magnetic 
potential exists between its extremities. 

Turning of the plane of polarization of light is shown also by 
quartz, solutions of sugar, tartaric acid, &c., and the amount of 
turning follows apparently a similar law to that stated above 
for the magnetic effect. But between the phenomenon in such 
cases and that in a magnetic field there is an essential difference. 
The turning of the plane in space is in the same direction in a 
_ magnetic field whether the ray be travelling with or against the 
direction of the magnetic force. In the other cases the direction 
of turning is reversed by reversing the ray. Thus if a ray after 
passage through the field be reversed by reflection, and sent 
back again, the effect of the second passage in turning the plane 
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of polarization will be the same as before, and the plane of 
polarization of the emergent beam will have been turned by the 
passage through a double angle. Thus by repeated reflection 
from the silvered ends of a piece of heavy glass as indicated in 
PTg. 48, a considerable effect can be obtained by the addition of 
the turnings produced by successive passages. 



This difference between the two kinds of turning of the plane physical 
points to an essential difference between the molecular condition iBterpre- 
of the substances concerned. In the case of quartz, sugar solu- tation of 
tions, &c., the phenomenon can be explained by supposing the their 
substances to have some kind of helical structure, so that the Points of 
restitutional forces, for displacements of the nature of shears in Difference, 
parallel planes, are greater when the displacements are in one 
direction than when they are in the opposite direction. 

Thus, in a medium possessing this property, particles displaced Optical 
from a straight line, so as to be situated on a helix round the line Behaviour 
as axis, will he acted on by greater restitutional forces when the Sugar 
helix is a right-handed one than when it is a left-handed one, or Solutions, 
mce versd^ according to the structure. 

For example, in diagram (2) of Fig. 49, particles displaced 
from the axis, so as to occupy the positions there shown, will, of Medium 
according to our supposition as to the structure of the medium, be of Helical 
fjubjectedto (say) greater elastic forces than if the displacements Structure, 
w'ere as shown in diagram (1). 

In consequence of these forces the particles in diagram (2) Motions of 
moving under elastic forces in the circular orbits indicated by Particles 
the closed curves move, we suppose, more quickly than those in i , 

diagram (1), whether the motion be clockwise or counter-clock- p ? . J 
wise. To iix the ideas let the motion of the particles be, as 
shown in Fig. 49, clockwise in (1) and counter-clockwise in (2). 

The configurations will after a given time have advanced in the 
direction from A \jo G and from B to Z>, but (because of the 
difference of configuration, not of motion) through a greater 

Q 2 
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distance in the latter case than in the former. Each 
motions will represent precisely the propagation of a 



This Figure represents particles moving in parallel circular orbits 
circularly polarized light. The curved line shows the helical configxi 
corresponding particles in the wave. The circles below show the re 
of the particles in each case, as seen by an eye looking from the lower* 
end. 


Fig. 49. 


circularly polarized light, and the wave represented in 
more quickly than that represented by (1). 
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But now let the waves he reflected from the ends C, 2), as 
from the surface of a rarer medium, each after travelling the 
same distance. The reflected rays are shown in diagrams (3) and 
(4) respectively of Fig. 49. The right-handed and left-handed con- 
tigurations (viewed in the same direction) have become left-handed 
and right-handed, with the same directions of motion as before. 

Thus the configuration in diagram (4) travels from D' to B' 
more slowly than that in (3) does from C' to so that the gain 
by (2) of distance traversed in a given time in one direction is 
just balanced by the loss in (4) of distance traversed in the 
opposite direction ; and there is the same relation of phase 
between the terminal particles at A' and j^'in the return waves as 
there was in the advancing waves at A and JB. 

In the magnetic phenomenon on the other hand the velocity 
of the particles depends only on the direction of motion, for the 
relative speeds of propagation of a right-handed circularly 
polarized ray and a left-handed * one are the same whether the 
ray is direct or reflected. Thus, referring to Fig. 49, the ray 
represented in (2) and (4) travels faster or slower than the other 
in both cases, and by the same amount. If then two such rays 
travel simultaneously from one end of the medium to the other, 
and back again after reflection, the difEerence in phase produced 
by the forward will be doubled by the backward passage. The 
same final result will be found on examination to hold for reflec- 
tion from a denser medium. 

In a diamagnetic medium such as Faraday’s heavy glass, 
carbon-disulphide, &c., that ray travels faster, the direction of 
motion of the particles in which is round in the direction of the 
current producing the field. The reverse is the case for a mag- 
netic substance. 

These results, as was originally pointed out by Sir 'William 
Thomson, t indicate the existence of a motion in the magnetic 
field capable of being compounded with that motion of the 
medium which constitutes light. This remark was of extreme 
importance as forming the first step towards a dynamical theory 
of magnetic action, and since its publication considerable pro- 
gress has been made with the application of dynamical prin- 
ciples to the explanation of the observed phenomena. We 
conclude the present chapter with a short account of this theory, 

* That is as specified by the direction of the orbital motion of each 
particle, as seen by an observer imagined looking always from the same 
side of the plane of the orbit. 

+ Proc. It. S. June 1856. See also Rep. Bl. and Mag. p. 423 (2nd 
edn.), footnote; and Baltitnore Lectiores 07i Molemlar Dynamics 
(Papyrograph Report), p. 241 et seq. 
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The fundamental idea of the theory is contained in the follow- 
ing extract from Thomson’s paper : The magnetic influence on 
light discovered by Faraday depends on the direction of motion 
of moving particles. For instance, in a medium possessing it, 
particles in a straight line parallel to the lines of magnetic force 
displaced to a helix round this line as axis, and then projected 
tangentially with such velocities as to describe circles, will have 
different velocities according as their motions are round in one 
direction (the same as the nominal direction of the galvanic 
current in the magnetizing coil) or in the contrary direction. 
But the elastic reaction of the medium must be the same for the 
same displacements whatever be the velocities and directions of 
the particles, that is to say, the forces which are balanced by 
centrifugal forces of the circular motions are equal, while the 
luminiferous motions are unequal. The absolute circular motions 
being therefore either equal or such as to transmit equal centri- 
fugal forces to the particles initially considered, it follows that 
the luminiferous motions are only components of the whole 
motion; and that a less luminiferous component in one direction, 
compounded with a motion existing in the medium when trans- • 
mitting no light, gives an equal resultant to that of a greater 
luminiferous motion in the contrary direction compounded with 
the same non-luminous motion.” 

Diamag- jg worthy of special note that this dynamical explanation 

b phenomenon is inconsistent with the explanation of the 

a Ditferen- of a substance as a differential effect due to the 

tial Effect magnetization of the surrounding medium. If admitted 

it decides that the difference between paramagnetic and dia- 
magnetic substances is due to an absolute difference between the 
states of motion of their particles. 

Dynamical We have now to consider -these luminiferous motions. The 
Consider- displacement of each particle of the medium in a ray of plane 
tion of polarized light may be regarded as compounded of displacements 
corresponding to two circularly polarized rays of equal amplitude 
Motions period (see p. 228), but one right-handed and the other left- 
handed. To prove this it is only necessary to note that if the 
positions of ‘a given particle in its orbit in obeying the two 
motions be as shown in the diagram, the component displace- 
naeiits (from the centre) at right angles to the diameter which 
bisects the arc of the orbit between the two positions cancel one 
another, while the components along that diameter are equal 
and in the same direction, and therefore give by their addition 
a double displacement. 

The positions and motions of the particles of the medium on 
a ray of circularly polarized light travelling along the axis of 
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may, if 77 denote the displacements parallel to the axis of x 
and y, be represented by the equations 


^ = a cos 


17 = ^iisin 


{ + e } 

I ^^ (^ - ■»<) + e I 


(60) 


as this gives for each particle, at a given distance z from the 
zero plane, motion in a circular orbit with periodic time X/v, 
and radial displacement a. This represents, to a person looking 
in the direction in which the wave is travelling, a right-handed 
circular motion. 

A left-handed wave travelling in the same direction, and 2(? 
in phase-angle behind the former wave at the plane is repre- 
sented by 


^ a cos 
77'= — asin 




- (61) 


Compounding these two motions we get for the components of 
the resultant 


I + cos ^ • cos e I 

rj + rj' ^ 2a cos ^ ~ -yt) .sin e I 

A 


(62) 


which show that the resultant displacement is along a diameter 
making an angle e with the axis of x. That is, the compounded 
ray is plane polarized. 

Now considering two opposite circularly polarized rays, of the 
same period, travelling at different speeds v, v', through the 
medium, we get instead of (62) for the resultant displace- 
ments 




{ [^cos|^ (z - vt) -f (jJ -[- COs|^ ( 


■v'i) 


•)i 


( 63 ) 
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or (with the condition expressed that X/y = X'/y"' = T) 


^ cos : 


, -f ,' = 2« cos ,r{( 1 + - 1} {’^(1 - p) + «} i 


• (C4) 


This represents as before a plane polarized ray the direction ()t 
vibration in which makes an angle tt (1/X — 1/X') -c: y with tlu‘ 
axis. This angle increases with .cr, that is the directions of vibra- 
tion for successive points along the ray lie on a screw surface of 
constant twist round the axis of 

To obtain a dynamical explanation of this action, we shall 
consider the transmission of waves of transverse displacement 
through an elastic medium in which are imbedded small mole- 
cules rapidly rotating round the axis of .?*. We shall suppose 
that these molecules are very small in volume, as compared witli 
the volume of the rest of the medium, and of so slight mass as 
not appreciably to the medium, and are uniformly distri- 
buted ; so that we may regard each element of the medium as 
containing a large number of them, and as homogeneous in 
quality. The presence of these rotating particles will modify 
the equations of motion in a peculiar manner, in consequence of 
the existence of gyrostatic domination produced by their 
rotation.* 

A gyrostat (Fig. 50) is composed of a fly-wbecl of great 
moment of inertia pivoted within a case so that the instrument 
can be handled and moved about at pleasure. When the fly- 
wheel is spun so as to rotate very rapidly very curious dy- 
namical results are obtained. It is found to rest in stabl(‘. 
equilibrium in positions which without rotation would be essen- 
tially unstable ; for example when supported, as shown in Fig. 
50, on a glass plate by the thin edge passing symmetrically round 
the case, or placed with its axis of rotation vertical and support ('d 
on a universal joint in the. line of the axis and below the 
gyrostat. 

Again, and this is most important for our present purpose, if 
to the rapidly rotating gyrostat a couple be applied, so as to 


* See Sir W. Thomson’s Baltimore Leeturcs on Molecular 'Dynamics 
p. 241 et seq. : also Thomson and Tait’s Nat. Phil. 2nd ed. Part 1. 
§ 345. See also an important paper by Dr. Lannor, Proc. London 
Mouth. Soc. No. 396 (1890) on Potatory Polarization^ ilhtdrated hy the 
Vibrations of a Gyrostatically Loaded Chain. 
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generate angular momentum round an axis making an angle (p 
with the axis of rotation of the fly-wheel, the axis of angular 
momentum will, in a small interval of time, change its position 



This Figure shows a gyrostat resting on a thin edge on a glass plate. The case is 
represented as cut open to show the fly-wheel, which is pivoted on a spindle turning 
in bearings attached to the case. As the section indicates, the fly-wheel is a thin 
disk with a massive rim. [This cut is reduced from Thomson and Tait’s Natural 
Philosophy (Vol. I. Part 1, p. 397), to which the reader may refer for further inform- 
ation regarding gyrostatic action,] 

Fig. 50. 


through an angle which is found by compounding the initial 
angular momentum with that generated by the couple in the 
interval. Thus if G be the moment of the couple, the angular 



momentum generated by it in the fly-wheel in time dih Qdt. Let 
this be represented by OJB, Fig. 51, drawnin the usual way in the 
direction of the axis of the couple so as to represent the direction 


Motion of 
Gyrostat. 
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of rotation, and the magnitude of the angular momentum. Let OJ. 
in the same way represent the angular momentum of the fly- 
wheel, which, if m be the mass of the wheel, k its radius of 
gyration round the axle, and o its angular velocity, is numeri- 
cally Then OA and OB can be compounded according to 

the ordinary parallelogram law, and give a resultant 00 which 
represents the new angular momentum in magnitude and 
direction. By the diagram we have, approximately, 

* nn j Gtdt . , 

sin (70^= -yj-smcp 


or denoting CO A by dB^ and proceeding to the limit when dt is 
infinitely small, we have accurately 


dB 

dt 


O 

mk^od 


■sin (j> 


(65) 


Examples 
of Preces- 
sional 
Motion. 


Reactional 
Couple due 
to Motion 
of the 
Axis. 


This is the angular velocity with whicli the axis of angular 
momentum turns in the plane of itself and the axis of the couple. 

For example, if the gyrostat referred to above be suspended by 
a cord attached to the case at some point in the prolongation of 
the axis, and the axis be placed in a horizontal position, the 
weight of the instrument acting downwards will give a couple 
round a horizontal axis at right angles to that of rotation. If the 
rotation be very rapid, the axis of the fly-wheel will remain 
approximately horizontal, while the whole instrument turns slowly 
round in azimuth about a vertical axis with angular velocity 
Q=:Cr/mk^(D. This azimuthal motion corresponds to the proces- 
sional motion (of period nearly 26,000 years) which the eartli has in 
consequence of the differential couple, due to attractional forces, 
tending to bring the planes of the equator and ecliptic into coin- 
cidence. 

Conversely, if a motion of the axis of rotation take place, the 
gyrostat will react on the constraining system with a couphi 
equal and opposite to that given by the construction in Fig, 51 
above. Thus if the angular velocity with which the direction 
of the axis of rotation changes be Q, the magnitude of the couple 
round a moving axis at right angles to the axis of rotation and 
the instantaneous axis, with whicli the gyrostat will react on its 
suppoi-ts, will be given by 


Gr = mk^ci) Q. (66) 

We shall now apply this result to form the equations of motion 
for a wave of transverse displacement through the medium 
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referred to above. As before let the direction of propagation be 
along the axis of and consider a transverse displacement of the 
medium of amount f parallel to the axis of .r, at a distance z 
from the zero plane of y. The strain at that point is d^jdz. 
At a distance dz in advance along the ray the strain is 
d^jdz + d^^jdz^. dz. Thus by the suppositions made on p. 232 
above, the elastic force producing acceleration, in the positive 
direction of of the matter between the sections is nd^^^jdz^ . dz^ 
per unit of area of the cross sections, if n denote the proper 
elastic modulus. 

But besides this elastic force there is a gyrostatic reaction due 
to the angular motion produced in the portion of the medium by 
the strain in the direction of 77. The velocity of displacement 
at z is drjjdtj and 2 Ltz-\-dz is dr}jdt d^rjfdzdt .dz. Hence the 
rate at which the element is changing direction is d^rjjdzdt The 
reacting gyrostatic couple per unit of volume is by (66) epd’^rjjdzdt, 
if ep be the angular momentum of the rotating matter in unit of 
volume. Each force of this couple is parallel to and it must- 
be balanced by the action of the surrounding medium exerted 
across the ends of the element considered. The resulting gyro- 
static couple per unit of volume of the next element is, if cp be 
constant, cp(d^r}ldzdt--\- d^rjldz^dt.dz). Thus the mutual force 
between the successive elements is cpd^Tjjdz^dt. If the direction 
of rotation of the molecules be right-handed, as seen by an 
observer looking in the direction in which the wave is travelling, 
this force will be in the positive direction along cc. Thus we 
have finally if p be the density of the medium 


9 


dt'^ 



d'^ij 

dz-dt 


(67) 


In the same way we should find for the rj equation 






dz' 


:^-cp 


dz^dt 


( 68 ) 


These equations are satisfied by the values of 77 given by 
(60) above. Substituting we get from each the equation of 
condition 


27r^? n 
~P 


(69) 


The equation of condition for a left-handed vibration is by 
(68) evidently to be obtained by simply changing the sign of c, 
and is therefore 
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Rays. 
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Relation 
of Rate of 
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o2 + ?!I£-" = 0 (70) 

-r 2' p 

Thus for the right-handed ray we have 



and for the left-handed ray, 

« = ±|'=± ' ( 72 ) 


Now by the result on p. 232 the alteration B, of direction of 
vibration, per unit of distance travelled through the medium, is 
7 r(l/X^ - 1/X). Hence equations (71) and (72) give 



If we suppose ^rrelT to be small in comparison with njp we 
may write the equation in the form 


e = 


^TTC 


py 

nJ 


r- 


(73) 




Now if r be the index of refraction of the substance with respect 
to air and X the length of a wave in the medium which has length 
\a in air we have X^ — t\. Moreover T = X/w = Xa/rv, in which 
we may put V n\p for since the velocities in opposite direc- 
tions difEer only very slightly. Also if V be the velocity of light 
in air, -u = V\r. Plence we get finally 

( 74 ) 

\ ) 

which agrees with the formula (59) above, in giving rotation of 
the direction of vibration inversely as the square of the wave 
length. The rotation also depends on the direction of vibra- 
tion, not on that of propagation. It is to be observed however 
that the medium as we have supposed it constituted does not 



TIKKMHON’S (JYUDSTATH' MOLKCIILK 2;J7 

protiuc**^ uniiiuy y diNpi'minn^ hihI tlion-foni ilit^ r(*uianiiii|ii; factor 
of tho «^x|irin4Hiott fur iit {i'4) {fucH nut hcrt^ thui any explanation. 

The ofrui’t Ih wry Htiuill in fill onliuary trnnHparcnt HubHlaiujOB Magnitude 
for wliirh it lm« heun iiiveHtignIrd ; and thin of courKo Ih in ac- ofKirectin 
c’onlnnou with what we Hhotdil expurlj tnkini^ into n<‘(H)iint the J)iamag- 
HnuilinoHH of tin' innp;neti/iitiun (or tiiainagnetization) of tln^HO iiotic and 
HulmtiinruH. lint it <»ng!it to he great in a highly nuignol izod raraniag- 
KnbHtiinee «nrh m ir«»n,»?nl tliia ban biMoi fonml by Kuiult* to bo nutic Sub- 
tlie etiMO for a ihiti lilni «d’ nndailie iron inngtndi/.iul tVanKvorK('.ly. atauccH,. 



Wijiiii the pnl»«tHnea m mmmnhml the already oxiHiingniag« 
noth; wtiltH.mleii turn ronml lowardK eoinritlenca of tHroction of 
their itxoii itfttt lliii* iiniwt Ifivnlvo nomo freedom cd imdion tuf tbo 
pfirtitdiii rnktividv tn thu mitdimn In whieh tltey aro iitiboddocl. 

Bir Willlirit Tfmnwon t hii« migge«te«l a form of gyroatatie Gyrostatic 

. Molecule. 

* PhiL Mmj, tlrt. 1HB4. 

t iMUiiimfr p. B20, 



238 


MAGKETO-OPTIC ROTxVTION 


Gyrostatic molecule, consisting (Fig. 52) of a spherical sheath enclosing two 
Molecule, equal gyrostats. Each gyrostat is attached at one extreiuity of 
its axis of rotation to the case by a ball-and-socket joint, and the 
two are connected together by another ball-and-socket joint 
uniting their other extremities. The attachments to the case 
are at opposite extremities of a diameter, so that the gyrostats 
when their axes are in line have the centres of the fly-wheels on 
the diameter. 

Supposing a couple applied to the case so as to turn it round 
any axis through its centre, no disalignment of the gyrostats 
would take place, and it wmuld turn simply as a rigid body. If 
however the case were made to undergo translation in any 
direction, except along the line of the axis, the gyrostats would 
lag behind, and the two-link chain which tliey form would bend 
at the centre. This bending, however, would be resisted by the 
quasi-rigidity of the chain produced by the rotation, and the 
gyrostats would react on the sheath at the ball-and-socket joints, 
with forces at right angles to the plane in which the bending 
takes place. 

The result when worked out is that if the centre of the 
gyrostatic molecule be carried round with uniform velocity in a 
circle in a plane at right angles to the diameter joining the ball- 
and-socket joints, the necessary centreward force is greater or 
less according as the direction in which the molecule is carried 
round is with or against the direction of rotation of the gyrostats. 
In other words the effect of the rotation is to virtually increase 
the inertia of the molecule in the one case and diminish it in the 
other, by a certain amount. If the molecule be small enough the 
effect of any rotation on the sheath is infinitesimal in comparison 
with that of translation ; which is found to produce the required 
magneto-optic effect. The sheath might therefore bo smootb. 

This modification of themoleculeseems important, as it accounts 
for the magneto-optic effect, while rendering it possible for the 
molecules to turn round in obedience to magnetizing force 
towards coincidence of direction so that the medium becomes 
magnetized. 

Magneto- it is obviously suggested by the gyrostatic investigation that 
Optic it ought to be possible to explain the magneto-optic rotation on 
onElectro- electromagnetic theory of light as a consequence of the 
magnetic' small magnets imbedded in the medium with 

ThSiry of in the direction of propagation of the ray, and there- 

Lio-ht. producing a component of magnetization in that direction.* 


* A theory of this kind has, I learn from M. Poincai*6’s Thdories 
de Maxwell, been proposed by M. Potier, and published in the 
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In consequence of the motions of the ether the direction of 
tlic chains of these molecules wliich we suppose to exist along 
the axis of z in the undisturbed state of the medium are con- 
tinually undergoing change at every point, and thus the direction 
of the axial magnetic force along each chain also undergoes 
alteration. It is obvious that if the displacements be everywhere 
small the actual magnitude of this force will not sustain any 
sensible change, but that eacli small change of direction will 
produce a component magnetic force in each of the two directions 
at right angles to the axis. The calling into existence of these 
components will produce corresponding electromotive forces 
tending to increase the electric displacements. We shall assume 
that tlie electric displacements are in the same direction as, and 
proportional to the displacements of the medium in which the 
inagneti^sed molecules arc supposed imbedded. 

The electromotive force in the direction of j/ is given, (5) 
above, by 

^ _ dG df 

" dt F/ 

where dG/d^ stands for the fetal time late of change of G, Also 
since II docs not perceptibly vary along s, if the direction of 
propagation bo, as taken here, along z, -dGjdz denotes magnetic 
induction through unit of area in the plane of yz. Hence any 
part of the total time rate of variation of —dGjdz will denote the 
space rate of variation in the direction of z of an electromotive 
force parallel to z, provided the time and space differentiations 
of the part are commutative. 

Now if the displacements of the ether particles from their 
undisturbed positions be taken as parallel and proportional to the 
electric displacement, and G he the component of magnetization 
of the substance in the direction of z due to the existence of the 
molecular magnets, the component magnetic force in the direction 
of .r will be approximately eCdfjdz^ and thus the magnetic induc- 
tion through unit of area in the plane of yz is ixeGdfjdz. The time 
rate of variation of this is 




a 

Ft dz 


Gomptes Bendus. This theory itself is not given in M. PoincaiA’s 
hook, and I have not seen the paper ; but the treatment of the matter 
given above occurred to me after reading M. Poin card’s statement of 
the results. 
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But we have by (5), Chapter II. 


dt Air \ dy dz) Att dh 


since there is no conduction current. 

Further, by (50) p. 33, P — (dFldz)/fi, and therefore 
becomes 

df^ _ 

dt Awp. dz^ 


(75) 

(76) 


Now since the diiferentiation of f with respect to t is partial 
only, we may use the substitution, 

dz dt ~~~ dt dz 


and therefore (76) gives 

dt dz 47r dz^ 


which gives an electromotive force in the direction of y, of 
amount 

__ 

Att dz^' 

since there can be no constant or arbitrary time function con- 
cerned. Hence we have finally 

0 = -— - 

dt Att dz^ dy 

and therefore 


dt dt^ Att dtdz^ 

But by (9) and (10), 

Att dt dt Attim d^^ ’ 
which used in (77) gives, 

di^ Kfx dz'^ Att dtdz^ 


. . (78) 



UAhl/S rU KNOMKNON 


‘2.1 j 


Siniilarly (or tlui otlno' tMuiipoiuMii in tho ouho o1‘ circularly 
\vc find t.hi^ c<juation 


a'’F ' 1 rr a«v; 
c)/" A/i a.’“ -itt 0/ay“ 


(79) 


'rhcHi> two tMjtiatiouH nro itlcnlical in form willj thosi^ alnaidy 
fouml, ami ol cotiiNt' lead to tlo' huuk' r<‘sidtH, nuuu'ly, mnjm’iKdo- 
ot>tic rtdntitm inilt'pt'mlent of wlmtlxu’ Iht^ ray fn direct or 
re{l«M‘t(‘d. 

‘TIun in tlu' proper platan in wliieli t(» refer to the phtuiomciion Hair.s 
tliHcov»'rinl Ity Hall iuh llie rt'Hull. of a reMcaiH'h umlertnken at the Plumoia 
Ht 4 t)^oH(ion of Ih'tjfeMMor Ihiwlnnd), that in a <’ond(ict()r carrying- non. 
u (uirrent in a mur^uetii' field a eoinpnmmtclectroniotivi^ force ih 
pnahumd in the direction of the ehM’1rt)mngnet.ic force, 'flu' 
experimiuitid arran^'cmeut uH<‘tl by Hull ih kIiowu in Kiji;’. 59. A 



Kio. 5a. 


errcHH couniHlin^ of a thin tiliu of tIuMnmdu(ioi% <h*poHit<'d, or 
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meter, proving that its points of attachment are no longer at 
the same potential ; that is, a component of electromotive force 
across the direction of the current in the plane of the him has 
been produced. When the current flows from A to A and the 
direction of the lines of magnetic force is upwards through tlie 
paper, the direction of the electromotive force produced is from 
C to D. 

With this arrangement the field was not uniform but was 
concentrated on the central portion of the film. The arrange- 
ment of the conductor in a very thin film is necessary for the 
production of an observable effect. 

This result has been attributed by several physicists to 
inequality of strain in the material set up by the unequal action 
of the electromagnetic force on the matter of the film, and 
Shelford Bidwell has suggested thermoelectric action duo to 
the current flowing through the no longer homogeneous sub- 
stance as the immediate cause. This view however does not 
appear to be shared by Rowland and Hall. It would seem to 
be possible to test its accuracy by properly arranging a film so 
that it should be wholly within a uniform field of sufficient 
intensity and observing whether or not tlie effect is produced. 
Electro- If an electromotive force proportional to the electromagnetic 
motive force (A", JT, Z) exists at each point in a homogeneous medium, 
Force its components are 
in Hall ^ 

e’X — (vc — w/j) \ 

e'r==e'(2tY^ - [ (^ 0 ) 

e'Z — e' {ub - va) J 

where e'> is a constant. Thus, ^ being used to donot(3 electro- 
static potential, produced by a battery or otherwise, inde- 
pendently of ordinary magnetic induction, the equations of 
electromotive force [(5) p. 191] are now 

P 

R 

and if a, by c be the components of total magnetic induction, 
a' y b\ c' those of the part due to the constant field, 


oF , . 

36 = , ,, , 



For a plane wave travelling in the direction of z through an 
insulating medium showing the Hall phenomenon, (82) 
becomes 


da , , 

a = - + « 



Ro\vland^s 
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Effect. 


a = c\ 


Hence the equations of electromotive force (81) become, since 
w —0 and = 0, 

p ^ 

dt dTTjbt dz^ d.v 

di ^TT/x dz'^ d// 

and therefore 

dP^ _d\F _ 64/ dy 'I 

dt dt'^ 47rfi dtdz^ I 

Fc' ^/n ^ 

dt dfi 47r/x dtdz^ J 

But we have by (0) p. 195 

dP _ Ami ^ 1 d/j 1 d'^F 

dt K A fx dz A'fx dz'-^ 

0(?__47r/;^ 1 1 d-Cr 

dt .AT A'jjl dz Kjj. 03- 

Hence substituting from these equations in (83) and rearranging 
we find 
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1 ^ d'^G 1 

~ Aft dTT/x dtdz'' I 

dt^ A/x dz^ Air fjL dldz^i 

which are equations of the same form as before obtained, and 
show that in such a medium a magneto-optic effect would be 
produced. 

Dr. John Kerr, of Glasgow, discovered about fifteen years ago^ 
that when plane polarized light is incident on the polished pole 
of a magnet, so thatthe wavefront is not parallel to the direction 
of magnetization, the reflected beam is ciliptically polarized. 
This result has been explained by Professor (I. F. Fitzgerald f 
in accordance with Maxwell’s Electromagnetic Theory of Light ; 
but want of space prevents our giving here a sketch of his 
investigation. The effect has been used by Dr. H. Dubois as 
the foundation of a method of measuring magnetic permeability 
described below in the Chapter on Magnetic Measurements. 

Dr. Kerr had previously discovered X that when a beam of 
polarized light is incident upon .a transiiarent medium subjected 
to electrostatic strain the transmitted beam is is general elHpti- 
cally polarized. The maximum effect is produced when the 
wave front is parallel to the direction of the lines of force, and 
the plane of polarization inclined to- them at an angle of 45“. 
No effect is produced when' the plane of polarization is either 
parallel or at right angles to the lines of force. 


* Phil Mag, May 1877, and March 1878. 
t Phil Tmm. Jl S. Pt. 11. 1880. 
i Phil Mag, Nov. 1875. 
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OAZCULATIOJSr OF CONSTA^T.^ OF COILS AND CO- 
EFFICIENTS OF INDUCTION. 


Si^oTio.sr I. 

MAGNETIC ACTION OF GIROUITS AND COILS. 


It has been proved above [(81) p. 47] that the solid angle 8oli( 
subtended by a circle at any point is given by the o(iuatiou* Angles 

tended 

cu -= Srr I 1 - cos + sin 

where (Fig. 54) <t> is the angle between OF and tlio axis, ■vp' the 
angle between CA and the axis, ^Zi the zonal sphorical har- 
monic of order i, xf/ZU the differential coefficient of xj/Zi with 
respect to cos i/r, p the distance and r iho distance F'A. 

If as indicated in the figure we take 6 = 90°, then all the zonal 
liarmonics of odd order vanish/f- and the general exprcRsion of 
the zonal .harmonic of even order 2i is 






* It is to be noted that (81), 47, is given for the ease (Fig. 9) of 

7^' on the opposite side of the shell from the point 0, and so (p. 46) 
tlio angle $ at P' is used. Hero the solid angle is taken from P' (‘oinci- 
<lent with Q of Fig. 9, and is 27r(l - cos i|/). It would have bc^cn Ixittcr 
to have taken P' in Fig. 9, on the same side of the circle as C. Then 
in (78) and (81) we should have had - cos a instead of 4* cos a, (cor- 
responding to ~ cos above, and 4- sin^a for - sin- a in the third term, 
t See Appendix on Spherical Harmonics. 


Potential Now the solid angde subtended at any point by a closed curve 
at any is equal to the potential which a unit current flowing* in the 
Point due curve would produce at that point. Hence if a current y flow 
to Circular in the circle, and be the potential which the current produces, 
Current. have, writing y for P'P in the particular case in which it is 

at right angles to the axis, and x for OP', 


3 - 4 ..=) 

i'' 22 r '' . 42 r" ^ ’ 

' - 140a2|.2 ^ 50., .4) 


(!^) 


a series which is convergent if ^ < r. 

This equation can be found as follows without tlie use of 
zonal harmonics, and a comparison of the processes gives results 
which will be of great service in some more complex applica- 
tions of zonal harmonics later in the present chapter. 



Potential 
due to 
Circular 
Surface 
Distribu- 
tion of 
Magnet- 
ism. 


Consider the potential produced at any point P (Fig. 54) at a 
distance^ from tlie axis of the circle by a circular plane distri- 
bution of magnetism. Let the dimensions bo as in Phg. 54, and 
denote by <r the surface density of the magnetic distribution, 
and hy dF the potential at P' produced by a mirrow concentric 
ring of the magnetism of radius^ and breadth dp. Then 


Hence integrating from y? = 0, to we find 


= 27ra'( fJ -f- — d) 

for the potential at P' due to the whole distribution. 


POTENTIAL DUE TO THIN CIRCULAR COIL 
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Now assume for the potential at F 

r=27ro-(^o + ^i/ + ^.y^+...) . • • G^) 
where Aq, Ai, . . . are functions of x. No odd powers of y can 
enter, since the potential is not altered by reversing- the sign of 
y ; and since when y = 0, the value of V reduces to that for P' 
we have 

^0 = - X (4) 


At all points external to the distribution V naust satisfy 
Laplace^s equation, which, for the case of symmetry round the 
axis of .r, takes the form 


dx^ 0/^ y 0y 


(5) 


Differentiating (3) and substituting in (4) we find 

dx^ 


9.r2 ^ 


" + + ■ ■ ■ 


+ + 3 . AA.,f 4- 5 . G/4?/ + . . . . 

+ ^Ai + “ 1 “ * 4 “ . • ■ • ~ 0 . 

The coefficients of the different powers of y in this series 
equated separately to zero give 

A ^ ^ A ^ 

^ 2 ‘^ d . v '^' 22.429^’ * 22.42.62 9l»’ ■ ■■■ 


Hence finally 




22.42 9.P* 


. (G) 


where An 




From (6) cf course by differentiation with respect to x and y 
respectively, the axial and radial component forces at the point 
.r, y, can be obtained for the given distribution. 

If now another circular plane distribution, of equal density 
but opposite sign, be supposed placed coaxial with and at a 
distance — dx from the former, its potential at the point (.r, y) 
will he the same as that produced at the point {x + dx^ y) by the 
former distribution, except that the sign will be changed. Tluis 
it is — {V dFjdx . dx). The potential at the point {x, y), due 
to the two plane distributions together, is thus - dFjdx . dx. 
Calling this O we have 


Potential 
due to 
Disk 

formed by 
solving 
Laplace’s 
Equation 
by Ex- 
pansion. 


Potential 
of Circular 
Magnetic 
Shell 
deduced 
from 
Potential 
of Disk. 
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Q. = ^TTorda- 




SJo I .9" 
■ 'dx 22 


av„ 




3.1-3 22.42 3.# 


+ ■ 


,..) (7) 


This is the potential at.T, of a magnetic shell of strengtli 
crch. If the shell be replaced by a current of strength y flowing 
in a circle coinciding with the edge of the shell, we have a-dx = y. 
Performing then the differentiations of Jq, (writing for brevity 
r for and replacing (rd.v by y) we find again (2). 

By comparison of (1) and (7) remembering that cj) is now 90°, 
and p = y, we see that 

' (8) 


r 


(2f - 1) ! 


,y.2r+2 2 




02^ + 1 
d.e' 2 i + 1 


I 


a general result which enables J {^^ 21 !'^'^^ calculated 

■ for any value of i by successive differentiation of We shall 
show when we come to use this result that a similar theorem is 
true for zonal harmonics of odd order. 

Magnetic The axial and radial component forces F, It, are — dQ/d:r, 
Forces due - 0i2/9y respectively. These could be obtained directly from 
to Circular (2), but it is easier to differentiate (7) with respect to s and y, 
Magnetic and insert the differential coefficients of J a in the result. Thus 
Shell. ^ 


da 

d.v 


{1 + If! - 4 .^) + 1^,5 («■' - 8..:n 


32 . 5 / 


= 3,ry {1 + A t (3«2 _ 4.^.2) 


The field due to a circular conductor is shown in section by 
Fig. 55.* 


* This cut is taken from Maxwell’s FUotricity and Magnetistny 
Vol. II., with an extension to show the field symmetrically about the 
centre of the circular conductor. 
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2f)0 

Couple on From these results we could calculnte the couple on a thin 
Magnetic uniformly magnetized needle A, B (Fig. 56) placed with its 
Needle centre on the axis, and deflected into any given position ; but 
produced the following method is preferable. Let 2/ be the length of the 
byCireiilar 
Current. 

T 





Fig. 56. 


needle, and 6 the angle which its axis makes with the plane of 
the circuit. The coordinates of its ends are x + I sin I cos 
for and — / sin <9, - I cos 6 for B, Now if be the 

potentials at A and B respectively we have by Taylor’s theorem 


+ / sin d h 

dx 


dQ , /^sin-d0^i2 


/ sin 0 + 

dx 


1 . 2 
P sin 2d d-Q 
1 . 2 




( 11 ) 


Thus if the strength of each pole of the needle be w, the 
energy of the needle in the given position is - Oj), sup- 
posing the positive end at B. By (11) we have, writing M, 
the magnetic moment of the needle, for 


?;;(% = -M sin + 


sin '‘d , \ 


5! 


■** 


9 .#> "*■■■■/ 


27ryM|^sin0 


d^A^ cos 2^ 
0.^2 22 
sin 2d 

+ -3J- 


dx ^ "'”22742 


sin2dcos2d 

sin^d j 


‘ d.r'< 


...j 


( 12 ) 


6 ! 
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where y is replaced by^cos^. If instead of a single turn of 
wire there be N turns, which may be taken as coincident, vve 
must write Ny instead of y in this equation. 

The couple 0 acting on the needle is thus given numerically 

= 27riV‘'y /W cos ^ ~ |l -f ^ (1 - 5 sin -6) 

+ (a* - 1 ‘2«2.r2 + 8.r«) (1-14 sin ^6 + 21 sin ^5) + . . .} (13) 

a formula of great importance in galvanometry. 

If the needle be not uniformly magnetized the value of I is not 
dotinite. It is easy to see however that M, the magnetic moment 
of the magnet, should he used in the first term. In the other 
terms &c. should be replaced by quantities depending on 
tlie distribution of magnetism on the needle. This however it is 
in general impossible to determine for a small needle. 

If I bo very small the expression on the right of (13) reduces 
to the first term approximately ; and if also .-r = 0, that is, if the 
centre of the needle is at the centre of the circle, we have 

0 = 2'iTA^yM cos Oja (130 

The principal term in the expression on the right of (13) is the 
first 27rNyM cos which, by (9) and (10), is the value of the 

couple when I is so small that the component li of magnetic 
force is negligible, and the value which F has at the centre of 
the needle is taken as the force at each pole. Now we have for 
the couple in that case 

0 = 27riVyM cos = FM gob B 

so that F = ^TTNya^lr^. We have to find what takes the place 
of ^TrNycfijr^i or i^, in (13) when the coil cannot be treated as a 
simple circular conductor. For the other terms unless the 
dimensions of the bobbin are larger than usual the coil may be 
taken as n single circular conductor coinciding with the mean 
circle of the bobbin, and carrying the whole current. The case 
of a long bobbin we shall consider specially. 

Let the breadth in the direction of the axis of the cross-section 
of the coil by a plane through the axis be 2b, and the radial depth 
of the section 2d, Let BG (Fig, 56) be a radius drawn from the 
centre G of the coil in that plane which cuts the coil into two 
equal and similar coils, and taking D^(= A), GI>{ — h) at right 


Modifica- 
tion of 
Formula 
to allow 
for Dim eli- 
sions of 
Coil-Sec- 
tion. 
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angles to one another, .we have dhdh for the area of the element 
B o£ the cross-section of the coil by a plane passing through the 
axis and through BG. Also BB'^ — — h)^ + Let, further, 

n be the number of turns crossing unit of area of cross-section, 
and 7 the current in each. The current crossing the element B 
is nydhdlc^ for we here suppose the wire so line that we may 
suppose the cun-ent everywhere crossing any area of cross- 
section proportional to that area.* Hence by the law (p. 143 
above) which we may assume as to the' magnetic action of the 


B 



Fig. 57 . 


elements of a clrcnit, the force exerted on a unit magnetic pole, 
at P, by an element, of area dhdk and length cf.v, at right angles 
to the plane of the paper is 7iydsdhdhi{{x — hy^ Hence if 

dF be the component in this direction due to the whole ring^ of 
which the element B is the cross-section 


dF = ^TTJiy 


JcHhdh 


The whole magnetic force parallel 


-1-& a+fl 



-Z> a-ci 


to the axis is therefore 
IGd hdIc _ 

11)2 + ^ 4 ’ 


* When the layers of wire form each a helix we here neglect the 
axial component "of flow. How this may ho compensated will be 
explained in the next chapter. 



( 5 A I U 5 A I N \S ( I A L V A NO M l<yr K ] 


or a ft or iutt'graiion 

ri .1 f / I /\ 1 (t s! L(' ~j“ /yj” -4- (<t 4- y/j" 

h *‘JTiv/y‘ (./• + //) Uji*: t V » ^ -T \ I / 

( (( (/ s\.c 4 - h'f + { t ( - “ ({f 

{. 4)l„j,.«+'/+'VW;)= + (« + ,/y^] _ 

(( f/ 4” U' /y}** 4“ 0^ '/)“ ® 

which rciiiiccH wiiiui .r t>, to 

I y/ 4" 4" 4" 'I” /ir' 

A' TrAy» loH‘ / , . . (Ihj 

" y/ y/ 4“ ^ {ft y/)^ 4» 

and when /y niul // arc Mmall taianjjyh to 

F llrrNylti (U)) 

\vdit‘ro N in the t(itfi! lunnher of tunm in the coil. 

'flic vultt(< (4 F hi (M) in to ho unod, wlion nuiulml, itiHtcad of 
tiirA m far iih the lirot form of tlio Horiem for F ih concerned ; 
the rciunitidcr of the HorioH in to Im rotninod without, alteration jih 
rtunicicntly lUHtumtc for oractimil purpoHCH, 

The Hocontl term of tuo Morion in (1.1)^ involving the product Ucmovnl 
'hr'**) (I fynhi**^), umy ho inatlo to vanish by arranging ho of Second 
that one tir lioth of the^ factor« may vaiiiHh, Tlio vahio Of the 'IVnu iu 
Hocond factor k I when $ «« 0, aiul diniiniKhcH aH 6 (whtstlier 
poaitivt^ or negative) incroaHOH in uumoncal value, until, when 
i: Kin 4(1/ ^^ 5 ) ; db *M\ it in zioro. Thereafter it heemmeH 
negative, and approachi'H — 4 uh ^ approaelitm DOA At 45'^ itn 
value in U/:^, 

Tlie firnt fiuUor may he umdo to vuiuhIi by placing tbo needle Mani^ain'.s 
HQ that j' .**1 y//2. Thin wan done i>y Gangain in liin galvanometer, fhdvnnti- 
whicb (Muminted of a vertical coil with a needle ho HUHptmded meter, 
that itH ci’Utre wan an nmirly hh poHHible on the axin of the coil, 
at a diHtaiHHi etpial to half ha rndiuH. The uncertainty an to the 
proper dintiuuMs eauHcd by the diiueniiouH of the cruHH-Hection 
of the coil itmdf, wan got over by winding tlie wire on a (Huiica! 
rtiirhice of Hemi-verlimd angle tan ho that the diHtaiice of 
the itctalh% HiiMiHuidcd witli itn centre aH nearly an poHHihle at tlie 
vorttsx, might Im in the proper noHition rtdatively to mtch npirc. 

With proptu* arrnngemcntH uuh w’inding of the coil, though 
more dhllcutt than that of an ordinary bobbin, migdit he carried 
nit with Hutlicicnt «*xacincMH; hut any inaccuracy in tiio placing 
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Objoctions of tlic needle is serious. For by (13) tlie value of dc/da: is 
— ^nNyM cobO Za-lr‘^ . 9r/9.r, and tlierefore 0 requires correction 
for an error in placing the needle, by niultiplicai.ion ])y llic 
factor 1 + 1/Q . dQ/dx . dx, or 1 ~ or since x — a /"I, l>y 

the factor 1 Qd-xl^^a. Thus if dx is sensible, this factor, de- 
pending as it does on l/a, seriously affects the value of 0. 

Gaugain^s galvanometer has been improved upon by von 
Helmholti!, in whose arrangement two e(]ual parallel eoils are 
placed with their medial planes at a distance apart, equal to tiieir 
mean radius. The needle is suspended with its centre ns iioarly 
as may be on the axis, at a point about which tlie niTaiige.ment 
of coils is symmeti'ical ; and the coils arc so joined that the 
current flows in the same direction round both. This makes 
f(r — 4^2 = 0, very apiproximately, in 6, and further obvifites the 
uncertainty just referred to. For any displacement of the 
needle towards the coil is attended by a diminution of the couple 
due to the other coil, and a very nearly ecpml incroase of the 
couple due to that which is approached. 

The field due to the arrangement is shown in Fig. 5^,*^ and 
may be contrasted with that for a simple coil sliown in Fig. 55. 
It will 1)0 seen from the diagram of linos of force, and the sumo 
thing is obvious from (10) (since the values of x for the two 
coils are equal and opposite), that E is zero at every point in the 
plane midway between the coils, and passing therefore (approxi- 
mately) through the centre of the needle, and also very xiearly 
zero at points even at some distance on either side of this ])lano. 
Thus over quite a considerable space surrounding tlu^ centre of 
the needle, the field due to the coils is practically uniform and 
parallel to the axis, and the couple practically indopondent of 6, 
and iinaflected by an error in centring tlie needle wbich would 
have a serious effect on the couple in the case of a single coil. 
Couple on It is clear that the energy of the needle in the lie hi of the 
Needle in double coil is that given in (12). For tlio energy of tho positive 
Holm- pole, supposed nearer to the coil from which it is repelled, is 
holtz’s the field of that coil, and — mO-i in tho field of tlie other 

Arranp- energy of the other pole iias evidently tho samo 

inent. so that the whole energy is 2w(ftjj - SIX Tho couple is 

thus 29, where © is given by (13), subject to tlio condition that 
4Eh Tt may he written therefore to terms of tho fourth 
order inclusive 

/y2 . 4 K lArA 

e = 47riVVMcos(9~Jl--§^'^^ {l-Umn^eX2lHur^e)] (17) 


* This cut is taken from Maxwell’s Electndty and Magnetimn, 
vol. ii. 
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Fig. 58. 



256 


Approxi- 
mate Cal- 
culation of 
Effect of 
Finite 
Cross-sec- 
tion of 
Coil. 


Method of 
Calcula- 
tion of 
Average 
ElT^ct. 


MAGNETIC ACTION OF COILS 

where since y- == and N is the number of turns in 

each coil. 

Valuesofd which satisfy the equation l~14sin-^+21sin^d = 0j 
render the factor of the second term in brackets zero. These 
values are 16° 34' and 49° 55'. The factor in brackets has two 
maximum numerical values, viz. 8 for 6 — + 90°, and — 4/3 for 
<9 = ± 35° 16'. 

To take into account the distribution of the wire over the 
finite cross-section of the bobbin, we may take the coil just con- 
sidered as an elementary ring of the real coil, and, regarding the 
distance x and radius a of this ring as subject to variation, find 
from each term in the expression of any e&ct produced on the 
needle by the central ring, the corresponding term of the effect 
produced by any other parallel ring of the coil. From this we 
can find an expression for the average value of the term for the 
whole coil. . 

Thus let Tq denote any term of the expression for the action, 
whatever its nature, on the needle produced by the central 
circular filament. If then F be the corresponding term for a 
filament the coordinates of which reckoned from the centre of 
the cross-section coil are and the area of cross-section of 
which is dhdk^ P the average term for the action of the whole 
coil, and 2b, 2d be the axial breadth and radial depth of the 
coil^ we have by definition 

6 d 

iUP = / / (18) 

-d 


But, since the value of F for this term is obtained by substi- 
tuting in the expression x — hiov x and a k for k, by Taylor’s 
theorem 


F = F,-h 


dx 


+ k 


^0 

da 


1 . 2 dx^ 1 , 2 dd^ 


Multiplying this value of F by dhdk^ and integrating as indicated 
in (18) between the limits — b, -{■ h for h, and — d, d iox k 
we find ■ 


UdF = UdF^ + 


UH d^F^ 
6 dx^ 


Ud^d^P, 
6 dor 


■ 5 ! dx^ 61 a.W 5 ! ~da^ ' 


since the terms of odd order vanish in the integratioi). 


• 09 ) 
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We apply tliis result to the correction of the values of F and First Cor- 
L given in (9) and (13) by treating the terms separately as roction. 
follows. It will 8110100 to take F, as the results obtained will Terms for 
apply at once to © also. 

A lirst approximation to F' for the whole coil is obtained by 
writing Aabny (or Ny if N is the whole number of turns) for 
y, since this is the whole current Ilowing across each section. 

To correct for the distribution of the turns, wo take first 
the factor and call it Differentiating we find 
• = ;k‘*^(4.?r — d^)lr^^ d'^FJdd- = — ll.-rV- + 2(F) jr'^, so that 

taking the first throe terms of (19) 

1 ‘ = "! + f + 2«-') . (20) 

F (j r* () r* 


and this takes the place of in (9) and (13). 

If the coil is a Helmholtz arrangoinoiit, in which 4.r- — the 
second term disappears, and wo have after reduction 



Applica- 
tion to 
Holm hoi tz 
Double- 
Coil 


and the first term of F takes the corrected form 


li^TrA'yA _ T 


whore iV'is the number of turns in each of the two coils. 

The second term of F may bo corrected in the same way by Socond 
taking j'F for .P^. Wo have dVyd.r-— - 3 . 5^“(8.'r'^- Correction. 

and 13rw;^rti^+159.rV-- l2F)/r'\ Terms for 

m that to tliroo ternm Single 

Coil. 

p = («2 _ 4,.,.S) _ 'll • f «2 (HP _ 1 2PP + «4) 

/•' 1) '/*“ 

- - 13G.r*rt2 + 159.(^V _ 12 ,^ 1 ) ( 21 ) 

vhich takes the place of — AF)lr^ wherever the latter 
)ccurB. 

Again, if the tioil is a Helmholtz arrangement, this value of P 
3 simplified. Its first term disappears altogether on account of 

VOI.. II. s 
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the relation 4^•- — which also reduces the remaining two 
terms so that 

P = A Ti(36A2-31f?2) .... (22) 

where = 5/4 . ^<5 . 

Hence, taking in only second powers of h and and the lirsfc 
three terms of (9), we have for the Helmholtz arrangement 


_ 3^, _ - 31, P) - . (S3) 

5 6 a V 15 <5^-/ ^ 5-^ ^ 6'^ a‘^1 


The value of P in (22), and therefore also the second term of 
F for any arraiageinent can be made to vanish by constructing 
the coil so that b'^ — 31/3G .d'^. If this is done for a Helmholtz 
galvanometer, the value is, for that instrument, given to a very 
high degree of approximation by . 

_ ^^TTj^yM cos d f .. 1 

- T (1 - 14 sin 2^ + 21 sin . . . (24) 


If the length of the needle, as it ought always to be, is small in 
comparison with a, the value of © for the Plelmholtz arrangement 
may, within the limits of errors of observation, be taken as given 
by the formula obtained by omitting the term involving on 
the right in (24). 

If four coaxial coils be arranged so that the current flows 
through them all in the same direction, the values of F at the 
same point due to the separate coils will have the same sign. 
Consider then the component magnetic force at a point 0 sym- 
metrically situated with reference to the coils, which are arranged 
in pairs, those of each pair having equal radii, and being at equal 
distances along the axis on opposite sides of tlio point at which 
F is taken. Let a, a, be the radii of the coils, .r, the distances 
of their planes from 0, A^, the number of turns in each, and 
^-•2 = 4- Then to three terms 

F = + + _ 4,,.) _ 4^,)J 

+ ly - 12«!V+8a;«) + ^;a2(a^- 12a2^2 4.8|4)jj (25) 



Now we 
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coils should lie on a sphere having its cen+v"^ is thqf +i>n n l . 

a. a. X, that the coeffieients of «2 ,A at 0. Conditions 


should 

vanish. 


a, a, .r, that the coefficients of ^4 0^ and so ohr^r.. A" 

W« thu. l»v. lulfillrf by ibeso four 4U.„g’['’«n»li iilent4u, taSmaJ'. 

yr,.(.. - fa!) + X'.V ~ 4„ ' 

+ 8 ,'f 4 ) + JV'a\a^ ~ 19 LT ® 

We may write == 6a^ - anrl n * 

21a^ - so that calling qb, dj' 4. 8^'4 = 

radii of the coils subtend at 0, and puttin’ which fh^ 
write the equations in the form ^ A/A' ^ 


^7isin2(/)(4 - 5sin2c/0 +sin2^'(4 


we may 


siii^ <3!) (21 sin'^ <p - 28 si 11^ ^ + 8) = 0 \ 

_L <aiTi2 /4.^/C) 1 c.in4^/ Cici . v 


( 26 ) 


ne- 
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4 sin^ </,'(21 sin^.^.' - 28 si,,2 ^ g. ^ 

Since sincjf), sin 0' can never exceed 1 xv ' 

cessitate the fullilrnent of certain condition ^^^tiations 
and, subject to these, any number of sin </>, sin cb' 

to carry out the object stated. If howeverl^- he found 

pair of circles coincide in the equatorial == 1, so that one 
have from ( 26 ) through 0, we 

21 sin^qb' - 33 sin 2 ^' + 12 -- q 

which is satisfied by sm 2 <^' = 4 / 7 , or by a/ 

The second solution, in which all the " -t 
equator of the sphere, is not relevant, in ® I'ound the 
make m = - 1, which may be interpreted would 

number of turns on each coil should be the that the 

currents should flow in opposite directions and that the 

should be no current at all on the wlmiJ ^8 that tbp-m 

magnetic effect. ^nd therefore no 

The solution = 4 / 7 , gives m = 32/40 

surrounding the centre should each cbntniV the circIpR n 

49 turns contained in each of the others for everv 

be placed on the two sides of the great ci i ^^tter should 
bisecting the axis, at a distance in each -case ^ sphere 

radius, and have a corresponding radius of 0/ ^ ef the 

sphere. that of the 

We now consider a long right cylindrical 

solenoid can be very approximately cons Such a Long Coil 

close single layer of fine wire, so that the m ^ ^^inding a «f Single 
Qgle layer may be taken with sufiicient ao^!? I'adius of the of 

ccuracyastheradiu! ^^ii^eWire. 

s 2 
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of the wire, and tlie wire may be regartled aw everywhere at 
right angles to the axis. Such a single layer coil is very (ion- 
venient for accurate work since there can bo no uncertainty as 
to the winding. 

The value of for a single turn of such a coil is given by (9), 
which, taking here for convenience the origin of coordinates at 
the centre of the coil, and 5 :, as the axial distances of the 
point F considered, and the turn in question, we may write 

+ ly. ^ + 8(.r - ^Y] + ■ • •] - (27) 


where 

Similarly the value of the radial component, li, may bo 
written down. The value of the couple © exerted on the needle 
could easily be found also; but it will bo given later [see 
equation (54) below]. 

If then n be the number of turns per unit of length y we have 
to replace y by nyd^. Hence if 21 be the axial length of the 
coil we have for the total force 

F = Zrrny J dfl [l + 1 {a^ - (,. - + . . . j (27') 

-I 


But clearly the expansion in (27) is — if Q bo given 

by ( 2 ) with s replaced by .r - But - dii/d.r, is + dn/d^, 
so that ( 2 ) gives at once the integral + a for (27'). Hence taking 
the int egral betwee n the li mits — I and + I for and writing 
^ 1 — + (.r - iy{ ^2 = + (iv + ly^, wo fmd 


P' = 27r?2y 


2 2 ^ t i 


+ 2/'4.3-5'»f-J'(3«^-4(.r + 0“) 

_ (3a2 _ 4(^ _ _|_ _ _ J 


(28) 


which holds for all points whether inside or outside the solenoid. 
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If y = 0 this gives 

jP = .... (28') 

til at is if the point at which F is taken be on the axis, and 
yj/'^ bo the angles which r,. make with the axis, as shown in 
Fig. 59. 

F = 27r?2-y (cos\|ao — cos^ki) .... (28'") 

If the coil be very long ^ 2 , approximate for internal points 
not near the ends, more and more nearly to + Z, Z - .v, so that 
all terms vanish in (28) except- the first two. For such points 
:r — Z is negative, and approximately (.r + Z)/ri — — l)/r 2 = 2. 

Thus the field within a long coil is uniform except near the ends 
and its intensity is given by 

F = 47rny (29) 

To take into account different layers if there are more than 
one, the best course in any practical case is (since only a limited 
number of layers would be employed) to calculate JF, by (27) 
above, for each, and add the results together. 



The result expressed in (28") can of course be obtained at 
onco by direct calculation. The potential due to a circular 
current of strength at a point P' (Fig. 59) on the axis at 

numerical distance from the plane of the circle is 
where <o is the solid angle subtended at the point by the circle. 
But if yjr bo the angle subtended by the radius of the circle 
CO = 27 r(l cos>^). Thus if Q ho the potential of magnetic in- 

duction due to the whole solenoid 


Direct 
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tion for 
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il = 27rny J ' (1 — COS 

xl/=\pl 

O is also the mutual energ-y of the solenoid and a unit po 
placed at F\ Beckoning then .r as the distance of any tui 
from P', the force in the direction of .r on the solenoid (that 
from the pole towards the solenoid) is — d£ijd,Vj and this is tl 
force F on the pole at P' in the opposite direction. Thus 

F = -27r».yf |.(1 

J d.r 

Or and F may be found thus. The potential produced by 
circular disk of positive magnetism of surface density ny at 
radius a, at a point on the axis distant s from the disk 
2nny{^a^ + .r- - x). The repulsion due to the disk on tin 
pole at P', is therefore 27r?i7(l ~ xj V ~ 2'xny (1 - cos -vf- 
Hence for two equal positive and negative coaxial disks sir 
tending angles yj/i, ^ 1^2 respectively at P', and at distances n 
the potential and force are 27rwy { V - ^’2 ” ( - .r^) 
and 27rny (oos '^2 ~ cos‘\|/‘i). 

The magnetic potential and force at a point at distance 
from the axis can also be found as follows. It has been show 
(p. 43 above), that the energy of a magnetic shell in a magnet 
held is equal to the total induction through the shell niultiplic 
by the strength of the shell. Hence in order to find the fori 
on a pole placed in the field of the solenoid we have to calciila 
the magnetic induction at the point. 

Solenoid Now we may regard the solenoid as a lamellar distribution ( 
regarded magnetism, the direction of magnetization of which is ever 
^ where parallel to the axis. Hence by (68) and (70) of Chap. 
Magnet, above, if Q, be the potential of magnetic induction in the interii 
of the solenoid 

Q, = Y — 477(56 

wdiere (= Jd(l>/dx , dx) is the sum of the strengths of tl 

shells traversed by a point imagined to move parallel to tl 
axis from an adopted zero, to the point where the potential is 1 
he found. But if we suppose .-r to increase from the negati^ 


- cos \j/)d,r = 27rny {cosyj/o - coayj/j).. 
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towards the positive end of the solenoid, we have d^ijdx = ny, 
and hence reckoning from the zero of 47 r(^ = 47 r)zy.r. 

V ill the present case is simply the potential due to the ends 
of the solenoid, which may be regarded as two uniform parallel 
circular disks of magnetism having densities <r, ~ cr, respec- 
tively. Hence if be the potential due to the positive disk, 
K 2 , that due to the negative V = 'f\ ~ T\ and 

X2 = - 47r7iyx . . . . (30) 


For an external point Q, — simply. The values of 
can be found from (6) above and the value of F then found 
by differentiation of (30). The result, as the reader may verify, 
agrees with (28). 

The method described above (p. 256) may also, if desired, be 
employed to take into account the radial depth of the coil. 
Supposing the number of layers per unit of depth to be n\ the 
number in unit area of cross-section is nn'. Thus if 2^? be the 
depth of tlie coil, the number of turns in unit of length is 
and this must replace n in (27). Taking then as Pq any 
term of the expression for the effect of the mean coaxial current 
sheet, the average value, P, of the term, for all the coaxial 
sheets into which the coil may be supposed divided, is given by 
the equation 


iS da^ 5 ! da^ 


Taking first from (28) 




.r I .r ~ Z 


we have 




Therefore to the second power of cl 


P ^ 


-j- Z :r — I . (P 


r., +G 




2^,2 ^ q . /)2 


- (.f - Z) 


2^2 _ ^ 1)2 


Potential 

at 
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Expan- 
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or 
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Points. 


Next taking the second term of (28), 




4- /) 


^ ^11 


and therefore 
vr Cl- 


-^+J} _ + Iflt - 21 «%r + Z)2 ^ 2(.r + 00 


X — I 


{lu^ - - If 4 - 2 (.?* - iy)\. 


Hence to terms in and ?/, (27) becomes {n\ being put fo:r 
the number of terms per unit length) 


- (.r - /) ! 


■ly- 


~7 

-f^il2a*-2la%v-iy^+2^i-iy)] . . . (31) 

V T. 2 I 




Equations equivalent to (2), (9), (10), (12) may be obtained by 
first expanding Jq in ascending powers of x or a according as 
.-r < or > a. These equations are convenient only when the 
point considered is near to or far from the plane of the circular 
current, as only then are the series sufficiency convergent. Wo 
have 


4 - — X 



2 . 4 . G 


X 


(:v < (I ) 


Ji'f - \ 

' \-a' 2 2.4.r'‘^2.4.6.r“ 


;r > (i 


( 32 ) 
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Calculating dAJdx^ d^AJdx^^ &c. from these and substituting 
in '(6) 5 we find if .-t’ < a 

Q=2,ry(l -- + -^-3 --^^+..,. 

• 32 g^._^ l-3.5^7 .r3 1.3.5.719.^5 


2^742 

+ . . 

Or if.-?? > a 


2.4 


+ ... 


} ( 33 ) 


„ „ (,a^ 1 . 3 «“ I 1 . 3 . 5 (fi 

O = 27ry>y§^ - j-j-. -„ 

2^ V 2 :c* 2.4 a'l* 

+ 3.5. 4l'- Y -. A-3 -7 o. 

^22.4^rA 3:“ 2 .r' 


1 * 1..3.5.7.9 g«6 

2*. 4 ■"■ 


+ 


} (33') 


F 


Hence since jP = - dQ.jdx 

1,3 .t-2 , 1.3.5 .r4 


= 2«-y- |l 

a \ 


_ _ 4 . .^ _ 

2 2^4 ^4 


+ 1 ^( 1 . 


1 . 32 . 5.^2 . 1.3.52.7,t4 


+ 


1 

22 . 42 


2 ct^ 


2.4 


•lYl.3^ 


1.32.62.7.r2 , 1 . 3 . 52 . 72.9 


- + 
«2^ 


2.4 


+ 


} ( 34 ) 
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i -III 

1 

I f iuHtoioi of Ii Hingh* turn of ii‘i% f fo’ oii*' 

!r r«}n*)if4t i«f *'* 

ftui} 


<‘uuh f’urryinK oiirmit y, tho nha%*»’ »»f murf 

ho lunitlplimi hy N, 

Finally* iiiiilti|4yiiri^ vahi«'»4 mP f* i»y If mn ^ iho wiHUtis 
tr^nn in oui'li hy (I ■ f!o< fhirsi ti*riyM l»y I M win''* 

+ 21 lint! ^•iinli^in^y iiiln /* w«* thr viihio« **f |i f.sr fh 

roH|H'U*livi' i'liHim r i#, ,r , > a. 

It in Ui 1h^ onrofully obaorvoii thii! in iiH tiiiHio rx|'»ro»ifnoti« il i 
noooHMiiry for ron vorgonof* lloit y • ' a u hr-n j >•. ' »■?, iunl j/ ' 
whoii ft < ,i\ 

It will 1 n» Hotni thnt tho fMriiitihi« jirnf iihinttunl uro ii|in|»l, 
tiiu«o |irovifumly fuuiul fnr llio liiflhroni rtino^^ wjili th*^ linlt 
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ropliii'CHl hy tnlinilo w^rioa. In fh«» liinjoriiy of |iriifiiofi| vmim \ 
in nm(‘li nmn’ *’<»nvoiaont ti» oiilonhtto imnn-rtrally llio valiios n 
tlio hnit«» i'Xpr<’H»*}<in«, Tho aro iti ffo*! tnily iiMoftil fo 

pointH vory tioiir it^o pinn** «*f iho rirolo, *»r vos)- fiy tVoni ii, I 

tho fcinnor i'iiho p*|imtion« hllfi* 1*14,^ uro ii|iplir<il»lo* in il»o hit to 
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proooHH oxphiintui nt p. nhuvo nmy hr n-w*n|. \Vr riiiiiini fnn- 
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E = - 47r2$4> sill® r[r sin^ 

(i* > p) 

if Fio;. GO, denote tlie angles which the radii of the shells 

subtend at the intersection of their axes, r, p the distances of the 
circular arcs from the origin, <f> the angle between the axes of 
the shells (denoted by d in Fig*. 10 above), and tf^Zi the zonal 
surface harmonic of the order taken for the angle (^, and 
similarly for tlie others as explained at p. 47. This value 
of E witli its sign changed, and y, y' written for <E>, is the 
mutual electrokinetic energy T of two circular currents and is at 
once available for the calculation of their mutual action. The 
result enables the mutual action of t\vo coils to be found, and is 
therefore the foundation of the theory of absolute electro- 
dynamometers and current balances, which measure currents in 
absolute units by the forces exerted on a movable coil by a fixed 
coil, through both of which the current to he measured is 
llowing, or in which the currents flowing have a certain known 
ratio. 



Putting then (Fig. 60) a, for the radii of the larger and 
smaller circles respectively, and for the distances of their 
planes from the origin, we have sin = ajr, and sin a//-' = a/p, 
and substituting in the zonal harmonic expressions, as given in 
the Appendix on Spherical Harmonics, their values in terms of 
//, .r, a, J, we have 
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T = TT^yy' |l . 2 COS (j^) + 2 . 3 ^ § (cos- <p ~ i sin- (p) 

+ 3.4 tjzM (^2 - 4a") (cos3 d - I sin" cos (^) 

+ 4.5 2^^ — I ~ i“^) (cos* ^ - 3 cos" ^ sin" ^ sin* <j>) 

+ 5 . 6 ~ ^ - (g* - + a*) (cos5 ^ - 5 cos" (j) sin" <^> 

+ ^sin*<^>)+ (36) 


As explained at p. 160 the couple © due to the mutual action 
of the two circuits tending to increase p is dTfdp, Hence for 
this couple we have 

0 = — TT^yy ' sin p {l . 2^ -{- 2 . S ^ ^ . B cos p 

+ 3 . 4 5^::^ (^ 2 -Jfl") . 2 . 3 (cos" ^ sin" <i) 
r* 

+ 4.5 ^(|2 - aa2) . 2 . 5 cos 0 (cos" <^> - 1 sin" 0 ) 

+ } m 


Attraction 

between 

Two 

Parallel 

Circular 

Currents. 


The attraction between the circuits when they are coaxial, 
that is when p —Oj may be found by putting 0 = 0 in (35), and 
calculating dTjd^. We have 


T = TT^yy 




,2 + 2.3i^ + 3.4'^ 






+ 4.5.-^'^-Jf2|(^2-|a")+ . . . . (36') 


ST 


0-^ 7r(l • 2 • 3- + 2 . 3. 4 

+ 3.4.5^-^fl:^\|2-Ja2) + . 


( 38 ) 
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We may now proceed from two simple circles to two mutually Action 
influencing coils. This may be done by direct integration with between 
respect to x, a, and '* 0 , in the two cases, or by the method Two Coils 
explained above and already used for a coil and a magnet of Finite 

Preceding first according to the latter method and dealing 
with the terms of (36) separately, putting for the axial breadth 
and radial depth kdj %d in the case of the larger coil, 2j3, 2d in 
the case of the smaller (both being supposed of rectangular 
crosR-section), while a, a, are retained for the mean filaments 
in the two cases, we find if W, be the numbers of turns in the 
two coils, larger and smaller respectively 


T == + ^ 3^3 • ^^3 + • • • } ^ 

where 

6^, = ^ (2.^^- lU'V + 2^0 + • • • } 

G., = 37r ~ 1 1 -f (4,r2 - (2.r< - 21.'r2fl2 ^ I2a^) + , . 

6'., = + ^-:|-~(8:s4-12a-V + «4) 
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Finite 

Section. 
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Energy, 


+ f : (Sx^> 136.yV + 169^V - 12a^) + . . . } 


ffl = ’r(aS + + . . .) 

+ . . .) 

!!,, = 7r{^3a2(4|2 _ a^) + ^2(2^2 _ 3a») + + ■ ■ ■} 


Hence wo have from (35) Value of 

the 

e = _ Myy' Bin «#> . 4,Z\ + Goj-z ■ 'Hii-niiig 

+ } (40) "^3 

Attraction 

which is the corrected form of (37). Similarly we could write o^J>ne 
down from (38) the corrected value of the attraction between 
the coils. 
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MAGNETIC ACTION OF COILS 

Equation (37) is applicable to the determination of the couple 
due to the action of a coil on a uniformly magnetized thin 
magnet the centre of which is on the origin. We have only to 
suppose another coil equal in all respects to the snialler placeil 
coaxial with the latter on the other side of tlie origin at a ipean 
distance f from that point, and further suppose a current of the 
same strength to flow in like directions round both. The couple 
acting on the second coil will be got from that on tlie first by 
merely supposing' the angle cj> to be increased by 180'^, and tlie 
current in it to be reversed. But changing <jf) into 0 + IBO'^ 
changes the signs of &c., and taking into account the 

change of sign of the current and of sin (p, we have for the couple, 
©1 say, on the second coil 

©i = - JVnyy sin p . (f>Z\ - 

Hence for the total couple we get 

e 4 - = - Wnyy' sin p\G^g -^ . } (41 ) 

But the double coil here supposed to exist is equivalent to a 
needle with its centre at the origin, and of moment M ~ '^Tcdhy. 
Also if we make the section of each coil very small, and tlui 
radius a very small, but preserve a finite quantity, wo 

may regard the pair of coils as equivalent to a uniformly mag- 
netized magnet of moment %j:Ay\ and of lengtli 2^, and put, in 
the values of &o., i3 = 0, S = 0, Mci^ = 0, &c. In this 

way we shall obtain from (41) a formula equivalent to that given 
in (12) when the latter is corrected for the finite cross-section of 
the large coil. 

If instead of two single coils, one fixed and the other movable, 
the Helmholtz double arrangement is adopted for both the fixed 
and movable parts of the dynamometer, so that the centres of 
both are made coincident with the origin,* the expressions for 
their mutual action are much simplified. 

Let B Fig. 61 denote the large coils A', the small coils. 
Then the mutual energy of A and A\ and the couple on A' due 
to the action of A^ are equal in numerical amount and sign to 
those of B and B\ These are given by (39) and (40). Henco 
for these two pairs of coils the energy is 

37' = (43) 


* This was the arrangement adopted for the Absolute Electro - 
dynamometer made by Mr. Latimer Clark for the British Association 
Committee on Electrical Standards. See Chapter TI. below. 
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where </> is the angle AC A' indicated in Fig. 60, and a- = 4a'\ 
a- = Now the mutual energy of the coils A, is that which 
the value of T would become for and A if 6 were increased by 
180"^ and the current in A^ were then reversed. The mutual 
electrokinetic energy of and A' has evidently the same value. 
But cos ((l> + 180°) = - cos <jC), so that the zonal hannonics of odd 
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order change sign. Hence taking into account the change of 
sign of current, we have for the electrokinetic energy of the 
other two pairs of coils A^ and A'^ B the value 

2 T, =. 2iV«>7'{<7i^, . - &c.} (43) 

where all the quantities have the same values as before. Hence 
for the total energy of the arrangement we have 

2(2-+ r,) =Amyy’{G^g^ . ^Z^-^r . ^Z, + G,o^ . ^Z, + &c.} (44) 

and the turning couple on the pair of small coils is 

e = - ANnyy’ sin (45) 


Mutual 
Energy of 
Coil 

Systems. 
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The values of G^j 


. ^ 1 , ffs, 


and ~ 4^2 ~ ^2 = Oj so that to a considerable degree of approxi- 
mation Gz and vanish, and the couple reduces to 


Turning -07 - o/ 

Couple on p. 269 above, and it is to be noticed that in these 4r2 - a- = 0, 

Movable “ * “ “ ’ • ' " ^ 

Coil. 

Effect of 
Arrange- 
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Simplify- 
ing Calcu- 
lation of 

Action. S^/la 


0 = - 4,¥nyy sin (j> Gj^gi . . 

or neglecting the correction terms in &c.. 

a2 

e = - QANnyy’ sin (j> , 


to 


( 46 ) 


(46') 


Considering the movable coil-system as equivalent to a needle 
of moment 2 ? 2 yVa^, this agrees with (24) above. 

In the same manner as at p. 270 we could deduce the action 
of a Helmholtz double-coil on a magnetic needle, with its centre 
at the centre of symmetry, from the theory of the double electro- 
dynamometer just given. 

Mutual From (36) we can find an expression for the mutual energy of 
Energy of two long cylindrical coils, consisting each of a single layer of 
Two Long wire, carrying currents y, y', and so placed that their axes 
intersect at an angle (j>, as shown in Fig. 60. Such coils are 
capable of being constructed with very great accuracy, and the 
expression of the electrokinetic energy of the arrangement 
enables the coefficients of mutual and self-induction to be ob- 
tained for a number of important cases. 

Expres.sed Let iv & distances of the nearer and farther ends 

by^onal of the coil from the intersection of their axes, those of two 
circular elements of lengths d^. If n, y, y', be the 
monies, nmxihers of turns per unit length and the currents in the two 
coils, the currents in the elements are • nydx^ n^y'd^. Writing 
down then by (35) the expression for the energy of the two 
elements, and integrating from ^ to ^ in the one case, 
and from ^ to | = ^2 in the other, we get for the mutual 
electrokinetic energy of the two coils of lengths - ^21 

the expression 


T = 4:7r^nn' 




{/: 


^2 . - 


xl^fZUdx 


(47) 


xpfZ\ can be found by differentiation with respect to 
cosxfr, cosyf/j of the well-known expressions for x^Zi, xj^rZi, and 
the integrals then got by direct integration ; but the theorem 
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expressed by (8) above, together with a supplementary theorem 
for the zonal harmonics of odd order, which we shall now prove, 
yields at once the indefinite integrals required. 

Assume that 








(48) 


where ^ is a constant. 

j/i lf 


Then differentiating we find by (8) 


= = - (2/ - 1) ! 

a«2i '■ ^ ■ j ,.2i 


xl/Z'2i 


-2i-l-2 




Zonal Har- 
monic 
Terms of 
Series 
found by 
Differenti- 
ation. 


and therefore also 


^{(1 -r) - (2i+ - (2j- 1) !«2. . (49) 

The assumption made in (48) will be justified if the relation 
just found holds for a constant value of A, Now if Zi denote 
a zonal harmonic of any order we have by the fundamental 
relations of zonal harmonics (writing fx for cos yjr) 


fxZi- 




Eliminating from these first Zi, then Zi-i, we find 

^<-1 = I {Z'\ - (50 

= 


Differentiating (50) and (50') with respect to /x, and eliminating 
Z'’i from the resulting equations, we obtain the relation 

(1 - - ix{i + \)Z\_^ = ~(x - l)Z',^ 

which with written for i, agrees with (49), if we put 

A 2) 4 - 
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Thus the assumption is justified, and we have 




d^ij„ 

'9>' ■ 


■ ■ ( 51 ) 


Equations (8) and (51) may be combined in the single equation 


(- l)*-+i(i - 1) ! 


(52) 


wliere i is any integer. 

Integrating, we get from (52) 




d:vi 


so that successive differentiation of Jo{= - ^') gives 

the first set of integrals required for (47). The differential co- 
efficients as far as the 11th are given in the Appendix on Spherical 
Harmonics. 

The second set of integrals is also very easily obtained by 
calculating by (62), modified by putting f for x, a fur a, 
and p for r. Or they may bo found by dili’erentiation of the 
zonal harmonic expressions given in terms of a in the Appendix, 
substitution of f/p for p. in the result, ana integration with 
respect to f. The factor converts in each case the expres- 
sion to be integrated into a rational integral function of so 
that the integration presents no difficulty. 

Thus we obtain 

T . ^TThiu'yYahi^\ kW . + AVra . c/,/:, + . } (53) 

where 
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-^0 = - g 1^.4 + la^) - (4.! i* - 6.riV + a<)|, 

" ~§{5= ~ 53(W-10.ri%2+^..*)}, 

h = I 2 - li. » = 1/ - 

k, = 2^/ - 2 ^,a2 _ 2|,3 + 2 ;.•,= 2|/ - - 2|i* + V. 

7.5 = 2|2^ - 5^/a^ + i ^2^^ - W‘ + 5|i»a2 - I l^aL 

*0 = 2^/ - - 2|i« + I 2„4, 

z 4 2 4 

*7 = 2 ^ 2 ^ - 1^ I2V' + - 32 ^ 2 a« 

- 2^i' + I ^ + 35 


The moment 0 of the forces tending to turn either coil about 
the origin in the plane of their axes is dT/dcj). Hence 

©= - Trh 2 n^yya‘^o^ sin (j) ^K^ki . + KJc ^ . (ji ^'2 + • ' • } • (^4) 

If we examine the values of the quantities X^, Xg, . . . ^ 2 t • • 

we see that if one at least of the coils (say that of radius a) be 
placed so that its centre is at the intersection of the axes, the 
even terras in (53) and (54) will all vanish, since then 
P 2 = Pi- besides being so placed this coil have its" length 
2^2 == «7 third terra will vanish ; and the fifth term also 

disappears when the larger coil fulfils the same conditions. 
Further, if both coils are thus placed, the even terms, so to 
speak, doubly vanish, so that any little error in tlie placing of 
the coils can only insensibly affect the vanishing of the even 
terms. 

With coils thus constructed and placed, the next term of the 
series in (53), (54), after the first is the seventh, and only the odd 
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mutual energy and the action of one coil on the otlier can thei: 
be calculated by considering separately each pair of single-layei 
coils which can be formed by taking one layer in each coil. In 
such an arrangement, however, as in all multiple layer coils, the 
distribution of the wires would be in a certain extent uncertain. 

We have now discussed for several different arraiigementB oi 
circuits the potential and force at different points in their fields. 
As a final example we shall take the important case of a simple 
solenoid of uniform cross-section. 

Such a solenoid may be defined as a tubular surface such, and 
so placed with reference to a directing curve in space, that every 
normal plane drawn to the directing curve gives a curve oi 
section of the surface which is always of the same form, and 
makes with the point of intersection of the normal plane with 
the directing curve always the same geometrical arrangement 
or diagram. This directing curve is generally taken so that it 
passes through the mean point or centroid of each section, and 
it is then called the axis of the solenoid. The current in the 
solenoid is supposed to flow at every point alongthe curve of 
section at the point normal to the axis. 

Such an arrangement is approximated to closely by a coil 
consisting of a single layer of thin wire wound on the surface of 
a core, so that the wire forms a helix of step equal to the thick- 
ness of the wire. If the wire be thin the component of flow 
parallel to the axis is very small in comparison with that at 
right angles to the axis of the core, and may be neglected. Its 
effect may be annulled fpr points on the axis of a straight helix 
of circular section, and for points at a distance from the helix 
great in comparison with the radius of cross-section by hringiiig 
the wire back from one end to the other along a generating lino 
of the cylindrical surface. If the wire be thin the effect of the 
confinement of the current to the cross-section of the wire, and 
its consequent want of uniformity of distribution over the sur- 
face of the solenoid, may also be neglected for points without 
and within at distances from the wire great in comparison with 
its radius. 

Considering then a pure solenoid, first of any form of cross- 
section, but having its directing axis a complete circle, and in a 
uniform medium which may be taken as of unit magnetic 
inductive capacity. (Fig. 62 shows a section of such a solenoid 
by a plane through the circular axis, the dotted circle.) If r bo 
the radius of the circle formed by its axis, the length of the axis 
is 27rr. Take any point within the solenoid and draw through 
it a circle in a plane parallel to the circular axis, and symme- 
trically situated with respect to its centre. Let H be the 
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magnetic force at the point tangential to the circle, then by 
symmetry the value of H must be the same at every point of 
the circle. Let the position of the point be determined by 
coordinates y having their origin where the cross-section 
through the point meets the axis, x being drawn in the direction 



of the radius of tlie circular axis at the origin, y at right angles 
to tho plane of the axis. The radius of the circle is 27 r(r + ^)H. 
Hence, if y be the current in the solenoid at each point, taken 
per unit of length of the axis, the total current is 27ir7', and we 
have by the theorem given at p. 108 above 

47r X = 27r(r + .r)H 
or 

H = (58) 

T-YX 

In the case of a core lapped round by n turns of fine wire, in 
each of which flows a current of strength y, so as to imitate 
this solenoid, this equation becomes 

(59) 

Thus where x is zero, that is for all points within the solenoid 
which lie on a cylinder drawn through the axis at right angles 
to its plane, the value of H is the same, viz., 47r'y^ At internal 
points outside this cylinder (that is, points for which x is posi- 
tive is smaller, for points inside the cylinder, greater than 
47ry( 
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The results already obtained might have been found by 
calculating, in the manner explained at p. 43 above, the poten- 
tials of magnetic induction Qi, Qe, for two infinitely near points, 
internal and external, to the solenoid. For we may regard the 
solenoid as a lamellar distribution of magnetism, of strength 
d(l>/dsy where ds is an element of length taken at right angles to 
a cross-section. The value of d(f>/ds depends upon the radius, 
r 4- ir, of the circle on which the point is taken, and clearly 
fulfils the condition 

where (7 is a constant, or if B be the angle between the cross- 
section in which the point is taken and a cross-section of 
reference, 

(60) 

(Co 

The value of </> is constant over each cross-sectibn, and we may 
take that at the cross-section of reference as zero. Then 


Now by (69) p, 42 



^de=y're 

d6 ' 


Oe = -|- 4.7T(p = Oi + iiry'rO 


( 61 ) 


where Qi, are the potentials of magnetic induction at in- 
finitely near external and internal points, in the plane of tlie 
cross-section at which <jf) has the value yrL 
The value of Qe thus depends only on the value of B and tlie 
assumed zero of reckoning of It is further zero at an infinite 
distance, hence it is zero everywhere. We have therefore 


Sli — A-iryWB (62) 

This equation shows that there is no component of induction in 
the plane of any cross-section. Hence since magnetic induc- 
tion, in space of unit magnetic inductive capacity, coincides in 
value with the magnetic force, we have within the solenoid the 
resultant magnetic induction B = H, and 

j ^ 

r X dB r X 


( 63 ) 



SOLRNOII) RN(/L()S 1 N(J DIFFKKKNT MEDIA 

Sinc(' tln^ va,hu‘ of Ik zt‘ro there in no external action duo to 
tlu^ Holenoid. 

Th(' Hanio nudhod of proof <'un ho appH(‘d to allow that the 
«*xt(»rnal action of iwn'y cloHod Holenoid in /.ero. 

Iff I ho Hpaoo within the Nolenoidal HUifact*, he. iillcd with a 
ntiiforiu nuHliuni of majLj;netio inductive capacity u, B — aH and 

iM ■■■■■■ - Thun 


B ^ ((! 4 ) 

r + .r 

^ Again, hd the iutornnl Mpa^te la* filhal (an nhown in Fig. 1)2) by 
difFt‘reni nit'dia of niagnetic indiudive capacitioH gj, fi,,, g;{, &c., 
occupying nartH of the Holenoidul Hpac<* hounded by tin' current- 
«urfiioo and cruHH-HcctionH of the Kolcnoid, and (‘xtending over 



angli*H dj. ^'c., along the eirciilnr axin. Then if the ofTetdH 
iif thtf nnignetic forcoK dm^ to the Hcparating Hurfueea be 
UfgliHded, the niagntdie induetioiiH miwt he taken coimtant 
throughout each npace, Let itn valuen for the reapective incilia 
be denotiMi by B|» Bn, &e. We have 

H » ®' ^ - 2? &i- ((i5) 

)<i hi ha 

ThuM becomes 

4w#Y (r + .r) ^ ^ B*A ^ \ ^ 

\ gj gy g.j / 
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or if we put = (r + 

= (r -|- &c. 


45r^' = + 


. . (67) 




From (65) we find 




B = ? &c. ... 

. . (68) 

I 

1 



/^2 



equations which are precisely similar in form to the (p. 195 above) 
equation u = P/p for the current per unit of area at a point in 
an isotropic medium at which the resistance for unit of volume 
is p and the electromotive force P. Thus l/p^, I//X 2 , &c., might, 
if the term magnetic resistance is adopted generally, be called 
the specific magnetic resistances or resistivities of the media. 
The curve along which the induction is taken corresponds to the 
voltaic circuit,' the inductions Bi, B 2 ; &c., to the values of u in its 
different parts, while (66) or (67) expresses that the line integral 
of H, or (as it has been called in this connection) the magneto-- 
motive force round the circuit, is 47r9’yh 

Let the medium be such that B and H have the same direction 
at every point. The work done on a unit pole carried along in 
the direction of H in a closed path so as to thread through every 
turn of wire .producing the magnetic force is numerically equal 
to the line-integral of the magnetic force, that is, to the magneto- 
motive force. But if AT denote here the total number of turns of 
wire threaded through, and y the current in each, the whole work 
done is 47riV7. Thus 


(69) 

J f* 

where ds is an element of the closed path, and the integral is 
taken completely round the path. 

Let dS be an element of a surface drawn at right angles 
to the tubes of induction, and B be the induction at that element : 
the total induction across the element is "RdS. Now the integral 
in (69) is the same thing as the integral of "SidS.dslyidS, where dS 
is the cross-section of the tube at any element of length ds. But 
"RdS by the property of a tube of induction is the same at every 
part of the tube. Hence supposing N the same for every tube 
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BfW- 


47riVy 


/; 


ds 

lidS 


(690 


Let 27 be the ratio of to the total magnetic induction B 
across a surface cutting all the tubes we have 


B = 


4,nl^y 

uT^ 

J y.dS 


(69") 


The denominator of the expressions on the right of (69') and 
(69'0 have been called the magnetic resistances of the portions 
of the medium concerned. The name magnetic reluctance has 
also been proposed by Heaviside, who has pointed out that more 
properly the analogues of electric conductance and electric 
resistance, are given by the parallel relations of magnetic and 
electric forces explained at p. 201 above. 

It is of importance to know for an endless solenoid the total 
induction through a secondary circuit encircling it. Let the 
solenoid contain a core of magnetic permeability /i. The total 
induction (which we denote by the symbol B) through a single 
turn of the secondary is given by 

B = l'BdS + j-EdS' (70) 


where the first integral is taken over the cross-section of the 
core, and the second over the remainder of the cross-section of 
the solenoid. 

Now taking the particular case of the ring electro-magnet we 
have by (64) 

B - w{/;:^+/^J . . ■ . m 

or, since /x = 1 + 47tk 


B = 4«7' Utt f + / -^) • • 
( J r X J r x) 


(71') 


where the first integral is taken over the cross-section of the 
core, the second over that of the solenoid. 
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If nowjwe suppose k. to be the same throughout the_ core of 
the solenoid, and the cross-sections to be circular, of radius p in 
the case of the solenoid, and p' in that of the core, and to liave 
the same circular axis, then denoting Jp^ — x^ by h, an(Wp'--.r^ 
by }i\ we have 


B = 


M/ 1 ^. 

-h - a 



or after integration 

B = SttV {/- \//2_p2 + 47rK(>-- . (72) 


If p may be taken as equal to p' this becomes 

B = 8,rV7'(»- - (73) 
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which gives the total induction through a single turn of the 
secondary coil when the magnetized core completely fills the 
solenoid. 

To obtain the total induction through a secondary coil of 
turns, it is of course only necessary to multiply each of the pre- 
ceding values of B by n'. 

If r be very great in comparison with p the last equation may 
be written 

B = 47rVp2y' (74) 

a result independent of r. In this case any portion of the 
solenoid, the length of which is of the same order of magnitude 
as p, may be regarded as straight. Thus we infer that in a long 
straight solenoid the total induction through a single turn of a 
secondary encircling it, at a place so distant from either end 
that the force due to the ends may be neglected, is given 
by (74). 

If the solenoid be lapped round uniformly and closely with n 
turns of fine wire per unit of length of r, and a current y flow 
in each, then in the preceding equations we have simply to 
replace y' by ny to obtain the corresponding expressions for the 
induction. 

In particular from (74) we obtain for a straight solenoid at a 
cross-section the distance of which from either end fulfils the 
above condition 


0 = Air^pp^ny . 


(75) 



MAGNETIC ACTION OF CYLINDRICAL CURRENT 

Thus the induction per unit area of the cross-sectiou, or B is 
given by the equation 

B = iTTfjiy = TTfiny (76) 

and hence for the magnetic force at any point of the cross- 
section ^ve obtain 

H = 477727 (77) 

the result already given in equation (28'") above. 

Tins is the intensity of the magnetic field within a straight 
solenoid at any point sufficiently remote from the ends, and is 
the result used at pp. 87, 179 above. It is remarkable that the 
intensity should be uniform over each cross-section, a result 
still very approximately true where the influence of the ends on 
the numerical value of H is quite sensible. The effiect of the 
ends has already, p. 260 above, been investigated for a field of 
unit permeability. 

The solution of the following important problem affords an 
interesting application of the theorem of p. 134 above, to the 
calculation of induction. A wire of iron or other highly magne- 
tizable material, in the form of a right circular cylindric tube, 
carries a current of strength y, uniform over the cross-section ; 
it is required to find the influence of the resulting magnetization 
of the wire on the value of the coefficient of self-induction. 



First we shall prove that the magnetic force at any point F 
external to a right cylindric tubular conductor, Fig. 64, or 
external to any part of such a conductor, is the same if the 
current be uniform over the cross-section, or symmetrically dis- 
tributed round the axis, as if the current were confined to a 
filament coinciding witli the axis of the tube. Let first F be 
external to the tube. Assuming that the current in each fila- 
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ment produces the same magnetic force at each point as if the 
others did not exist (an assumption justitied by experience and 
similar to those made in other parts of electrical theory), we see 
that the resultant magnetic force H at P is tangential to a 
circle in the plane of the cross-section through P, and concentric 
with the bounding circles of the section, and has the same 
numerical value at every point of that circle. Hence if r be the 
distance of P from the axis, the work done in carrying a unit 
pole round the circle is 27r/-H. But by the theorem given at 
p. 107, if y be the current in the circuit, Urn'll = 47ry, so that 
H = 2y/r, which proves the statement made above. 

Next let P be within the inner surface of the cylinder. By 
symmetry the magnetic force must be the same in numerical 
value at every point in a circle drawn through P in the cross- 
section, and having its centre on the axis. Further, by con- 
sidering the effects of the two parts of the conductor on either 
side of a plane through the axis and P, imagined as divided 
into equal filaments, each producing magnetic force at P, we see 
at once that the force at P must be tangential to the circle. 
Hence for this case we have 27rrH = current internal to 
p -j- 47r = 0. Hence H = 0. 

It follows that if P be within the substance of the cylinder, 
the value of H depends only on the current internal to the 
circle described through P, concentric with the bounding circles 
of the cross-section. 

Now consider any point P in the substance of the tube at 
distance x from the axis, as shown in Fig. 64, and let a, be 
the internal and external radii. Since the direction of H is tan- 
gential to the cross-section of the tube, and — a^)yl7r(a^^—a^ 

or y(x^- a^)f(a^ — a^) is the current in the internal part of the 
conductor, we have 


H = 2 


.r- - a- y 

X 


and if /t be the magnetic permeability of the material of the 
conductor 




y 


. . (78) 


The total induction across a strip of unit length, and breadth 
of a radial plane of the cylinder through P, is therefore 
2py(sifi - a^dxj{a'^ — a^)x^ and the part of this due to the magne- 
tization is, since 4*r#c, %Trxy{a^ — a^)dxj{af^ — a^)x, 

The energy due to the total induction across this area is equal 
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ti» linll'tln- I.tiulurt nf tliin iiulm-tioii hy tluM'uvmit producing it, and Corre- 
ttitil iH tlui« sponding 

iVy- ^ , y y- • tr o (./•“« flCr Energy. 

.nn'^ ir/ 7* 

Hiiifi if 7'^, i»o tlin ttdnl tnjorgy {lcp('nding on the induction in 

ihtt wii'o itf'-H-lf 



.u . , 

1 u 



J 

ti 

,r 


1 


'""(u'-J 11 

1 1 


'a j 


■ (79) 


lint if i.f tho riHdlh'it'ui ttf tlm Holf-iudiu'tion which corre- 
fi|HuaiH t«* 7*^,, 7*^ I nnd t linrtd\>ri^ 




y* iiH, 4 



. (80) 


Thtt |*iiH uf tliiw, Lm Huy, df’piunling on tlie nu.ignctization of 
ihp w$ri% i« -iff*/*,’ NUiro ft ^ 1 + That IH 


U 


Hni^ iu'^ 4' *y 

./A -I 



( 81 ) 
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If rt «* thni i'i, tf I hi' inniducttu* bn Molid throughout, the iu' 

iliiiitiiii III l\ iU Bi w and 


Tp lp,y , . (82) 


Till’ i*iirii''*pondii»g fur llio energy and the in- 

4iirtttiiru»* whiui u lunglii / id’ llie conductor in 'conaidered, arc 
i#f I'liiiiiiii idifaininl by multiplying Urn vaium given above 

^ *^li ticiy !»»’ imliccil bisro tbiit wlmtevcrUm form of crofis-Hcction 
miiv Iwtttl iiuluctii»n tliruttgh any Unite area in the field 

ill ilic i« lltnli’, provided the area of crosB-Bection 

curry ifig n llinlo nirrcnt m twt iiilhdtely Hnmil. 
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Section II 

CALCULATION OF COEFFICIENTS OF INDUCTION 

Self-In- We now consider the coefficient of self-induction of a circuit 
consisting of two long parallel wires of any form of cross-section, 
of Two a,nd carrying equal currents flowing in opposite directions. If 
rarallel strength of the current be y, and Si, S^ the areas of cross- 
diicto" section, of A and E respectively, the ciu'rent per unit area of 
cross-section in A is yjSi, in B We may suppose each 

wire made up of the same number, n, of equal uniform filaments 
having their lengths parallel to the direction of flow, and each 
carrying a current yfn. By making n large, the value- 'y/?^ may 
be made as small as we please. 

The energy of the system per unit of length of the conductors 
can be calculated in the following manner. First we shall sup- 
pose, what is most frequently the case, that the magnetic per- 
meability is everywhere unity ; then take into account the per- 
meability of the conductors when that is different fron; unity. 
The linal result will thus be applicable to the important case of 
parallel conductors of iron, in a medium of unit magnetic 
permeability. 

In dealing with this circuit we shall consider the parallel con- 
ductors as practically infinitely long, that is, such that the in- 
fluence of the cross-conductors at the ends may be neglected for 
any point considered, and shall calculate only the induction and 
corresponding energy for the portion of the circuit intercepted 
between two parallel planes perpendicular to the conductors and 
at unit distance apart. 

Let the distance between the conductors he measured in a 
plane at right angles to the two conductors, from a convenient 
point in one cross-section made by that plane to a convenient 
point in the other, and be denoted by h. Then let these points be 
taken as origins of rectangular coordinates {x, in the direction 
in which b is measured, and y at right angles to that direction) 
by whicli the position of the cross-section of any particular 
filament can be specified. We shall denote the coordinates of 
a filament in A by in B by y^, and shall indicate a 

particular filament by its coordinates inclosed in brackets, thus 

C^’i, Vi), (••*' 2 . yd- 

Now let {x\, y\) denote a second filament in A, dS\ its area, 
r' its distance from any point in the plane of its cross-section, 
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its distance from the filament y-^y and r\2 its distance Induction 
from the filament 2/2) B, The induction produced by produced 
(.'r\, /i) through unit length of the circuit formed by the two 
conductors (^,’1, (. 7 ’ 2 , y^ is 




/'?- 

r'l 


2 ySi 


(log)-'i2-logr'ii) 


i>y 

Straight 
Current 
through 
Circuit 
of two 
Parallel 
AVires. 


Hence the total induction ^/B.4 per unit of length through this 
filamental circuit produced by the current in A is given by 


= . • • ( 83 ) 

^ 1 ' ^ 

the integral being taken, as indicated, over the cross-section of 
A. To this is to l)e added the induction through this circuit due 
to the filaments of A. According to the principle of the notation 
adopted above we denote the distances of any filainent y'^ 
of B from (.'r2, yi) by r'22 and r 21. Thus if J?jg denote 

the induction specified 

f‘l ^'2 (log »‘'2l - log »-'22) . . • • (84) 

^ 2 -' B 

The electrokinetic energy of the circuit is half the product of 
the induction by the current in the circuit. The value of the 
current may be written either or Using the 

second form in the first term of the integral in ( 83 ), and the 
second term of the integral in ( 84 ), and the first form in the 
remaining two terms, and denoting by dT the total electro- 
kinetic energy depending on the filamental circuit considered, 
we got 

dT=y^ { sls.d‘^4 jjS\\ogr\, 

+ J' dSi f dS\ logr'21 - -^2 ^'22 1 ( 85 ) 

Hence we get the total electrokinetic energy by finding the 
values of all the circuits which can be formed. Thus we 

Lave only to integrate, each of the terms of ( 27 ) over or 8 % as 
the case may be. Hence 

VOL. IX. U 
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log r\■^ dSidS'i 


-irj f logr'^^dS,dS',_l 

„ Si-J sJ B J 

li we write 

/S^i6'2 ^12“ / / ^ogr-^^odSirlS^ 

J bJ A 

(S'/ log i2u= /" j logr^j^dS^dS'j} . 
J A J A 

(S'/ log JR,,= f I log r'„„ dSM'. 

J bJ B ■■ ' 


( 86 ) 


(87) 


Geometric 
Mean 
Distance 
of Two 
Coplanar 
Areas. 


G.M.D. 

of Two 
Circles, 


then i 2 i 2 , are called geo^netric mean distances^ of the 

area aS\ from of from itself, and R^^ of from itself. 

The determination of the self-induction coefficient of a circuit 
composed of two long* straight parallel wires, is thus reduced to 
the calculation of the geometric mean distances of the cross- 
sectional areas of the conductors from themselves, and from one 
another. The conductors may have any form of cross-section, 
and the calculation of their coefficient of self-induction is of 
course theoretically possible. Its evaluation, however, except 
in a few comparatively simple hut important cases, is a tedious 
and troublesome operation. We shall consider these cases pre- 
sently, in the meantime we can infer from electrical results 
already obtained the required geometrical mean distances for 
two right circular cylindric conductors, whether tubular or solid. 
For brevity we shall denote in the letter-press geometrical mean 
distances by G-. M, D. 

In the first place the G. M. D. of the conductors from one 
another is equal to the distance betw^een their axes. As we have 
seen, the magnetic force at an}^ point external to either of the 
conductors (say A) is the same as if the whole current were 
collected in a filament along the axis. Thus the induction 
through any external area may be found by supposing the con- 
ductor A replaced by an axial filament carrying the same cur- 
rent. The electromagnetic action of the current in A on unit 
length of an external parallel filament carrying unit current is 
2y/r, if r be the distance of the filament from the axis of We 
infer therefore that the reaction of the filament on A is the same 
as would be exerted on the axial filament replacing the latter. 
Thus the total action of the conductor ^ on is the same as if 
the conductors were replaced by filaments coinciding with their 
axes. 
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It folluWN from this that tlu? Hh* ilieir vivtual 

i-hM'irukinrlic mttHl hv Hu* natiic m if tlu» (iuiuluctom \vm\) 
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We run ni.w tiiul vny niniply the energy nf the arrangement 
of t\\t> fiibtiinr wiivs, innvidecl \v<M‘nn neghn't llnj (liKturbanco 
of llo’ magnet ir brbl pnnineeil by the jnagm'tizatien of the 
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Siiailiiilv fuj the tmrrgy i‘tirreH|H>iHiiiig to the Induction in B 
|irydm-*‘d by the rnrrrtit in H we ohtuin 
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m 

( 91 ) 


viilui’ Ilf B at *li»laiire #' from thenxiH of J in the medium 
bpiweni file cofidurtofM \n if fi be the miignetie per- 

iiieAbilily yf the ineilinni, In the nulmtiiiice of the magnetic 
(iiir fi» the eiirreiit in J In to he raknihitetl a« if B 
were re|ib«‘e«| by ihr niediuiii oectipyittg the tleld| and nimilarly 
file itiilnr'iloii in J *bi«» to the enrrenl in B tii to be dealt with. 
Fur a t« twilropir, and tlie effejit of the wft^n«ti*/alion of 

I lie ftfinliirtor h iiegiecttHl. wlmtever of J*n Hnea of induction pasH 
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by a plane at right angles to the conductor, so that a is a point 
on the axis of and ^ the corresponding point on the axis of 
JB, the induction through the surface, the projection of which is 
a p'j may be equally taken through a\^\ where lie on a 

line of induction. But a\fi\ lies entirely in the external medium 
and is equal in length to so that it represents the same 
area. Hence the result stated above. 



Fig. 65. 


We thus have, by the theorem of the G. M. D. of JB from Ay 
for the total induction external to A the value 


6 

f dr = 2/^7 log ~ , 
j r 

ai 

and for the corresponding part of the energy log ^/ai. 

In the same way we find for the total induction external to 
By produced by the current in B, and the corresponding energy, 
the values 2/xy log yV 1^^ 

The total energy is therefore 



r Ml 

4 

I I M2 ~ ^2* 

— ^2^)2! 4 


- vw 


- «i2) 

- a^) 4- a/logl“| 
^2 ' 



Comparing with the expression for the same quantity 
we get 
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A in Ihf^tH'iore v<Ty groat fur wiron of very muall diameter, 
even if t luw be tmly u dintniu.M* apart. The leant value 

wlueli it eiui have in ohtaininl when th<^ two wirt'H are put into 
e.oului't, that in* whtm // «j + ^/a* 

If the vviren he Holi<l (93) re<lueeH to 


A ‘ift h»g *4- ^ (/Aj 4" P-j) 


(93') 


Fiir two Muiid wir(«fi in eontuut llie hiHt etpintiun heeemen 

/, . . 2;. Ii,K + .7 0*, + M-i) . . (94) 
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I'luH theer)‘ refjnirea mjrreelion in the ea«e of wires in which 
thi^ current in u«»t imifcMiu over the tTtmH-Mectiou, which it 
never w when ita strength in rapidlj* varying. This case will 
t»e tnomidered helow in this chapter in the section on Rapidly 
Varying and Aiternating (hirrents. 

On aeeonut td the etfeei of the inagnetij'.ation of the con- 
dnetcH’H it is difllenlt toohinin a complete siAution except in the 
cane of rtiaxijd (aiudnetors. The general cam' of two parallel 
cylindrical conductors, carrying steady currents, has been worked 
out by Mr. IL iM. Mactlofuild, of Olare (kd lege, Oatnhridge (Free. 

Phli, SiH\ VoL Vll. 13. V,). Uis result shows that wlien Uj, 
(tliecoiuuion penuoiihility of the eonducturs) is li)0 and upwards, 
the pari of it depending iUi the si;;'e of the conductors and tlicir 
dtstance apart i« i»nly slightly idfected by the poniumlnlity. 
IiiHteiid of (34') he tdilrdiis, pnUiltg K (gl - g)/(gi + 
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CALCULATION OF INDUCTION 

We can now calculate the G. M. D. in some important cases. 
It is first to be noticed that if there exist any number of areas of 
extent JB^ &c., the G. M. D.’s of which, iSjg, <S:c., from 
another area S are known, it follows from the definition that the 
G. M. D., of their sum from S is given by the equation 

W + . (95) 

A + B-Jr .... 

We consider first the G. M. D. of a circular area, annular or 
complete, from a point P, (1) external to the area and in its 
plane, (2) in the circular area itself. Let h be the distance of P 
from the centre of the circular area, ^5, a the internal and ex- 
ternal radii of the latter, x and x -j- dx the radii of two inter- 
mediate circles very near to one another. Let two nidii OP, OS 



(Fig. 66) be drawn, making the angles 6, 0 + dB with OP, so as 
to intercept the element of area xdxdB^ on the annulus bounded 
by the circles of radii x and x + dx. The distance of Pfrom the 
element, or r, is + x^ — 2bx cos B. Hence the G.M.D. of the 
annulus from P is given by 


^TTXdx log P = 
This can be written 


^xdx [ log {b‘^ -f- x^ - ^bx cos B) i 

Jo 

Jj 


%xxdx logP = \xdx I log (1 -j- — — 2- cos B) 

Jo x-^ X 


dB 


+ mdx logr J d6 


(96) 
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Now the first integral on the right of (36) is known to have 
the vcxlue 47r log if and o if Hence in case (1) for 

the annulus 

27ra:dd'\og R = 2Trs:d:v (log ^ - log.^•) + 27^.r^?A’log*^• 

or R=.li (97) 

On the other hand if P be within the inner boundary of the 
elementary annul u s 1, and the first integral of (96) is zero. 
Hence we have for the annulus in case (2) 

27rx log R = 27r.r log a 

or P = ;r . (98) 


' Prom these results it follows by (95) that the G. M. D. of any 
finite annulus from an external point jP is simply the distance of 
the point from the centre. For the annulus is made up of 
elementary annuli, every one of which has the same G. M. D. 
from P. This includes, of course, as a particular case a complete 
circular area. 

The G. M. D. of a finite annulus from a point within its inner 
bounding circle is now easily found. The area of the annulus is 
7r{a'^ — a^). Hence by (95) if R be the G. M. D. required 


d^)\ogR = 27T r'a; 

J a 


log xdx 


that is 



a' — td log ^i{ — 



log n 


' log a! 


log a 


1 

2 * 


(99) 


Lastly, if P be on the annulus at a distance d from the centre, 
the annulus divides into two parts, one internal and the other 
external to the concentric circle through P. Hence by (97), 
(99) and (95) if R now denote tlie G. M. D. for the whole area 
in this last case 


log R 


d'^loga' — Jog 6 


la'‘^ 
2 ^'2 


nA — nA 


log R 


log^' - 


log b 


1 d'^ — 42 

2 « 2 _ 


( 100 ) 
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O.M.D. 
of Finite 
Annulus 
from 
Itself. 


The following corollaries follow at once from these results. 

1. The Gr. M. D, from a circular area (complete or annular) of 
any area external to the circular area, and in the same plane, is 
equal to the G. M. D. of the figure from the centre of the circle. 
For the G. M, D. of every part of the area is its distance from 
the centre, and the result follows by (95). 

2. The G. M. D. of any figure completely internal to an 
annular area from that area is the value of It given by (99). 
For is the G. M, D. of every element. 

3. The G. M. B. of a circular annulus of infinitesimal breadth 
from itself is simply its radius. For the G. M. D. of every point 
on it from the annulus is the radius. 

4. The G. M. D. of the finite annulus from itself is given by, 


log = log cf! ~ 



^ a 4 — cC^ 


( 101 ) 


For consider the G. M. D. of the annulus from a point in it 
distant x from the centre. The G. M. D. of the internal part is 
Xy the logarithm of the G. M. D. of the external part is 
(«'2 log d — x^ log x)l(d^ — x^) — ^. Hence as found in (100) the 
G. M. D. of the whole area from the point is given by 


log IV = 


— x^lo^x 


x^ X"" (fl , /inox 

7, 4- -75 wlog.r. (102) 


- d^) ’ 


The G. M. D. of an infinitesimar annulus of breadth dx and 
radius x from the total area is thus IH. Hence by (95) the 
G. M. D. of the whole area from itself is to be found from 


7 r(zz '2 — d^'^ \ogR — f %Txdx log E , 

J a 

Substituting the value of from (102) and integrating we 
obtain (101). 

If a=o, the area is a complete circle, and (101) gives for that 
case 

logjS =:log«' 

or 72 = = *7788^^' ..... (103) 

Next consider the G. M. D. of a line from any point P. Let 
JB (Fig. 67) be the line,^ the length of the perpendicular from 
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P on the line, a and a' the lengths of the segments AO^ OB into 
which the line is divided at 0. Then the distance from B of 
«'iny point O in the line at distance x from 0 is 4- Hence 
for the line 

(a + a') logiJ = 

— ^a' log + ;/-) + ia log (a- -f p^) - {a + a') 

. + //tan- 1 ~ + tan - 1 ~ ) (I04) 

\ p py 


iP 


a 

A 


\P 


O 


B 


Eig. 67. 


If O coincide with the centre of AB, a = a' = ^ the length of 
AB, and 

log P = ^ log — 1 + ~ ^tan- J - + tan-i 2^ 

If 0 coincide with a — 0, and 


log jB = i log (a'2 + 1 ?) - 1 +-^, tun-i - . . (106) 

^ a p 

where a' is now the whole length of AB. 

EYoni (105) we get at once the G-. M. D. of four lines forming 
u rectangle from the centre. For let the length of the rectangle 
be a and its breadth h. Then since for the ends p = and for 
the sides p =■ 

%{a + b) log i2 = (« + b) log i — 2(« + b) 

+ tan~^ - + 25 tan-i 2 
a b 


G.M.D. 
of Point 
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G.M.D. of 
Boundary 
of a Square 
from 
Centre. 


G.M.D. 
of Two 
Parallel 
Lines from 
one 

another. 


log i log - 1 + tan-1 1 

-i- tan-1 ^ . 

a b h 

If the rectangle be a square a h, and thus 

14| 

= r/f-2WG/x/2 . . . 


( 107 ) 


(108) 


The G. M. D. of two parallel lines from one another can now 
be found. This is an important case, as it enables the self- 
inductance of a circuit composed of two parallel thin sheets of 
conducting material to be calculated. Let AB, CD (Fig. 68) be 


C E P D 

\p 

A B 

Fig. 68. 


the lines, and E the foot of the perpendicular from A on CD. 
Let X be the distance of P from P, and jp its distance from AB^ 
a and jS the distance of C and D from E, taken as positive 
quantities when measured from E to the right, and negative 
when measured the other way. The length of CD is thus /3 — a, 
and if a be the length of AB, we have to put in (104) x for a, and 
a — x for Thus multiplying the expression on the right of 
(104) by dx, and integrating from x = a to 5 ; = ^, we find by (95), 
if R now be the G. M. D. of CO from AB 

a (/3 - a) log R 

= I +ii^) loK O' + if) - i +ii“) log f + 1^) 

- i ~ log {(« - 0)“'* + 

+ i {(« - a)® + log {(a - af + 
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pj3 tan~i ~ — -wa tan-i ~ 

P 19 

- 19 {a - /3) tan-i -f (^ _ a) tan-i — 

P p 

-- (/3 - a) (109) 


The value of R given by this equation may be used for the 
calculation of the self-induction of a circuit composed of two 
long thin strips of conducting material arranged with their 
lengths and planes parallel. The lines AB^ CL represent the 
cross-sections of siicli an arrangement made by a plane at right 
angles to the conductors. 

The G. M. D. of each line from itself can of course be found G.M.D. of 
from (109) by putting a — o, ^ — a (the length of the line con- Straight 
sidered), and^^ = o. We thus obtain Line from 

Itself. 


log R = log a - f 


( 110 ) 


which can be verified at once by calculating directly for this 
particular case. 

W© can now lind the G. M. D. of a given line from an area in G.M.D. of 
the same plane. We shall consider first a given line and a Straight 
parallel x*ectangle, and from the result for this case deduce the ^hie from 
G. M. D. of two parallel coplanar rectangles from one another, 

The practically important arrangements are those in which the Rectangle, 
line and rectangle, or two rectangles, are symmetrical about the 
line passing through their centres, as shown in Figs. 69, 70, 
and 71. 



Flfr, 69. 
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Taking first the line and rectangle, as in Fig. (69). and putting 
d for tlie lengths AB and CB^ we suppose the rectangle to be 
generated by the motion of (7Z>, at right angles to itself through 
a distance b, the breadth of the rectangle. We may thus suppose 
Cl) made up of parallel strips of area, each of infinitesimal 
breadth and find the G. M.D. of the rectangle by multiplying 
the expression for log B in (109) (modified to suit the circum- 
stances supposed) by and integrating from jo to ^ The 

constant factors on the left will for simplicity be retained. 

We have here a = — iS = 


a — a ^ \ {a -^r d) 
a — ^ \ {(.t — a') == a. 


Thus (109) becomes 
ad log U 

= \ (/3- + f) log (02 + ^. 2 ) _ j („2 + ^‘i) log («2 _p ^ 2 ) 
+ tan-i - - 2pa tan~i ~ 


B P 

— I (Ill) 


Multiplying by dp^ integrating as stated above, and putting R 
now for the G. M. D. of the rectangle OU from the line AB^ we 
obtain 

adb logi2 

= 4 (i> + i) {(p + + m 

— hp{^^ “l-^logCp^ + 

+ ^ (i’ + tan-1 _ j 8»2 tan-i ^ 

p+ 0 p 

+ J/33 tan-i^-±i - J |33 tan-i| 

— (the same series of terms with /3 replaced by a) 

- V (112) 
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A rectangle of breadth might have beeaa generated by 
mo\dng the line AB away from CJ) (Fig*. 70). We should liave 
obtained the same expression for the G. M. D. of the latter 
rectangle from the line CD, as is given in (U2) for the other case. 






> 

^ 

p 

1 

1 





A' i 

B' 


Fm. 70. 


That these two G. M. D.^s are equal is easily seen from (111). 
Each rectangle may be divided into the same number of strips 
of equal breadth, and the G. M. D. of each strip in the rectangle 
CD' from AB is the same as the G. M. D. of each strip of AB’ 
from CDj so that the result follows by (95). 



Fig. 71. 


We can now find the G. M. D. in the important case of the 
two rectangles shown in Fig. 71. Multiplying the expression 
on the right of (112) by dp, integrating from ^ to n -4- (so 
that is the distance of AB from OD) and results 
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G-M.D. we find for AJ, the G. M. D. of the rectangles from one 
of Two another. 

Parallel 

Rectangles log iZ 

from one 

another. = [Q, + i ^ Q, + i ^4] ]og {(p + b + hf f jS^. 

- Ki’ + -i(p + m -^13*] log {{p + hr + P-} 

~l(p + by 1 (p + hr - log {{p + bf + 

+ -kP^)- ifi*} log + 02) 

— (the same series of terms wfith /3 replaced by a) 


+’i & {p + b + b’)^{p + b+brtB.n-1 

+ 02 tan-i-?-±A±A| 

-i^{P + b'){(P + b')H^v ^-^ + 02 tan-it±£l 
' P + b' fi I 

- 1/3 (P + ^) ((i? + by tan-y|-- + 02 tan-i^ .^J 

+ i /3i’|A 4- 02 tan-i^l 


— (the same series of trigonometrical terms with /3 replaced by a) 
- 4 (^2 _ ^2) ^ ^ ^ - (^ -(_ ^')2 _ ^ ^2) 

- 2^ (113) 

Here it is to be remembered that /3 = i{a + a'), a = i(a-a'). 
G.M.D. The G. M. D. of either rectangle from itself can be found 
ofa ^om{m)hyipnttmga:=^o,a==a' = ^,b==d',p + l^ = p-i.d' ==o. 
Re^angle Hence for the G. M. D. from itself of a rectangle of length a and 
IfeeU fhe equation 


j. 2 * +„„ 1 « , 2 c ^ ^b 26 

+ - - tan-i- + - _ tan-i . . qu) 

3 a 6 3 6 a 12 ' 
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If the rectangle is a sc[uare a = /j, and 

■ log- i2 = log a 4- i log 2 + g ^ 
or 

i? = •44705a (115) 

The determination of the G. M» D. of the cross-section of a 
conductor is important in other cases than that of a long straig-lit 
conductor. For example, if we have a circular coil of n turns 
each of radius great in comparison with any dimension of cross- 
section, it is easy to see that the coefficient of self-induction of 
the coil is very approximately equal to times tho^. coefficient 
of mutual induction of two parallel coaxial circles, each of 
radius equal to the mean radius of tlie section, and at a distance 
apart equal to the G. M. D. of the cross-section from itself. For 
the coefficient of self-induction of a circuit is equal to the total 
magnetic induction through the circuit produced by unit current, 
and the coefficient of mutual induction of two circuits is the 
total induction through either produced by unit current in the 
other.' Consider then the induction through a circle of veferonce 
A coaxial with the given circuit, and at a distance from the 
latter small in comparison with the radius. Lot it ho supposed 
as before that tlia ciirreiit is of uniform density over the cross- 
section, so that the cross-section may be supposed divided into 
a very large number of parallel thin filaments each of cross- 
section dS. If S be the whole area of cross-section, and unit 
current flow in the conductor, the current in each lij ament is 
ndSIS. Let a cross-section of the whole system, including y/, by 
a plane through the axis, be taken, and let be tbo distance 
of the section of A from that of any one of the system of equal 
filaments, and the distance between the section of the latter 
filament and any otlier of cross-section The difference 

between the total induction produced by the assemblage of 
filaments through the circuit of this latter iilament, and that 
whicli they produce through A is 

'In J'^ilogra - logr„) = ZnQog Ji„-hg 

where Ha is the G. M. D. of the cross-section of tlio given con- 
ductor from that of yf, and is its G. M. D. from dSm. 

Now let A be composed of as many coincident filaments as 
there are imagined to be in the given circuit. Thus the induc- 


G.M.D. 
of Square 
fx’Oin 
Itself. 


Self-In- 
ductance 
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Found 

from 
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tion through each filament of the conductor may be (mmpared 
with that through a corresponding filament of A. Since the 
number of filaments is SjdS^ we have for the total difference 
between the induction through A, and the sum of the inductions 
through each filament of the conductor due to the whole 
assemblage 

Ji. -/f 

where is now the G. M. D. of the cross-section of the conductor 

from itself. 

The energy of the given system corresponding to this induc- 
tion is half the product of the current ndSjS, in each filament 
into the expression just found, that is, it is 7?2(Iog log^S). 
This vanishes when Ra — that is, when the G. M. D. of the 
cross-section of A from that of the conductor is equal to the 
G. M. D. of the latter from itself. The energy of the given 
system is then equal to half the product of the total current into 
the induction through Jf, that is, in other words, the self-induc- 
tion coefficient of the given circuit is equal to that of mutual 
induction between the given circuit and A, 

That the coefficient of mutual induction in the latter case is 
equal to that between A and an equal circuit ^ at a distance 
apart equal to i2, if not evident, may be seen as follows. The 
induction through A due to the given circuit is for equal currents 
equal to that produced by A through the given circuit, and by 
the reasoning above, this is equal to the induction due to A 
through a circuit B replacing the given circuit at the distance E, 
Mutual The expression found above (113) for the G. M. D. between 
Induction two symmetrically placed rectangles is applicable to the 
of Two approximate calculation of the coefficient of mutual induction 
Close Coils q£ ^ 3 oilg Qf which the cross-sections by a plane passing 
of ^rge through the common axis are rectangles, provided the radius of 
either coil is great in comparison with every dimension of the 
sections, and with the distance between them. Clearly to find the 
total induction through coil B due to unit current in A^ we may 
proceed by calculating (a) the total induction through each turn 
of A due to unit current in that turn ; (d) that part of each of 
these total inductions which does not pass through B. The 
difference between the sum of the results in (a) and the sum of 
those in {b) is the coefficient M of mutual induction. First we 
suppose the current in the coil A to be uniformly distributed 
over the cross-section, so that if Si be the area of the section, 
and there be % turns each carrying unit current, the current per 
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unit area will be njiSii. Thus the current across an element of 
the cross-section dSi is n^dSi/Si. 

Now consider, as before, the diiference between that part of is 
the total induction due to a filament of section dS^, which Equal to 
escapes a filament of the other coil of section d>S>2, and that part Mutual 
which escapes a near coaxial circular circuit of reference. Let Induction 
^*i2j fbe distances from dSi to dS2^ and from dS^ to the 

cross-section of the circle of reference. The difference of total 
inductions specified is then n^dSi/Si . (log — log r). Integrating 
over the whole area we get for the difference due to all the 
filaments into which Si can be divided the value 


Now let the other circuit be divided into any convenient 
u umber n of circuits, each of the same small area ( 7 ^ 2 . It is the 
difference between the total induction through one of these, and 
that through the circle of reference that has just been found. 
We have then dS^ = S2/n. Hence the result just obtained may 
be written 

log ^-12 - I / 


Integrating now over both cross-sections we get for the total 
difference 


7ini -^^12 "" 


wliere Jtti2 is the G-. M. D. between the cross-sections, and It is 
that of the section aS\ from tlie circuit of reference. 

Tf the number of turns in the second coil be ;/2 instead of 
this result must be reduced in the ratio of n^toUj by multiplying 
it by nju. For accuracy of course must be large. Hence 
for the linal value of the difference o^the total inductions we 
have 


at 

Distance 
Apart 
equal to 
(?.M.D. 
of Cross- 
Sections. 


If R == i^i2i cross-section of the 

conductor of reference from ^ be equal to that of the cross- 
sections of A and B from one another, the total induction which 
escapes the conductor of reference is equal to that which escapes 
the coil ; in other words, the coefficient of mutual induction of 
the two coils is equal to that of the coil A and a coaxial circular 
conductor, the cross-section of which by any plane through tlie 

VOL. II. X 
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axis is at a G. ]\I. D. from that of the coil A, equal to that of the 
cross-sections of A and from one another. 

It must be possible to replace the coil A by a conductor of 
proper mean radius carrying the whole current of 7i units which 
flows in the coil, so that the total induction through it is equal 
to the sum of those through the coaxial filaniental conductors 
into which the coil has been supposed divided. If the radius of 
any part of the coil be large in comparison with the dimensions 
of cross-sectioDj this proper mean radius may be taken as the 
simple mean radius of the coil. The other coil can then be also 
supposed replaced b}^ a coaxial circular conductor at a distance 
from the other equal to Thus the determination of the 

coefficient of mutual induction of two coaxial coils is reduced to 
the determination of that of two coaxial circles. 

The relative positions of these two circles is not definite. If 
we consider the lines of force through a coil due to the current 
in it, we see that these are closed round the coil, and any closed 
circuit placed in its field will pass through certain lines of 
force. The circuit may be placed in any position or have any 
size consistent with passing through the same lines of force, and 
the coefficient of mutual induction of the coil and circuit will be 
the same for all. If, in the present case we suppose the primary 
circular conductor fixed, the other may be situated anywhere on 
the toroidal surface marked out by the circular lines of force, the 
radius of which is the G. M. D. of the cross-sections. 

We proceed now to calculate the coefficients of mutual in- 
duction of coaxial circular circuits and coils. Taking first the 
case of two coaxial circles of nearly equal radii, we see that if 
we can find their coefficient of mutual induction when the 
circles are in one plane, we can find that for the actual arrange- 
ment by calculating, in the manner described above, the portion 
of the total induction due to one which escapes passing through 
the other owing to the deviation from coplanarity. 

Consider first two coaxial circles in the same plane. Let the 
radius of the outer circle be a -f and of the inner a. Then 
if we take any element ds of the outer circle at A (Fig. 72), and 
let 6 be the angle OAU between the diameter through ds and a 
line of length r drawn to an element jE'i of area rdOdr in tlie 
inner circle, we have for the magnetic induction through that 
area the value ds cos . rdSdr. Hence for the total induction 
B through the inner circle we get 
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where = AB^ = AG, 6^ = sin“'^«/(« + c), and tlie final 
integral is taken round the outer circle. The distances are 
evidently the roots of the equation 

— 2/ {a + c) cos S + (a c)- — a- == 0. 

These roots are 


Mutual 
Induct- 
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of Two 
Coaxial 
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{a + (?) cos 


=F \/(a + c)-cos-i9 - c.*- — 2a r (117) 



If c be very small then approximately 

o\2 = 2a COS 6, Ti = c/coH d. 

Integrating then with respect to r we find 

B = 2 J ds j cos ^ log ^ = 2 J ds J ^ cos 0 log ^ cos -0^ d0 
Now 


J cos $\og(^-y cos^B^dS = sin |log cos ‘'^0^- 


+ 


1 + sin $1 


1 ~ sin $1 
wliicli reduces approximately to 

log 4 - 2 + 2 log 


X 2 
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Hence to the same degree of approximation 

J/ = 47ra (log ^ - 2^ (IIS) 

Now let the circle of radius a be carried out of the plane of 
the other circle a distance 5 while still remaining coaxial witli 
the latter. The difference between the total inductions which 
escape from passing through the smaller circle in its two positions 
may be calculated as if the circles were straight. Putting now 
/ for \/P + the shortest distance between the circular arcs, 
the difference of inductions per unit of length is approximately 
‘2(log r— log /?), and for the whole circle 47ra(log — log ^). 
Hence the coefficient if of mutual induction between the circles 
in the specified configuration is approximately given by 

J/= 4n-a(logi“-2) (119) 

^ From this result we can find approximately the relative dimen- 
sions of a coil of large radius, which for a given length and 
gauge of wire has a maximum coefficient of self-induction. By 
the theorem proved above (p. 304), the self-induction coefficient 
is equal to the coefficient of mutual induction between two equal 
coils each of the given mean radius, and at a distance apart 
equal to the G-. M. D. of the cross-section from itself. Let the 
G. M. D. he 7?. Then by the preceding result if the number of 
turns he 

L = 4rf^^log ^ — 2^ (119') 


Now for similar sections of different linear dimensions It 
varies as the dimensions, and since for a given thickness pf 
wire the number of turns varies as the cross-section, we have 
n = where C is a constant. Again the total length of wire 
I is "Inna, so that we have the two conditions, ^irna = 1^ 
27rCR^a = which give dn/da — - n/a, dRJda = - RI2a. Hence 
taking a as independent variable, differentiating the value of f, 
and substituting these values of drifda, and dJtJda we find 


da \2 RJ 


which for a maximum gives 


log 72 = log — - 
2 


. . ( 120 ) 
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If the section of the coil is circular of radius p, then by (43) 
above log R = logp— I, and (60) gives 

= g pe" = 3-224 ^ (1.21) 

If the section of the coil is square, the value of Ji from (115) 
substituted in (120), gives 

= l*838.s^ (122) 


if 8 is the side of the square. These dimensions are, however, 
too nearly equal to enable the approximate formula by which 
the relation is found to apply with accuracy, and the result can 
only be regarded as a rough rule to guide the experimenter in 
the construction of coils. 

We proceed now to calculate the coefficient of mutual induc- 
tion between a circular conductor and a coaxial helix. We shall 
employ equation (47) of Chap. IV., viz. : 

J J fhfh' (i2:i) 

where ds, ds\ are elements of the helix and circle respectively 
at a distance r apart, and inclined to one another n,t an angle cf, 
and the integrals are taken along both curves.’^ 

If a be the radius of the helix, a' that of the circle, and 6, d', 
the angles which the radii drawn from the axis to tlio elements 
(ISf ds', make with the plane through the axis and the initial 
radius of the helix, we have cos ^ = cos (d' — d), (Is euW, 
ds' = a'dB', Also if p be the pitch of the helix, so that between 
two radii separated by an angle d the distance parallel to the 
axis is ^;d, and the circle be, as we hero suppose, in the plane of 
the initial radius of the helix, then 

= {r -j- — 2ad cos (d — S') + p*d“. 

Thus instead of (123) we have 

M = rr ~ 

J 0 j 0 + a'- %<m' wh {&-&)+ p-6-\ ^ " 


* The method of calculation based on (126) below is du(‘ to l*rof. 3. 
Viiiainu Jones. See Phil. Mctq. Jan. 1889, and PhiL Trans'. vi>l. 
182 (1891) J. 
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where is the superior limit of integration for 6, and is the 
aii^le between the terminal radii of the helix. 

Now clearly we may take as a new variable (p instead 

of S' i so that 



ac^ cos cj> dSd<j> 


(125) 


But it is obvious that we can find for every value of^ d, that is, 
for every element of the helix, an element on the 
spending to a constant value of cj). Hence, if we integrate, mst 
witli respect to keeping <p constant, and then vnth respect to 
<p from 0 to 27 r, we shall obtain the integral sought. 


.¥ = 


'h ffff; cos (f) d<pdS 

0 K 


(12C) 


where a- = -1- a'- — 2aa' cos (p. 


But 


, 

A 


cia' cos <^d6 


ac^ cos (p 
P 


log {pS^^ + \/ cP +p"0{-) 


and therefore 



cos 


pdcplog (pSi + 


sJd^+fS^) ( 127 ) 


By dir ect expa nsion of log ( 23 ^ 1 + ^/a^+p^Sl% or by expand- 
ing l! (1-26) by the binomial theorem, and then 

integrating, we can if a>pS write 
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Now if we put = 4:a.a^l{a -|- yjr = 7r/2 — <^/2, in the 
general term of this series we find 

TT 

COS (j)d(f> _ 4 p (1 - 2 sin2‘\/^)r/\/r _ 

^ ~ (a + a')-"‘+'‘ j ^ (1 - sin2 ,/,)(2«*+D/2 ’ 
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Hence substituting in (128) we get 


= 4iaa' ^( — 


where 


2.4. 2y.v":piU + W 

(129) 



■‘I cos 2\|/'<'/\^ 
0 (1 


(DO) 


If tlie actual coil ex^rul on both sides of the plane of the 
circle, it will form two coils of axial lengths for each of 

which M must be calculated by (129) and the results added. 
If 6i = Boy numerically, the value of M is double that given 
hy (129).“ 

To calculate the values of Fm we proceed as follows. After a 
slight reduction we find 


if 


Now 


Put = ^1 - + Jo Qm- l 


Q"^-pjr7^ 

J 0 (1 - /t'- sni- 






<2«= 4- (2m-i 


(131) 


(132) 


and it is to be noticed that, = F, Q j = if, where F and F 
are Legendre’s comjdete elliptic integrals to inodulus 

Between these integrals are the following well-known and 
easily established relations 


Hence by (132) 


dk " 
dk" 


E--F 
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' k 
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- (134) 
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of which the last three are successive derivatives of the first. 
The quantities on the right are all known from the computations 
indicated in equation (135). 


(^) §35 Q'zi Q "2 calculated from these quantities by the 
equations 


§ 3 = Q2 + 7 Q'2 
o 


037) 


of which the last two are successive derivatives of the first. 


(3) § 4 , §4 are calculated from the quantities found in (137) by 
the equations 

8 /, ' (m 


the latter of which is the first derivative of the foimer. 


(4) is found from the values of § 4 , by the equation 

039) 


(5) Pj, .... Pr, are found from the values of JE, F, and 
of § 1 , . . . . §6 [equations (134) . . . (139)], by successive 
applications of (131). 

Professor J. V. Jones thus calculated the coefficient of mutual Results of 
induction of a helix and the edg*e of a coaxial disc in the mean Calcula- 
plane of the helix, which he used in a very careful determination tion in 
of the specific resistance of mercury in absolute measure.* Actual 

The dimensions of the helix and disc, and the results as corn- ^ 
puted by him, are given in the following table : — 


FMl, Tram. F,S. vol. 182 (1S91) A. See also Chap. X. below. 
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where I^m has the value stated in (130), and may be calculated 
for VI = 0, 1, 2, 3 .... as described above. 

This process will not be applicable when the circles are very Case of 
nearly equal in radius ; and in general it is more convenient to Two 
use the result (89) stated on p. 50 above. By the equivalence of Circles 
two circular currents to two circular magnetic sliells, the edges of nearly 
of which coincide with the circuit, we find from tlie equation 
referred to ' Radius. 

21 ~ Att \l aa’ 1(7^ ^ ~ 'jj, ^ I ‘ ■ * 3/ 

wh ere it is to be noticed the modulus Z; has the value 
^ ad j sj and F and li are the complete elliptic 
integrals to that modulus. If in one circle there are turns, 
and in the otlier turns, the value of M must of course bo 
multiplied by 2q9?2- 

When the radii are nearly equal, and are great in compa, risen Con- 
with h, tlie modulus k is only a little less than unity, and the veageney 
expansion of the elliptic integrals yields slowly convergent cf Elliptic 
series. In such a case we can improve as much as wo please Integral 
the convergency of the series by employing a aufficieut number 
of times in succession what is known as Landen’s tran formation, .. . 

whereby the integrals are transfemned to a new modulus /■|(<Z‘) 

defined by the equation h = 2>JkJ{X + /q). If i'X/.q), AX/,-,) be fonnatioii. 
tlie complete elliptic integrals to this modulus, F{lc)y those 
to the old modulus Z‘, 


F{h)^{l + h^)F{lc,) 


} 


. . (143) 


These relations are easily proved thus. Draw (Fig. 73) a (irclo 
APF^ixom centre 0 with radius r, and join the point F with 0 
(a point on the radius AO) and with A. Denote the angles 
PAG, PCO by d, d'l, and the distance COhy oq. Now if (I be a 
point on the circle adjacent to P, we have, since angle POB 
= 2d, PQjCP = '2r(16l s/f-^ + + 2?Tj cos 2d = 2rc/d/-l('r -i- r^) 

Vl — sin-d/(r + ri)-|-. But from the triangle 
— (16 J sin CQP = ddj/\/i - sin‘-^SP6’ ~ (Wij , sin-di. 

Hence 


2 /- 


cW 


j 


4r?q 
\r + 


sin- 6 



(16^ 

— sin'-^d 



316 


CALCULATION OF INDUCTION 


Modular 
Eelatioiis 
of Elliptic- 
Integrals. 


and, if 7 j = 2 this gives 

2 __ (le /-^i _ 

1 0 Vi — JS^ siu“ 6 Jo Vl — sin- 

which gives the first relation stated in (143), since when 

d = 7r/2, ^J=‘7T 



Fig. 73. 


From the triangle OJPO we liave sin (2d - d^)/ sin d^ = 9\/r, by 
which the limits of integration with respect to djL can be fixed 
from those for d. 

The second equation stated in (143) can be proved from the 
first. By differentiation of the latter we Lave 


(1 + /‘i) 




+ ^^(h) 


(IFil) dh 
dk dL\ 


Substituting in this the values of the differential coefficients, 
namely, - J'(fc,V/.i+-ff(/n)/^ i(l - K) toxdF{l,-Oldl\, E{h)^^k(\ - P) 
- F{h)lh for dF{h)ldh, given by (133) , and (1 - -(■,)/ 
for dhjdk^^ and reducing by means of the first relation we arrive 
at the required result.* 


* The same forinulje of transformation are available for the reduction 
of an elliptic integral the modulus of which is greater than unity to 
one less than unity. In this case the initial modulus is to bo taken as 
7 ji, and tha^to which the transformation is made as k. Whatever 
may he + l®ss than 1, since it is the geometric mean of 

the two quantities 7ji and I, divided by their arithmetic mean. Thus 
the now modulus is less than 1, 
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Substituting from (143) in (142) we get 

. . . (144) 

V/’i 


u formula for II sometimes more convenient to use than that 
in (82). 

Taking the old modulus h, as abo ve, the new modulus is 
given by -f- 1'-^ = 2 slaa'j V(a + a')^ + Z/-, or what is 

the same thing (1 - /•i)/(I + /•^i) = where 9\, are the 
greatest and least distances from one circle to the other. Hence 
in this case 




^’l + ^*‘2 ’ 


(145) 


Taking an angle y = Maxwell* has calculated the 

values of \og{M jin ^aa') for intervals of 6 minutes of angle 
for values of y between 60 and 90°. This table is reproduced in 
the Appendix to this volume. 

From the relations (133) above we can find differential 
equations which are satisfied by the complete elliptic integrals 
jF, B ; and by aid of these equations t he int egrals can be expanded 
in ascending powers of II (= Vf — Z^^), the complementary 
modulus) when h is very nearly equal to unity, that is when II 
is small. f The relations referred to can be written 


Hence operating on the first of these by hcljdh--l, and sub- 
tracting the second we get after reduction 


'h dk 


(146) 


Again operating on the second relation by (1 - ^•“) (1 + kdjdk) 
adding to the other, and reducing, we get 


* EL and Mag. vol. ii. chap. xiv. (second edition), 
t The process followed here is practically that given in Cayley’s 
Elliptic Functions, Art. 77. 


Expression 
of II in 
Elliptic 
IntegmLs 
Trails- 
formed to 
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Modulus. 


Modular 

Differen- 

tial 

Equations 
Satisfied 
by Elliptic 
Integrals. 
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Value of 
F {Jc) when 
1c is nearly 
unity. 


~ S S'*" 

The corresponding equations in terms of the complementary 
modulus are obtained from these by simply substituting h' for 
h everywhere, and in (147) changing the coefficient of the 
second term to - (1 as the reader may verify by means 

of the defining relation 7-2+ ~ 1* 

Thus both F{1) and F{1J) are solutions of (146) whether the inde- 
pendent variable be /j or 7/. Thecomplete solution of (146) is thus 
dF{l) + aF{]c') where a, a , are arbitrary constants. Equation 
(147) is satisfied by E{h). But clearly if y be any solution of 
(146), (147) must by the fundamental relations be satisfied by 
{l~h^){y 1-dylclJS). Hence since the complete solution of 
(146) is aF(lc) + dF{h'), (147) is satisfied by the result obtained 
by substituting tliis value for y in the preceding expression, 
that is, aE{1t) + d{F{h') — F{h')\. The form of this is not altered 
by adding the particular solution E{k\ so that the complete 
solution of (147) is ^E{Jc) + ^'{F{h') — E(k')\ where iS, /3', are 
arbitrary constants. 

For the expansion we see in the first place that when 7* is 
nearly equal to 1, h' is very small, and we may write 



fW 


*/ cob- d + 7^2 sin- $ 





>/cos- 6 + 7?'**^ sin- B 


where e denotes a quantity very small in comparison with 
but large in comparison with //. The first integral is, very 
approximately 


[ AL = log tan I (tt - 6) = log 
J . COS B € 


The other integral may be written by putting n ~ -1 
dll 




/, 


= 1 loo- /-f + 

s'/ys + k h' 


logp 


very nearly, since we have supposed small in comparison 
with 7:6, and h is very nearly unity. Hence adding these two 
results we have 



KXl'ANSKiN OF KLMFTIO INTKnilAOS 


A.-: 4. 1,,^. 1 ; lofr i . . . . (I4H) 

ThuH ill th(‘ limit will'll !/ in viM'y «niall, log'4>-. lo^ iw tlie 
vahio of /'’(/*’)• valm^ must also satisfy, under tho hjuih' 

condition, tlu' dilferontinl e<(Mnli()u (MG). li; tlum, wo can fuid 
a. HerioH for /'X/r) whioh saliHlit^H llu^ diiforoniial ('iiuatioii, and 
approaches mor<‘ and more lu'arly to lojj^(4///) as k! is niach' 
smaller and Hmullor, wo sliall iuivo olitaiiu'd tln^ rcMiuired 
dovolopmont. 

Writiita’ tin'll 

/•'(/,) . , /• loR- J + q 

whore P and (I are functions of /•' to lu‘ dcti'miinud, and suhsti- 
luting;’ in (MG) (written with /•' instimd t>f /•) we oldaiu a result 
of tlu' runn 

■'/ log p + -V 0 


from which by (‘ipiating’ J/ and iVsi'pcrately to /an’o we (hudvi* 

P 0 ] 

V (I4t 

' // if// ‘ // iU. 


^ ‘ <ik‘- ^ // <11/ 




(i.i») 


The hrst of these is l>y(l lG) HutiHliod by /* . where 

( ' is a constant. 

Developin^^ now the I'lemmit //^/ •J I - A?'- siu^ ^ of the in^tegral 
in a series of nHcemling’ powm-s of //, iutofcrating' then inu'h term 
from 0 to 7r/2, and usiu^ Wallis’s tbeort'in that 


sln"^ 


1) in 

G.. 5 


we 


r 

J <1 

+(5)'''- 


In order Hint wlion // - ? 0, the value of /'(A*) may reduce to 
( 4 ///) we innst takt' P 2 /it, ho that 


+( 5 ^"+C; !)”'"+ 


;aii 


Expansion 
oF Coni" 
plate 
Elliptie 
I iitep;rals. 



320 
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Complete 
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Integral. 


Calculating from this we find 


' ~1I~~ dU 


2P = - [1 + 


2(iy/y.+vL.3y/.^ 

2\2/ . 3 V 2 . 4 / 


:« + :•. -j (ISO) 


and this is the value of the part of the second of (149) which 
involves Q, It is clear thus from the form of that expression 
that Q cannot involve odd powers of h\ and as, on account of 
the limiting value of it cannot contain any constant term, 
we may suppose 



Substituting from this in the second of (149) using (150), we 
get finally by equating to zero separately the coefficients of 

'm 7./4 

f ? • . • • 


2 2 2.2 2 2 

^ O’ 1 12 371’ ■ “ iTl 3.1 O’ ' * ‘ ' 


so that 




A -8^ 


-h . 


(151) 

The expansion of can be obtained from this by the first 
relation of (133) namely 

dJc h 
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or, what is the same thing, 

li (*) = - ;.:(1 - 

Tide gives 

m = 1 

V 1.2/ 

^2^4 V ^// 1.2 3.4/ 


4“ 

+ 





4 

1 ? 


2 _ 2 _ I \ 

1.2 3.4 OVh/ 


im 

These ocinatiorm are available for the calculation of 3/ from 
equation (142) or (144), and are conveniently applioabJo oven 
when h is not very nearly equal to 1. The computation is easy 
and expeditious if Hystomatically esarriod out, and can be ptishad 
to any degreo of acseuracy witbout trouble, as the law of forma- 
tion of successive terms is known, and the series arc very con- 
vergent. Since h is supposed exactly known nmnencnlly, 
log (4///), and &c., can be found numerically with suflicient 
exactness once for all, and then used in the ntirnerioal eomjmta- 
tion of tbo Huccessivc^ terms of the series. ,F(/i') and A’(Z’), 
having been tliiis found, are multiplied by the already known 
coefficients in the fijrmula. employed, and the calculation of the 
(!oofficiont of mutual induction of the two coaxial circles is 
coinplote. Of c!t)urHe, when /• is very nearly etpial to unity, any 
uncertainty as to its value will render that of log (4///) very 
uncertain, since a Hniall error in k will bo comparable with /./. 

If the coils are of finite breadth and depth of cross-section 
(2B, 2^, say, for the coil of radius and 2/B', 2^' for the other), 
wo can, as a.t p. 250, obtain the correedions for the finite (U’ohh- 
sections by denoting ilui uncorrecled value of M in (142) by J/(„ 
and calculating &c. Tlum to a 

first apiiroxiniaiion we have 

VOL. IL Y 
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Integral. 
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By differentiation we find, having regard to the fundamental 
modular relations, that in the important case in which 


^0 

da^ 




dU^ 



A pair of coils of equal mean radius lias been used . by 
Eowland, G-lazebrook and others in experiments on the absolute 
determination of resistances (see Chapter X.). 

When ^ and F have been accurately calculated for any given 
case of two equal coaxial coils (and has thus been found), their 
values can be used with facility in these expressions to give the 
necessary correction for the dimensions of cross-section. It is 
to be noticed that, as in other cases, these corrections are calcu- 
lated on the hypothesis that the coils are uniformly wound with 
wire sufficiently fine to enable the current to be regarded as 
uniform over the cross-section. Of course every term in the 
expression for M here given, must be multiplied by the 
product of the numbers of turns in the two coils. 

Maxwell has given an expansion for M in terms of h and x 
which can be deduced from the series (151), (152) by substituting 
the algebraic expression of h' in terms of a, and b in the above 
Maxwells expression, expanding by logarithmic and binomial series 
Lxpan- -j- ^la), 7/2, ^'4^ <S:c., and multiplying by the binomial 

expansions of the coefficients [see (142)] 2/7; - Tc, ^jh of F{h)y 
B(h) respectively. The result does not seem so convenient 
for practical purposes of numerical computation as the above 
series derived analytically from the properties of the elliptic 
integrals. 

Maxwell however obtained his series by a most instructive 
method depending directly on electrical principles. f On that 
account it is here sketched, the reader being left to fill in the 
details of calculation, and verify the result. 

In the first place we have the following differential equation 


* Here a is put equal to a' after differentiation, and must, 

when 5=5', be applied twice, once for each coil. 

t El. and Mag., vol. ii. (second edition), p. 315. The elliptic integral 
expansion has been here given in preference, even at the cost of some 
space devoted to purely analytical investigations, required to make the 
process of derivation intelligible to readers unacquainted with the 
properties of elliptic integrals. 
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which is satisfied by the total induction B throu^>'h a circle in a 
homogeneous isotropic medium in presence of any system of 
magnets or conductors. If the radius of the circle bo r, its axis 
he along and ^ be the distance of its centre from a fixed point 
on the axis, the equation is 


026 , dm 1 . 


(153) 


To prove it let the radius (1) increase by an amount dr, (2) 
move along the axis a distance ck. The incroaH(‘. of B duo to 
the first displacement is duo to the HC(*x)nd 

d^ldz.dz, Now let the coinpononts of niagmaic force n,t any 
pointof the circle in its undisplaced position bo p, q, y, p being 
taken along the radius outwards, q along the tangent, and y 
parallel to If we assumo,as wo may without loss of generality, 
that the magnetic permeability of the medium is unity, the in- 
crease of total induction duo to change of radius is plainly 


and therefore 



(164) 


The number of induction-tubes swept over by the circle in the 
other displacement is 


dz 



and it is easy to see, from tho directions in which the tul)OH are 
cut by the conductor in tho two eases, that tho total induction 
through the circuit will bo diminished by Iho latter amount. 
Thus we have 

(155) 


Differentiating (154) with respect to r, and (165) with respect 
to z, we find 


Maxwell’s 
Theorem 
of Total 
J nduction 
through a 
Circle. 


Proof of 
Maxwell’s 
Theorem . 
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But since ^ — —dVjdr^ y — -dVJdz, wliere V is the magnetic 
potential, the integral on the right of the last equation is zero. 
Hence by (154) we obtain the differential equation stated in 
(153). 

Eeturning to the problem of the coefficient of mutual 
induction of two coaxial circles of radii ^ and a + a:, let the dis- 
tance between their planes be now denoted by so that 
r = sj We assume that instead of (119) we have 

M=4:1t (A log 1 “ - J3), 

r 

where 

A = a + ^2 — + ^^2 — + ^3 —9 + A’^ -1- • • • • 

a a 

B = — 2 a BiX + -^2 *“■ + ^'2 ~ “ 1 " -^.3 + * • • • 

a ch a"* ct/"^ 

To determine the coefficients in these series we have first 
by (10 1) 

aw a2j|f ^ 

dx^- a^2 CC + X d.v ' 

which by differentiation of M and substitution enables one set 
of relations among the coefficients to be found. Secondly, since 
either circuit may be taken as the primary in which the current 
producing the induction flows, we must obtain the same result 
by putting everywhere in the above expressions x — 0, and sub- 
stituting a-j-x for a. The former substitution reduces the 
radius of the secondary from a + a; to a., and the latter enlarges 
that of the primary to a + x. The condition that these substitu- 
tions leave the value of M unaffected, gives another set of 
relations among the coefficients. From this set and the former 
together, as many equations are obtained as suffice to determine 
the coefficients. The final result is 


ilf=47ralog- (l +1- 4 
r \ 2 a 

+ 4ir«{-2-li + 

1 2 a 


x^ + 


16^x2 

3.r2 - ^2 
16^2 


32^3 




48«3 


(156) 


This formula may be used according to the principle explained 
above (p. 305) to find the coefficient of self-induction Z of a 
coil of radius large in comparison with the dimensions of cross- 
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section, and in this case r is the G.M.D. of the cross-section 
from itself. In ordinary cases it is probably more convenient 
to calculate the value of the G.M.D. once for all numerically, 
and then use the elliptic integral formula given by (142) when 
is put for Atv aa' . 

^ Here h = 2a/ since the radii are equal, and r, tlm 
distance between the planes of the circles, is the G.M.D. of 
the cross-section from itself. By means of the expansions of 
the elliptic integrals given in (151) and (152) the value of L can 
be obtained to any required degree of accuracy, provided the 
radius a is so large that the principle stated on p. 305 can bo 
applied. 

Weinstein has found {WiecL Ann. xxi. 329), from tl)e series 
given in (156), that for a coil of axial breadth 2Z', and radial 
depth 2^/, 

L — (157) 

where, if !c=bld^ 


^ 3 \2 +'t-) 

^2 2 / 1 \ 

I, 4a n + 1 , 

22 1 

- ‘2 log 3 •45.^’2 + l'67r.r^ + tan -hr. 


A formula of approximation, used by Lord Rayleigh to find 
the coefficient of mutual induction of two coaxial circular coils 
of rectangular cross-section, will be given in next chapter. 


Lord 

Rayleigh’s 

Approxi- 

mation 

Formula, 


Seotiok III 

INDUCTION IN GONDUGTORS CARRYING VARYING OR 
ALTERNATING CURRENT d 

We conclude this chapter with an investigation of the efloct Varying 
of the distribution of the current over the cross-section of a Guvrent in 
straight cylindrical conductor on the self-induction and effective Cylindrical 
resistance of the conductor. Take the conductor as a straight CJonditctor. 
circular cylinder, with axis along then the density, w, of the 
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current is a function of the time and the distance r of the point 
considered from the axis of the -wire. Hence also the vector 

Slel^Alsume 


S = S+T+ l\r^ + Y'ari -f- . . . -t- _ 

&0-) are functions of the time. 

JN'ow we have 

da 


(158) 


^TllO = . 


and 


dx 




lia = 


dll 


Hence 


3^ ay ’ Sz dx 


a^AT , am 


ax'i 


Current- or, if r be taken as a radial coordinate (= /J »/ 2 \ 
Density at „ ^ ^ 

of Cross- dr^ r dr ^ 

Section, mi • . 

This gives by differentiation of (158) 

- TT/rw = Y*! + 22^2^2 + -1- . . . + m2r„i'2«-2 + . . 


(169) 


(160) 

If p be the specific resistance of the material, the component 
electromotive force in the direction of ^ is pw at every^ point 
where the current is w. Hence by (6) of Chapter V. 

dt Sz' 

where ^ is taken as the potential corresponding to that part of 
the electromotive force which is independent of current induc- 
tion. This by (158) becomes 

3'*' dS dT ^dT 

^ dz dt it ''it 

Comparing coefficients in (160) and (161) we find 
/aT' , iS , dT\ 



827 


EESISTANCE AND INDUCTANCE 
Putting dSIdt = and reducing, wo got 

1 7r’'g»i c/«y 


,p _ TTi>.dT 1 7r"u.-(m’ 

j, I — _ ' 7? 

p M’ ■* 2^ pa 


din' 


+ • 


(IGIO 


therefore 

rradT , .> * 

— 7TpW =: — — -j- — — — T“ *4“ 

p di p^ dt'^ 

1) 1}^ 

If 7 be the total current in tlie conductor 

C a 

7 «= Stt / wdr. 

J 0 

whore « is the radius of tho wire. Tims writing k for „a^io the 
conductivity of unit length of tho wire, wo got from tTo^^J’aSe 

01 7tpw 

- Outside the wire the valuo of 11 does not depend on the dis- 
tribution of the current in tlio wire (boo p. 285 above) but only 

mav n.it°Vf y- the Hurface of the wire wl 

sCiwsTdrov. '' " * •“ •'-•"""Ml- 

ufy = iS -I- r, -f- yj«3 -f . . . -f ir„«« 4- . . . 
and therefore by tho values of I',, T.^, . . . formed above, 

Ay- S~T + pk + J. 

di ^ P. 2a dP + ■ ■ • + + . ■ . 

or if wo write 


Hence 


flSBSW 

> 0“ 

W aa o' ^ 

Ay — aV' ^ ^ (^pK 2\ 

^'''y ^f .d\dT 


( 103 ; 
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Equation (162) may also be written 




(^ \ dT 
dt' dt ' 


Elimination of dTjdt between the two last equations gives 


dS , 1 

It ^^dl 




Expression But it has been assumed above that -d-^jdz = dSldt, so that 
lor Aon- dSjdt is the part of the electromotive force at each point which 
E M P * depend on the inductive action of the current. This 

• • • part of the electromotive force we suppose to be the same at 
every point, if the conductor be (as is here supposed) of uniform 
resistance, so that if J;'be its line integral, R the resistance, and 
I the length of the conductor considered, R = IdBldt. Hence the 
last equation becomes 




B=.U^ 


Now if the currents be periodic according to the simple 
harmonic law, every such current is (to a constant factor) 
represented by the real part of where n denotes ^TrjT; and 
we may use this expression until it is convenient to separate its 
real from its imaginary part. We have then to replace in (163) 
djdt by in, and the equation then becomes 

■ E^inlAy+i^E^. ( 164 ') 

K. Cf>'(tKfJLn) 


Develop- If k be small we obtain by division 
ment of 

Expression 90'^) = i4.1«_i_^2 4.Lr3- ^ 
in Series. ^2 12 ^48 18 

and hence 


180 ^ 8640 


== 1 4- JL L-aM;z4 r 

^'{iKfxn) 12 ^ 180 ^ 
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This converts (164') into 


i?(l + 


1 

12 


JL^ 

180 R^ 


+ )y 





1 fxHV 13 

48 R^ 8640 R^ 


since Z//c = i2, the resistance for steady currents. 
This equation is of the form 


where 


E = R'y -f- %7lEy — R'y -j" E 


dt 


R'==Ril + 


1 fjL-l^n^ 

12 R^ 


1 

180 R^ 


r = I 



1 13 

48 R^ 8640 R‘^ 



. (166) 



In consequence therefore of the variability of the current the 
wire behaves as if it had a resistance R\ and a self-inductance 
E. If the frequency of alternation be very small the resistance 
approximates to R and the self -inductance to 1{A -|- J/x), the 
values for steady currents. 

With increasing frequency the resistance increases without limit 
and the inductance diminishes towards the value I A. This result 
maybe obtained from the theorem (see Note in Appendix) that 

when X is very^great <^{x) — ^(2 ^x^), so that in this case 

c()(x)/cj>\x) = \^Xj and therefore 0(i/cftn)/^'('i/c;xw) = Vj/c/xn(l +i), 
which by (164') gives 


R' = sIlpXnR 



(1670 


Taking unit length of an iron wire ’4cm. in diameter, and 
estimating the specific resistance of iron as 10^ and its per- 
meability as 300, we find that is for a period 

iihs'U 47, so that the resistance is vastly increased, 

and the self-inductance diminished by the rapid alternation. 


Evalua- 
tion of 
Effective 
Resistance 
and In- 
ductance. 
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The value of this term for copper, is if =1, and its specific 
resistance = 1640, about 3 X irVa^jlO^. A frequency of 100 
gives therefore Thus the effect of alternation becomes 

very sensible when a>l. 

Going back to (164') we see that in order to find the effective 
resistance of a cylindrical conductor in which is flowing an 
alternating current of frequency 27r/^, we have to multiply the 
actual resistance (= l//c) of a length I, by the real part of 
4>{iKfjLn)/{(j>'(iicixn) where 0 is defined by equation (163). Now in 
the notation of Bessel’s functions if be any number 


Expression 
in terms 
of BesseTs 
Functions. 


= 1 + + 227^7^ + 

Hence, putting = iKfxn^ we have 



^ = 2 V iKfi7i=p V i 

if ;o = 2 V K/xn, Tlius 




"^22 22 . 42 


22.42.62 


p^ 

22.42. 62.82 


The real part of this expression is called berp, and the mul- 
tiplier of i in the imaginary part bei p, by Sir William Thomson, 
so that 

<p{iKfxn) = her jp + ^ bei^. 

Hence in this notation 

ber^ + ibei_p ^ip her jo + bei jp 
^ _d£2 ~ 2 ber'p + ibei'p 

d(iK/xn) 

_ p ( ber p bei ' p - ber' p bei p , ber'jpberp + bei^bei'jp'i 
2 I (ber' p)2 -h (bei'^)2 ^ (ber'p)2 + (bei' p)2 / 

From this by (164') and (166) we get, writing H for Z/#c, 

_ ^ber jp bei'^ — ber'^beijp^ 

2 (ber' p)^ + (bei' p)^ 
jj _ pi ber' p ber p + bei p bei' P xi a 
2k7i (ber' j>) 2 + (bei'jp)2 
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Sir William Thomson, to whom this form of the value of B! is Thomson’s 
due,* has treated the subject in a somewhat different manner Method of 
from that adopted by Lord Rayleigh, and a comparison of the Calciilat- 
two methods is instructive. Writing as before w for the com- 
ponent of current along 0 , we have, if the simple harmonic law Effective 

JKiGsistance. 

W— ^r^COSWif + .... (169) 

where G^^ are functions of ?*, the distance of the point con- 
sidered from the axis of the cylinder. The total current y, 
flowing across the section at time t, is given by 

y — cos G-^dS + sin? 2 if j J G 2 dS . . (170) 


if dS be an element of the cross-section including the point 
where the current is zo. 

But equations (12) and (6) of Chapter V. give Differen- 

tial 



Current- 

if, as we suppose, there be no displacement current to be 
reckoned, and ^ be the conductivity of the material. Using the 
equation in (169) we find 


The fi.rst of these gives 

O^dS =-ff = - 



f^ds 

J dv 


(172) 


by a well-known theorem, if v be an outward-drawn normal to 
an element ds of the periphery of the cross-section, and the last 
integral be taken round the section. Similarly 

47r/x7« j j G-^dS = J ~^ds. 


Hence by substitution in (170) we get 


iniJLhny = — cos nt j' J 


rdGi 

dv 


ds. 


(173) 


Calcula- 
tion of 
Mean 
Square of 
Current. 


See his Presidential Address to the Inst. EL Engineers, 1889, 
Math, and Phys. Papers^ vol. iii. p. 492 et seq. 
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which, if the time average of 7 ^ be denoted by 7 -, gives by 
integration with respect to t over the period T 

+ . . (174) 

For the activity A in the conductor per unit length at any 
instant we have 

A - 

= sin^ 

and hence for the time-average A of A 

A = I = L J + &,^)dS . . . (175) 


J 6 ^ 2 '^^^+ 2 cos 3 (^ 2 ? sin nt ^ G-jG<^dS) 


The effective resistance R' of any length I is the ratio of the 
mean activity /A to 7 ^. Hence 


E = {^TTp^nyU 


J 

\{Q^^Oi)dS 

(J 

I'dG 

dv 

1 d^^ 

2 

1 +1 

(j 

dv J 


(176) 


But by the relations (172) above 

/ / (^ 1 ' + J 

If for we substitute d^jdx^ + and integrate by 

parts with respect to a: and y, we get at once, since the surface 
integral obtained in the process vanishes identically, 

JJW + S.vs- - «.§>. - ( 177 ) 
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Tliis result used in (176) gives, since U = 


B! = ^Tr‘yJcm^ 


/(' 


clG^ 

dv 


a. 


dG^j 

Tv 


)a 




B. 


Expression 

for 

Effective 

Resistance. 

(178) 


which holds for a conductor of any form of cross-section, *on the 
supposition that the direction of the current is parallel to the 
axis at every point. 

If however the conductor he a right circular cylinder of 
radius ct, and the arrangement be such as to make Gp 0^ func- 
tions of r (the distance from the axis) only, dQ^lctv, dGojdv, 
become the values of dG Jdr, dG^Jd-r for r = a, and are the same 

for every cross-section. Then also f Js = 27ra, and (178) becomes 



. (178') 


r = <7- 

The relations (172) give for G^ the differential equation 
+ {4:7rfx7cnyOy_ = 0 , 


Solution of 
Differen- 
tial 

Equation 


or for the case under consideration 

( 1 = 0 . . . (179) 


A solution of this equation, sufficiently general for our present 
purpose, and expressed in the notation explained above, is 

G^ = 0^ ber q ^ q . . . . (180) 

where q = r and are arbitrary constants. This 

gives by (172) 


and 

Expression 

of 

Effective 
Resistance 
in Series. 


^2 ~ ^2 7 • • * • (180') 
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Thus since dqjdr = Anri^hi 


d^ 

dr 


^ ^TT\x.k}i{C-^ ber'^ + (72 bei'^) 


dG^ 

dr 


== V47rft^;z ((72 ber'^ — (7i bei'^) 


and instead of (178') we find 

-nt _p ber p bei' p — ber' p bei p 
2 (ber' + (bei '^)2 


( 181 ) 


(178") 


which is identical with (168). 

An important table of values of her bei ber 'q^ bei <S:c., 
for different values of q^ is given^ in Sir William Thomson’s 
paper, and is printed in the Appendix to the present work. 

Investiga- The corresponding expression for the effective self-induction 
tion of U is not given by Sir William Thomson in the paper above 
Effective referred to, but may be found from the above equations as 
Induct- follows. It is shown below (Chapter XII.) that if the re~ 
ance. sistance and self-inductance of a circuit or part of a circuit 
be denoted by jK', X', and a simple harmonic electromotive force 
of maximum value X be applied to it, the mean square of the 
current is equal to + n^L\^). On the other hand if i? 

be the resistance of the same part of the circuit for steady 
currents, the mean square of the simple harmonic current 
which would flow if there were no inductive action in the con- 
ductor is But by (169) the electromotive force E at 

the point "in the conductor where the current is w, being 
wjk is 

i {Gi cos nt + (^2 sin nt), 

tC 


The electromotive force applied independently of induction 
is thus 

j ((7^ cos nt + (yg sin nt) + XT, 

since — i? is the part of the actual electromotive force which 
depends upon induction. This must be the same at every part 
of the cross-section, and hence we may take as the values of 
Gi^ 6^2 those for the outside skin of the wire, with the correspond- 
ipg value of that is, as given above A-^, if y be the total 
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current actiially flowin| 2 ^ at any inatant. Tims if E be the 
electromotive force at a point on the surface of the conductor. 


E 


{OiQQB nt + sin nt) + 

T ^ a. 


But by (173) 

n f . f dOo , , , (dCr^ \ 

>' “ dr * + ’V -dr * J 

= — ( Bin nt-f^ + 

2/jl/i- \ dr 

Therefore 

Aa dOi 


dr ) 


E = 


j(( 


(7i + 


2fx dr 




The maximum non-inductive oloctroinotive force at each point 
is thus 

r ^ a. 

Hence as stated above 

and therefore by (174) apjdied to a ri^^ht circular cylinder 

jli y» ji'n 4. a- 12 


\ “■ )■ 


+^“+ •' 




/ 

r » a* 


Invesl 

tion 

ludu 

anc< 
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Erpression 
for Self- 
Indnct-' 
ance. 


Cylin- 
drical 
Condnctor 
of Large 
Radius of 
Curvature 
at Every 
Point. 


Modified 

Differen- 

tial 

Equatiou. 


Substituting in this equation the value of given by (178 ), 
(with put for RP) and reducing we find 



dG-i ^ dQ2 
dr 







which by substitution from (180), (180'), (181), becomes 

u ^ V bei> ^ 

y? (ber y?)2 + (bei'y?)^ 

This agrees with Lord Rayleigh’s result as expressed in 
(168). 

Consider now, in a cylindrical conductor of any form of cross- 
section, so great a rapidity of alternation that the current is 
insensible at every point beyond a certain depth below the sur- 
face small in comparison with the radius of curvature of the 
surface at the point considered, and also in comparison with the 
distance of any part of the nearest insulated conductor.* Then 
for any point in this surface stratum the variation in the current 
density will be practically zero in the direction of the line drawn 
in the section at right angles to the radius of curvature. Let 
the distance of the point considered from the point in which the 
radius of curvature through it cuts the surface be x. At the 
point {ri, will be sensibly functions of x only. Hence instead 
of (172) we have 

. ^ ^ d^G^ A 7^n d^G-t 

4:7r^'i'ilcGi — — , 4:7t fiuJcG^ ~ 


If for brevity s/^Tr/unk be denoted by a, the harmonic solution 
of these equations is 

cos ax^ 6?2 == sin ax. 

These values of (ri, G^ give by (169) 

w — cos (ax — nt). 


See Sir William Thomson’s paper already cited, p. 331 above. 



Again 


J-FFECTITjE RESISTANCE OP A CYLINDER 


d'iv 

dG, 


■■ - aG, sin „.r = _ ^ 


(h ~ + n.r ^ - a{0.j, ~ C!j) 

^fhich (since rlldv = - dify) yi,.],l 

a n ff O., 

“ dv ~ ~fv ~ + <5'/) ~ 

Ilonco by (175) and (177), sinoo .r may bo taken n« zero, 


Id by (174) 


4I-a 


'Uhy 


lero^rf. is as boforo an element ef the periphery of the cross- 
Honce for the effective resistance K of a length / we have 




. (K la 


^ (.///*)’ 


f t!,e arrangement is snch tlmt^ is constant 

la 1 / 




^ kci 


Oas) 


(las') 


tlonoto the circnmforence of the oonductnr mi - 
of this result is that the effectiVn f '"to>'Prota- 

rosistanco which a surface strntimf^r* ''«n>o fls 

Va (-. 1/ oflsVTo I stir 

cness is given in the folloS*tabIa 
find frequences of alternation 8^120 160 2?^"’ 


z 
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Depth of Effective Sueface Steatum of Cylindrical 
Conductor. 


Frequency of 
Alternation. 

Copper. 

Lead. 

Iron 

(m = 300) 

80 

*719 ctn. 

2 ‘49 cm. 

*0976 cm. 

120 

•587 ,, 

2*04 

*0798 „ 1 

160 

•509 „ 

1-76 „ 

*0691 „ I 

200 

•455 „ 

1-58 „ ; 

•0617 „ ; 

1 


Two 
Parallel 
Plane 
Strips of 
Great 
Width. 


Lord Rayleigh has also worked out the case of two coaxial 
cylindrical conductors, one carrying the outgoing, the other the 
return current. The conductors are taken of equal thickness and 
of radii differing by a small fraction of either, and so large that 
the influence of the curvature on the current, the magnetic force, 
&c., at any point may be neglected. This is the case then of 
two parallel infinitely long, infinitely broad, equally thick plane 
strips, facing one another and enclosing a stratum of uniform 
dielectric. 

Supposing that there is no current at right angles to the 
length of the strips * and using the same notation as before, we 
have 


w 

1 


0^ Z7_ 


dz 


— inll. 


(1R4) 


since the value of H is time periodic with period Stt/w. 

But as there is no component of magnetization, at right 
angles to the planes of the strips, we have d^jdx = 47rw, 
-^dlT/dXj and therefore 

47r dx Att/ju 

Hence (184) becomes 

^-4^u.h~-A,riikinE=0 . . . (185) 
ox^ oz 


* This will be the case if there is no sensible condenser-action of the 
uposed strips. If there is such an action there will he a component 
current at right angles to the planes of the strips, which must he 
ken into account in the theory. 



TWO PAEALLEL PLANE SHEETS 

3:i& 

Bat d^kjdz is independent of .r, so that we may write 



Differen- 

tial 

. (186) Equation. 

The general solution of this equation may be written 

- g: + + -S'£-®‘“ 

Solution. 

vrhere w =2 s/rTfildn, and A\ F are constants. It will be con- 
venient to take the plane a’= 0, midway between the conductors, 
tnd to write the above result in the form 

//= i 4 . 

n dz 

• (187) 

vhere B\ are another pair of constants, and a is 

, hickness of dielectric between the strips. 

half the 

This gives 


afi = -~ = 

div 

. ( 188 ) 

If the thickness o£ each strip be then, (since one side of the 
irrangemont of two parallel strips may be regarded as the out- 
lide an(l the other as the inside of the system of two coaxial 
sylinders, where, in each case, the magnetic force is zero), we 
lavo 3=0 when .r = <z + and therefore 

jrib 



C — VIO 

. (189) 

vVhero a;==a lot fi bo denoted by so that, 


= 

• (190) 

But if y b© the total current per unit of breadth in the 
drip 

«,+& a +6 

y-l 

z 

2 ' 
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Hence by (189) 


and (190) becomes 


m g - mb 

7j/ __ ^TT/iy 

m ^mb __ ^-mh 
^a~ ~ . 


( 191 ) 


(192) 


Within the insulator, at all points of the plane (^=0), the 
vector potential produced by the current in one strip is equal 
and opposite to that produced by the other, so that there H=0. 
Calling Ha the value of H for x=^a, we have, since d^/dx 
:=4:7rw=0 within the dielectric, 

Ha ^ E^a- Eq = — j^dx = “ 

if the permeability of the dielectric be taken as unity. 

Hence by (187) and (192) we have for 


dz 


= in (4irg + y . . (193) 

\ VI __ ^-mbj ^ 


Expres- But m = ^^n\ikin = V 2wtikn (1 + ^) so that the second term 
sions for in the brackets is partly real partly imaginary. Thus if H!, iL', 
Resistance denote the real and imaginary parts of the coefficient of y in the 
and In- expression for — Id^jdz^ {I denoting as before a given length of 
ductance. strip) we can write 



= R'y + Viny. 


(194) 


Compari- 
son of 
Results for 
Slow and 
Rapid 
Alteraa- 
tions. 


so that B!, Hj are the resistance and self-induction of a strip of 
unit breadth and length I, 

The chief interest of the problem lies in the comparison of the 
values of E\ L', for very slow and very rapid alternations. 
When n is small we find by expansion of the exponentials in 
(193), and ordinary division 

- ^ ^ ^ 7 + (4^^ + I TT/xZ') y . . (195) 
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Thus for this limiting case 

» 

the actual resistance for steady currents of a portion of the strip 
of length I and unit breadth. 

If the strips be very close so that a = o, we have 

~ .... (196') 

OZ UK 

and the resistance is the same as before. The self -inductance is 
for a strip of unit breadth, so that for a strip of breadth 
27rr it is 

(197) 

which is half the result obtainable by direct calculation after 
the method of p. 291, for steady currents in two close 
coaxial cylinders at a distance apart small in comparison with 
their radii. This is as it should be, since there the self-induc- 
tance would be found for what in the present reckoning is a length 
2^, viz., a length I in the outgoing, and an equal length in the 
return strip. 

Now let 71 be very great. Then - 6-’"^) 

= (1 + / (I = SO that for this case 

- + i?il ^ira -f- • (198) 

Thus 

JR! =^-s/ '•Ziryaih 

-'(-H-./i)j 

We conclude that as n is increased the resistance is increased Thickness 
without limit, while L’ diminishes towanls the limit 47ra^. The of 
result shows moreover that the thic kness o f the strip which Effective 
would give the same resistance is 1/ \^2iTfxnk, which agrees with 
the result obtained at p. 337 above. This may be taken a^the 
effectual thickness of the conductor. It diminishes as s/n in- 
creases. 
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General 
Dynamical 
Theory of 
Effects of 
Con- 
straints. 
Thomson’s 
and 

Bertrand’s 

Theorems. 


Effect of 
Constraint 
according 
asYelocity 
or 

Impulse 
is Given. 


When the thickness is great so that h may be regarded as 
infinite, we have by (188) since 

if (as at p. 336 above) we denote ij'i.irixnk by a. This may be 
written 

w = ^2076 “ ~ ®^[co 3 \\'rT~a{x~-(i)} + i sin { Jtt — a {x ~ ta')}]. 

Lord Rayleigh* has shown that the restriction of a rapidly 
varying current to the outer strata of the conductor is a conse- 
quence of a general dynamical principle which regulates the 
effects of constraints on the motion of a material system. This 
principle is embodied in two general theorems due to Thomson 
and Bertrand respectively. Thomson’s theorem asserts that if 
any material system given at rest be suddenly set in motion 
with any specified velocities (possible under the kinematical 
conditions of the system) imposed on certain parts of the system, 
the other parts being left free to take such velocities as result 
from the connections, the resulting motion is that for which the 
kinetic energy has the smallest possible value consistent with 
fulfilment of the prescribed velocity conditions. Bertrand’s 
theorem, on the other hand, asserts that if the impulses applied 
to certain parts of the system be specified, the resulting motion 
is that for which the kinetic energy has the greatest value con- 
sistent with the prescribed condition as to impulses. 

Taking any case in which we consider a system impulsively 
set into motion with a single specified velocity, or with a 
'Specified impulse of the same type. Let ^ denote the impulsive 
force, then the impulse is (p.-149 above) the time-integral 

J 0 

and the corresponding velocity generated is The resulting 
kinetic -energy T is 

According to Thomson’s theorem the introduction of any 
constraint limiting the freedom of the system causes an increase 
of T if ^ be given. On the other hand, according to Bertrand’s 
theorem, if be given, the effect of the constraint will be to 


* Phil. Mag. May, 1886. 
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diminish T. In both cases the ratio is increased, 

for in the former case $ is increased, and in the latter is 
diminished. Thus the effect of constraint is in each case to in- 
crease the generalized inertia-coefficient corresponding to the 
coordinate in question. 

Consider now a system in which a force of type corre- 
sponding to the coordinate and varying according to a simple 
harmonic function of the time is applied to the system. Sup- 
pose the system to have no potential energy, and to he subject 
to dissipative forces given (according to the rule on p. 159 
above) by a dissipation function F, which is a homogeneous 
quadratic function of the generalized velocities of the system. 
Let, further, the remaining coordinates (]> 2 , (3^3, .... (^>m of the 
system be so chosen that no product of them enters into the 
expressions of T and F. 

Then we have 

T = + ^S2<^2® + • • • + 4- . . .) 1 

F= + ^22'^’2^ "!■•••+ 25i2<f)j^2 + 25 i3^1<#>2+---) / 

But by Lagrange’s equations 

ddT dF __ 
dt d(j>i ^ ^ 

and hence by (200) 

+ ^12^2 + ^13^3 + • • • + + • • • = 

^ 12^1 + ^22^2 “t" ^12^1 + ^22 4^2^ ^ 

^13^1 + <^33<5^3 + + ^33 = 0 


Let now the whole motion be simple harmonic in the period 
of the force <E»i. Representing the latter by we get instead 
of (201) 

(mai2+^12Hi-h(i^<^22+^22)4>2=^0 

(mai3+ ^ 13 ) 4>i+ (zm33 + = 0 


The second and following equations of (20r) give 4)2) 4>z> 
in terms of 4>i) these values substituted in the first equation 
of (201') yield 



■ 


( 201 ) 


System 
under 
Time- • 
Periodic 
Applied 
Force and 
subject to 
Dissipa- 
tive Re- 
sistances. 
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Effective 
“Resist- 
ance,” and 
“Inertia” 
(or “In- 
ductance”) 
of System. 


Expression 
for “Re- 
sistance.” 


I ». + {irMii + buY 

-- = ina-i-, -f- 0x\ : ; — ; ; ; — — « 

<Pi ina^^ + b^^ «w^33 + ^33 

Since to a constant factor is represented by it 
hat (dFld<j>)l4> is the real part of $/(^i and therefa^j 
responds to the dissipative force. Calling this quantity ^ 
the other inL', we have instead of (169) 

= {E' -f inL') (#>i. 

B' may be called the. resistance of the system, and ' 
generalized inertia-coefficient, or what corresponds to tl*** 
inductance in the electrical theory. 

To calculate we have to find the real parts of the suc:? *l 
terms in (202). Now 


real part of = real part of 

ina22 “{“ ^22 




^22^ + 


_ ^2 (^12^22 ~ ^22^12)^ 
^22 ^22 (^ 22 ^^ ^^^^ 22 ^) 


and similarly the real parts of the other terms may bc^ 
Hence 


B' - b,. 


_ V ^ '4- S' 

^ T.. b,, [bj + ) • 

iss2 i=:2 


It is clear that each term of the second series in this oxpS 
increases as n increases, that is, as the frequency incroii.3P<i 
follows that the A^alue of E increases with the frequency* 
n is very great E approaches the limiting value 


t=OT 

»„■ ^ («,A, 


‘..-2^+2 

t=2 t=2 




b..a:} 

%i II 


When n is small B' is approximately equal to the tl] 
terms in (203), and is an absolute minimum for steady^ 
continuous non-periodic motions. 

The imaginary part of (202) is easily found to be 



Hence 
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Expression 
for In* 
ductance. 


(204) 


^ iCacli term of the second series in (204) is positive, and con- 
tinually diminishes a’s n increases. Hence as % increases U 
approaches more and more nearly the value 


I a..’‘ 

^ a.? 


which is independent of dissipative terms. 

In these results we have, as Lord Rayleigh has pointed out, Analogue 
an analogue to Thomson’s theorem. In the absence of con- of 
straints, E is great and U a minimum when the vibrations are ^l^nison’s 
very rapid, and on the other hand JJ is great and E a minimum Theomm. 
when the vibrations are very slow. Applica- 

The application of these results to electrical problems is 
obvious. Let us take the case, already treated at p. 185 above, j^gsults to 
of a primary and secondary circuit. If be the resistance Electrical 
and self-induction of the primary, ^ 2 , i ?2 those of the secondary, Problems, 
and M the mutual inductance, we have 1. Primary 

and 

= Zi, = M, ^23 = ^2 Secondary 

= A, ill = 0 , ^22 = A 


Then for the resultant resistance and self-inductance of the 


primary 


Ej = + 

Z\ = Zi - 


^24.^2X22; 


. (205y 


It follows that if the alternations be very slow, the secondary 
has no effect on the primary. On the other hand, if they are 
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approaches the limit 



iit,,#^sistance and self-inductance of th^ secondary 
same way* An inductive electromotive 
i^TT acts. in the secondary. The reaction of 
will tfeb^^^re give for the secondary 


, x,-^+ ^ 






2 


System 
of 

Primary, 

Secondary, 

Tertiary, 

&c. 

Circuits. 


as given above. 
Another inter* 


Phases of 
Currents 
in 

Primary, 

Secondary 

etc. 


** ^ ^ A. 

iCT'-'v 

appftcatio^ Lord Rayleigh is to 

a series of condu ^hf ro iorinilrg prt&up^secondary, tertiary, &c., 
circuits, but such thl^^ mutual inS^^n exists except between 
the primary and the i^&^dar^’, the nSci^i^ary and the tertiary, 
&c. Taking, for exanJi^j&^ur circuitsfiif fie series, the current 
in the fourth is due to t^raiductive ac 6 on-' 6 f the third. The 
reaction on the third causei^ie latter to have a resultant resist- 
ance and self-inductance i'g, at once calculable from (172) by 
substituting for R^, R 2 , Xg, M, the quantities iPg, ig, R^, if 34 . 
If h's, l's are used as the resistance and self-inductance of the 
third circuit, the fourth circuit may be ignored. Then the 
resultant resistance and self-inductance of the second circuit due 
to the action of the third can be found in the same way, and (the 
third then being also ignored) used to obtain those of the primary 
circuit. The effect on the primary is to increase its eJBEective 
resistance and diminish its efEective self-inductance in a degree 
which is greater the greater the frequency of alternation. 

It can be shown that the phases of the currents in the different 
circuits of the series depend in the case of very rapid alternation 
on the induction coefficients only, and differ successively by half 
a period. 

A very important example, which will be given later in con- 
nection with the measurement of activity in alternating circuits 
is that of two conductors in multiple arc, and a related one which 
may he worked out easily by the reader from the general 
formulae given above, is the case already treated at p. 186, of a 
number of conductors joining two points in parallel, but so 
arranged as not to exert on one another any mutual induction. 




